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Units Usee~ 

THE. FORMULAS to be described and elaborated 
upon in this monograph apply to certain 
important cases of ground-water movement. 

The formulas are expressed in a notation which 
has been selected, on the basis of experience, to 
serve the needs of this subject. Units are speci
fied in the notation as :a means of identifying 
physical dimensions, but the formulas are written 
in consistent form and will, therefore, apply in 
any consistent system of units. A system of 
units is consistent when no more than one unit 
of a kind is permitted. In general, these formulas 
invohre only the units of length and time. The 
use of consistent units ~~ecures the advantages 
of simplicity and flexibility. 

An example of a consistent unit system based 
upon the units of length in feet and time in 
seconds is: 

Length: feet 
Time: seconds 
Flow: cubic feet per second 
Permeability: feet per second 
Drawdown: feet 
Thickness of aquifer: feet 
Radius: feet 

This system, for ·example, would become incon
sistent if flow were expressed in gallons per minute, 
because the gallon unit of volume does not agree 
with the chosen unit of length and the minute 

unit does not agree with the chosen unit of time. 
Graphs appearing in the text have been prepared 

by using dimensionless parameters. Sueh param
eters are often composed of a group of quantities 
which have units but they are so arranged that the 
parameter, as a whole, has none. Using such 
parameters is advantageous in that they permit 
the construction of generalized charts which can be 
used with any system of consistent units. 

Notation and Definition of Terms 

The following notation is used throughout the . 
text: 

a a well or drain radius (feet) 
b an outer radius (feet) 

r (Z) 
( 5) 0.5798 (dimensionlee') 

r - .r.; 
3 

c 

D the initial saturated thickness of 
an aquifer (feet) 

D~ an average saturated thickness 
(feet) 

d the vertical distance between the 
centerline of a drain and an 
impermeable barrier or a sat
urated thickness below some 
maintained minimum water 
level (feet) 



2 GROUND-WATER MOVEMENT 

e=2.71828+. The base of the nat
ural system of logarithms 

g r.K 1 
.. (d\ 

2ci wg, \- J 
a,/ 

sec 

j a pumpir1g rate distributed over 
an area (ft per sec) 

F a flow of ground water through a 
unit width of aquifer (ft2 per 
sec) 

FL a flow to a drain, per unit length 
of drain, as limited by a local 
resistance (ft2 per sec) 

F. a value of F at X=O (ft2 per sec) 

G ( .J4ai) a function of thB parameter 
• a ; 

The discharge of a 

fio"V\ring r11·tesian -v\iell is given in 
t.e,r·Gs ot· tbis fw."'lc.tion in the 

( ~' :~cnn Q=21fKDs.G "" 4at ). The 
a J 

. 1··./4at\. . . :functiOn G ( --} 1s dunenswn-
' a 

less 
h, and H, tra.nsient and maximum ampli

·:.udes of reservoir fluctuation 
{feet) 

h in the Dupuit-Forchheimer ideali
:oation, a draina.ble depth of 
',.vater in an aquifer (feet). In 
1>he Laplace idealization, a pres
sure in excess of hydrostatic, ex
press-3d. in terms of the pressure 
due to a unit depth of water 

ha ar;.d ho dndnable depths as used in the 
method of Brooks 

H an initial drainable depth (feet) 
1 an infiltration rate (ft per sec) 

Io(x) a modified Bessel function of the 
parameter x of zero order and 
the first kind 

Jo(x), J1 (x) Bessel's functions, of order zero 
and one, of the parameter x (di
mensionless) (Notation of Refer
ence 4) 

K permeability of an aquifer (ft per 
sec) 

KD the: transmissibility of u.n aquifer 
(ft2 per sec) 

K 0 (x), K 1(x) modified Bessel's functions, of 
orders zero and one, of the pa
rameter x of the second kind 
(dimensionless) 

L the distance between parallel drains 
(feet) 

