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SUPPRESSION OF RIVER ICE
BY THERMAL EFFLUENTS

George D. Ashton

PART I. UNSTEADY SUPPRESSION OF RIVER
ICE BY FULLY MIXED THERMAL EFFLUENTS

Introduction

Imposition of a dam and a reservoir on a river gen-
erally results in the release of water during winter
periods at a temperature above that which would or-
dinarily be experienced without the reservoir. Asa
result, the ice cover is suppressed in the reach down-
stream of the dam. The present analysis examines this
ice suppression in an unsteady sense by including
both the effects of unsteady variation of the meteorolog-
ical variables and the storage and release of the energy
associated with the melting and freezing of the ice
cover. The effluent from the reservoir is assumed to
be fully mixed over the initial cross section. In Part
11 of this report, the effects of a side discharge of )
thermal effluent will be considered so as to include the
effects of lateral mixing.

Previous analytical work on the problem is sparse.
Dingman et al. (1968) analyzed the steady-state case,
that is, assumed constant meteorological conditions
and chose as the criterion for the location of the ice
edge downstream the point where the water temperature
was 0°C. They well recognized the limitations of their
steady-state model (Weeks and Dingman 1972). Paily
et al. (1974) considered a similar problem but with a
step increase in the effluent temperature and inclusion
of the effect of longitudinal dispersion. Their criterion
for ice edge location was also the location of the 0°C
isotherr: for open surface conditions. Examination of
their results also shows that inclusion of the longitu-
dinal dispersion term has small effect compared with
simple nondispersive routing.

In contrast to these analytical studies Donchenko
(1978) pointed out that the ice edge responded

strongly to changes in the meteorological variables and
varying discharges, in one case fluctuating over a range
of 80 km. Donchenko also pointed out the necessity

of considering the hydrodynamic stability of the leading
edge in locating the position of the ice front.

Governing equations

For a flow with temperature uniformly mixed over
the depth, with no transverse velocity variations, and
steady flow, the governing partial differential equation
is
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where D is the depth of flow, T, is the water tem-
perature, U is the mean velocity in the x {longitudinal)
direction, p is the density, C,, is the specific heat ca-
pacity, z is the transverse coordlnate, and £, and E,
are respectively the longitudinal and transverse mixing
coefficients. ¢ is the heat flux at the top surface and
there is assumed to be no flux at the bottom. If we
assume D, U, p and Cp are constant, then the equation
may be written in the form
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Figure 1. Definition sketch for heat transfer analysis.

We now neglect longitudinal mixing and obtain
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If we further assume that T, is fully mixed across the
width, then
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Finally, if a Lagrangian viewnoint is adopted we may
write

e S (3)

Outline of analysis

A definition sketch is presented in Figure 1.

When the top surface of the flow is open to the
atmosphere, ¢ = ¢, where ¢, is the heat flux from
the water surface to the atmosphere above ¢, is a
complicated function which has a number of components
depending upon air temperature, wind velocity, humidity,
cloud cover, time of day and other factors. For present
purposes, we will assume the wind speed V,, and air
temperature T, are dominating and express by, by the
simple relationship

¢wa = hwa (Tw' a) (6)

where h,, is a heat transfer coefficient that is a function
of the factors noted above. As a practical matter we
will use, in the numerical simulation which follows, a
relationship of the form

h,,=a+bV, (7

where a has dimensions of W m2°C"! and b has dimen-
sions of W m3s°Cl. Depending upon the availability
of input data, one may always calculate an equivalent
value of @, b or h,, by energy budget analyses. In
general, a, b and h., are functions of time only, since
the lengths over which the analysis is carried out are
generally much shorter than corresponding spatial
variations of the energy budget variables. However, our
main purpose here is not to examine refinements in
energy budget calculations but rather to examine the
implications of the neglect of the unsteadiness of the
total flux ¢ and the energy required to melt (or freeze)
an ice cover.

When the flow is ice-covered, & = @, but now the
heat flux from the water to the ice depends upon the
flow variables. In particular, e take the heat flux
from the water to the ice, ¢, as

Owi =P (Ty-Tm) (8

where h,; is a heat transfer coefficient and 7, is the
melting point (7, = 0°C). Closed conduit turbulent
heat transfer correlations are generally of the form

PR _ fVuRow\? i‘.c_v)o" ©
Ry [ ky
where R is the hydraulic radius (m), U, is the avera
flow velocity (ms™), p,, is the water density (kg m™),
p is the dynamic viscosity (kg m's! ), Cp is the specific
heat (/ kg™ °C’"), and &, is the thermal conductivity
of the water (W m™! °C?). Cis an empirical coefficient

on the order of 0.023 (see, e.g., Rohsenow and Choi
1961) for smnoth surfaces. When the water is above




freezing and the flow is turbulent, relief features (ice
ripples) form on the underside of the ice cover which
increase the value of C by up to 50% (Ashton and
Kennedy 1972). Evaluating the properties at 0°C and
taking R = D/2,

¥ ]
D

where C,,; = 1622 W s%8 1,26 °C"1 for € = 0,023 and
Cui = 2433 W s%8 m°26 o1 gor ¢ = 0,0345.

Equation 5 may now be integrated to yield, in co-
ordinates moving with the flow,
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where the initial condition is taken as T, = Tyoat
1=t and x = x,. Relative to coordinates fixed in
space such that dx = Udt the corresponding equations
are

T -xg) |
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Equation 14 is shown in Figure 2 for typical parameter

values.

The melting and thickening of the ice cover is governed

by the energy balance at the water/ice interface

D= Dwi ‘—"Pih;!}‘l (15)

where ¢; is the heat flux by conduction through the ice
cover (W m'z), p; is the density of ice (kg m™), A is the
heat of fusion (/ kg''), n is the ice thickness (m), and
dnldt is the rate of thickening. The conductive flux

¢; through the ice cover is treated in a quasi-steady man-
ner by assuming a linear temperature profile through
the ice thickness. Thus,

s kl (Tm'rs)
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where &, is the thermal conductivity of the ice (W m™!
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Figure 2. Downstream attenuation of water tempera-
ture beneath an ice cover,

! ), T is the top surface temperature of the ice cover,
and we require that 7, < 0°C because of the state re-
lationship. In the absence of evaporation or conden-
sation on the top surface, $i = 9;; where ¢, is the heat
flux from the surface to the atmosphere. ¢, may be
calculated in a manner similar to ®w, through intro-
duction of a heat transfer coefficient i, applied to the
difference T-T, in the form

b =hh (Ts"Ta)- (17)

Using ¢, = ®;, allows us to eliminate T, between eq 16
and 17 and results in

¢i i Tm"Ta

e 1
R, hy

(18)

We could also in a similar manner add the effects of a
snow cover by introducing an additional term ng/kg in
the denominator of eq 18.

Substitution of eq 18 in eq 15 then results in

Tm-T, d
b (T -T. )=pr90 19
. 1 wi( w m) Pj dt ( )

which, if T, and T, are constant in time, may be readily
integrated. They seldom are, however, so in the numer-
ical analysis eq 19 will be integrated numerically in step-
wise fashion in the form
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Location of ice edge

Before examining the effect of varying T,,itis of
interest to examine the criterion for the location of the
ice edge under conditions of constant 7,. Previous in-
vestigators have generally used the location of the 0°C
isotherm predicted by analysis of the heat loss from the
open surface (essentially the analysis leading to eq 13)
with various modifications from the present analysis to
consider different formulations for ¢,,, or to include
the effects of longitudinal dispersion. From eq 13 by
the present analysis,

(x-xq) c e -pC,UD o -7,
To=0C B, Tw,0-Ta

(21)

Since the heat balance at the surface determines
whether or not ice will form at that surface, it is a bet-
ter indication of the location of the ice edge than is
the location of the 0°C isotherm. The condition is ob-
tained by assuming incipient ice formation corresponds to
dn/dt =0 when n=0. From eq 19 this is at a tem-
perature T,,, e given by

(Tay e~ Tm) =7 (T T,). (22)

wi

Substituting into eq 13 the corresponding location is
given by

(x-xg) _-pC,UD

h

T
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Tm=T, . hia
log, [T-:,—OE ( 1 H)] (23)

It is now necessary to assume that h;, =h,,., which
is reasonable at the ice edge since the top surface of the
ice edge may be considered wet. The ratio of the dis-
tances by the two criteria is then given by

bl e [LaTafi
we - Tyv, O'Ta\ hwi (24)

Tm-T.
log, | ———2
Tw=0 i, [Tw, O'Ta]

and, of course, the ratio is always less than unity for
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Figure 3. Comparison of distances downstream to edge
of ice cover for the criteria of equilibrium heat fluxes
and 0°C isotherm location, as a function of the water
temperature/air temperature ratio.

T, < 0°C. The ratio is presented in Figure 3 as a func-
tion of 7, o/(-T,) for various values of higlhy;. The
ratio is small corresponding to small values of 7,, o/-T;
(either large initial water temperatures or small sub-
freezing air temperatures) and large values of Ay, /h,,;
(large wind speeds or slow flow velocities). Negative
values of the ratio correspond, of course, to cases where
bwi < Pwa» Which physically may be interpreted as those
conditions for which ice will thicken because the heat
loss to the atmosphere is greater than the heat delivered
to the undersurface by the flow. To put the situation
into better perspective, Figure 4 presents values of the
ratio for particular values of T, o, h,,, A,,;and T,.
Which of the two criteria for the ice edge location
is operative depends on the sequence of air temperatures.
Clearly, water will not freeze until its temperature has
decreased to 0°C. Thus, unless a prior ice cover is
present, the most upstream location of the ice edge is
given by the 0°C isotherm, corresponding to the criterion
represented by eq 21. On the other hand, if an ice cover
is present and the ice edge is receding downstream due
to melting, it will only recede to the location at which
the melting from below equals the tendency to thicken
from above. Thus, during periods of warming air tem-
peratures when the ice edge is receding downstream,
the criterion of heat balance represented by eq 23 ap-
plies. During periods of cooling air temperatures, the
0°C isotherm location governs first ice appearance and
eq 21 applies. In the simulation that follows, the order
of logic in the calculation of ice thickening results in
either the 0°C criterion or the heat balance criterion
being naturally satisfied, although the latter is only
approached asymptotically in time because of the un-
steady nature of the calculations.
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Figure 4. Comparison of distances downstream
to edge of ice cover for the criteria of equilibrium
heat fluxes and 0°C isotherm location as func-
tion of the air temperature and initial water
temperature,

Figure 3 serves mainly to indicate the conditions
for which the 0°C isotherm criterion is a poor approx-
imation for the location of the ice edge under steady
siate conditions. The numerical simulation presented
below is sufficiently simple computationally that the
unsteady effects of 7, may also be included. The
regions for which the ratio is negative, of course, are
where the analysis presented herein is most useful, as
the 0°C criterion would predict finite lengths of open
water while, in fact, no open water will exist except in
the very near field. This region also corresponds to the
conditions which Silberman (1974), in a discussion of
Paily et al.’s (1974) analysis, suggested resulted in
plunging of the warm discharge beneath a cooler, but
lighter, layer of near 0°C water. Such a plunging phe-
nomenon undoubtedly occurs for small velocities and
small densimetric Froude numbers and clearly is the
case for warm water flowing into large bodies of water.
Similarly, the reappearance of open water downstream
from an ice-covered reach may be explained by the
existence of a larger velocity downstream from a region
of smaller velocity, since ¢, is increased more or less
proportionally to the velocity. The effect would be
more likely to occur where the lower velocity results
from increased depth rather than from increased width,

since increased depth results in slower attenuation of
T,, due to ¢ (through the velocity effect) than occurs
by simple reduction of velocity as a result of width
increase (since {/ has small effect on the atteruation of
T,,). The above reasoning is perhaps made more clear
by examination of the decrease in 7, with distance
described by eq 14, which is presented in Figure 2.
Again, the analysis about to be described would allow
quantitative examination of specific cases.

Numerical simulation

The numerical simulation is quite straightforward.
The temperature evolution along a reach is computed
using eq 3 in the difference form

Wi_ri _ ¢ 25
T""i TWi pCpD At (25)

where the superscript i denotes a time step, and the sub-
script j denotes a distance node. Since eq 235 is in the
Lagrangian sense, this requires that Ax; = U;At. This
requires, in turn, that the total reach be subdivided into
subreaches with lengths varying if U varies but this pre-
sents no serious problem. Typical time steps used were
of the order of 1200 to 1800 seconds. At the conclu-
sion of each time step, the thickness of the ice was
determined at each j node point using eq 20 written

in the form

nf*! =i+ (rj:i‘-rm . (26)

The initial temperature at the upstream end of the
subreach was specified for each time as was the air tem-
perature. For the examples presented, daily averages
were used although it would be quite easy to specify
a more detailed time variation. In the calculation of
¢ at each j node point, it was necessary to use either
eq 6 or eq 8, depending on whether the surface was
open or ice-covered. In the thickness calculations, ¢;
was taken equal to zero if 7, > 0°C. After the new
ice thickness was calculated, it was set equal to zero if a
negative value resulted. In the example simulations
presented here, i, and-h;, were assumed equal.

The problem also requires specifications of initial
conditions. In Figure 5 are presented two examples
of the effect of specifying a constant-thickness initial
ice cover of either zero or finite thickness. T, was
maintained at a constant value of -3°C. The distance
to ice edge stabilizes, after many days, for the finite
initial thickness of 0.3 m and, after several days, for
the zero initial thickness. In the latter case, the time
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Figure 5. Example simulation of the movement
of the ice edge in response to an abrupt release
of thermal effluent for different assumed initial
ice conditions.

1o stabilize is longer than the time of travel to the
cquilibrium ice edge location because ice is grown until
the temperature front reaches the ice edge and this ice,
in turn, must be melted before equilibrium is achieved.
A better set of initial conditions could probably be
obtained by running the simulation for a few days prior
to the period under investigation. Figure 5 also il-
lustrates the potential errors in neglecting the energy
required to melt the ice cover in the steady-state analyses
referred to carlier.

There is one particular circumstance where the above
analysis must be modified. When the air temperature
is cooling, the ice edge location moves upstream. How-
ever, eq 26 is not applicable here until an ice cover
exists and ice will not form until the water has cooled
10 0°C. In this case, the 0°C isotherm location is the
more correct location than the location given by the
case corresponding to ¢; = @, asn-> 0 (eq 23 in
the stcady-state case). There are thus two locations for
the ice edge, depending on the prior history of the ice
cover extent.

Finally, while no complete field data are available at
the time of writing the simulation has been applied to
the 1965 data presented by Dingman et al. (1967) but
with an estimate of T, ¢, Uand D. The results are
presented in Figure 6 and show reasonable agreement
with the three observations available.

The program is listed in Appendix A.

Uncertainties and limitations

There are a number of uncertainties in the analysis
presented above and a number of limitations to its
applicability. Uncertainties, aside from the difficulties
of accurately representing the meteorological variables,
include some uncertainty in the calculation of A,
hy; and h;,. For example, h,; is known to increase by
about 50% due to the relief features which form on the
underside of the ice. Since these relief features appear
as a consequence of ¢,,;, it is probably reasonable to
use the higher value in calculations. There is also con-
siderable uncertainty that the ice edge location pre-
dicted by use of eq 19, which leads to eq 23, is appro-
priate. For the case of increasing air temperatures and
a downstream receding ice front, it is probably a good
approximation. For the casc of decreasing air tempera-
tures and an ice front moving upstream, it is probably
poorer because the hydrodynamic forces acting on a
newly formed thin ice cover result in initial thickening
by accumulation rather than by thermal thickening.
One possible improvement would be to calculate the
ice production under such cases and locate the ice
front by use of the equilibrium accumulation thickness
predicted by the analysis of Pariset and Hausser (1961).
Even that approach, however, would be limited by the
fact that above a velocity of about 0.6 ms™! it is dif-
ficult for a cover to even form by such accumulation.

The limitations imposed by the simplifications of
the analysis are several. Longitudinal mixing has been
neglected but this is considered to have a negligible ef-
fect compared with the thermal inertia of the ice cover
itself. The assumption of complete vertical mixing
makes the analysis inappropriate for locations very close
to the source of thermal effluent, unless the effluent is
already fully mixed as is the case for reservoir discharges.
The assumption of complete mixing across the width of
the flow, and consequent neglect of lateral mixing and
dispersion, is important both near the source of the
effluent and well downstream near the location of the
ice front. The source problem is reasonably self-evident.
At the ice front, the limitation occurs because of varia-
tions in depth and velocity across the width of the flow
which, because of the resulting lateral variations in
dT,,/dt, cause a laterally uniform temperature distribu-
tion to become non-uniform. Thus, it is common that
the ice front is observed to be somewhat V-shaped,
with the apex of the V downstream and near the thal-
weg of the channel. These latter effects are currently
under analysis by introducing lateral mixing into the
formulation and require the additional consideration that
the dispersion coefficient for closed surface flow is ap-
proximately half that for open surface flow at the same
depth.