L, the length of a leaky canal (feet) 
m and n consecutive whole numbers used 

in specifying the terms of a 
series 

m the thickness of a horizontal bed 
or member which offers a high 
resistance to the flow of ground 
water (feet) 

p the permeability of a bed which 
offers a high resistance to the 
flow of ground water (ft per 
sec) 

P1 the part of the drainable water· 
which remains in the aquifer at 
the timet (dimensionless) 

g~ a portion of the flow of a well which 
is taken from an iden tilled 
source (ft3 per sec) 

q1 a flow per unit length of a line 
source or a flow to a unit length 
of a drain (ft2 per sec) 

r a radius (feet) 
R a total return flow up to a time t 

per unit width of aquifer (feet2
) 

S an increment of storage capacity 
contributed by bank storage 
per unit length of bank (feet2

) 

s drawdowu (feet) 
80 for a flowing artesian well, the 

initial pressure reduction at the 
well when flow began, expressed 
in feet of water 

time (seconds) 
t, an equivalent time. See Figure 10 

(seconds) 
t1 a time between irrigations (sec

onds) 
tL a time during which a flow to a 

drain is limited by a local resist
ance (seconds) 

T a period (seconds) 
u a dimensionless variable 

V= ~(dimensionless) 
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V voids ratio. The ratio of drain
able or fillable voids to the total 
volume (dimensionless) 

W a factor in the equation U= WY 
(W is dimensionless) 

x and y rectangular coordinates (ft) 
x a symbol used to indicate a dimen

sionless parameter 
Y0 (x), Y 1 (x) Bessel's functions of the zerb and 

first orders of the second kind 
(Notation of Reference 4) 

Y a factor in the equation U= WY 
(Y is dimensionless) 

yd.l, y"'' Y7!J drainable depths as used in the 
drain SJPacing procedure of 
Dumm, Tapp, and Moody 

Yo0 an initial d:rainable depth midway 
between drains 

Yot a drainable depth at the point mid
way between drains at the timet 

y7!J an initial drainable depth at the 
point x 

a= K.(j the diffusivity (ft2 per sec) 

f3n a root of a Bessel's equation, de
fined where used. The dimen-
. f 1 

swns o # are feet 

211' 1 
w= T sec 

cr= 2'~~'.2:v2 (dimensionless) 

77 =(:v) t (dimensionless) 

'lr =( ~f{) t (dimensionless) · 

JJ.= ( _g_) (dimensionless) 

2'1!'KD 

p= r~ mkD (dimensionless) 

~= 1 (dimensionless) 

Uo(f3nr) =Jo(f3nr )Yo(f3na) -Jo (f3na,) Yo(f3,.r) 
'11'=3.14159+ (dimensionless) 

r(x) =a gamma function of the parameter 
x (dimensionless) 

Definitions 

Aquifer A water-bearing bed or stratum. 

Diffusivity A quantity a=K[/ used with 

the Dupuit-Forchheimer ideal
ization to specify the transient 
behavior of an aquifer. 

Transmissivity A quantity expressed in the 
Dupuit-Forchheimer idealiza
tion as the product KD. It 
defines the ability of an aqui
fer to transmit ground water 
under the influence of a 
gradient. 

Exponential 
integral 

Probability 
integral 

A tabulated function defined by 
the integral 

J"' e-~ 
-du 

~ u 

A tabl,l]ated function defined by 
the integral 



Introduction 

THIS MONOGRAPH presents analyses of a variety 
of ground-water problems encountered in 
the planning and development of Bureau of 

Reclamation water resources projects in the 
western United States. These problems include 
analysis of depletions caused by pumping, esti
mates of seepages, computation of return flows, 
analysis. of drawdown, and estimates of per
meabilities for selection of pump capacities. In 
analyzing these and other ground-water problems, 
theoretical assumptions and limitations are out
lined and specific problems are computed through 
the use of charts, tables, and the solution of 
equations derived from the theoretical consid
erations. 

Many of the problems presen1;ed were originally 
analyzed to serve an immediai~e need and were 
made available to interested Bureau of Reclama
tion engineers through informal memoranda. 
In 1960, these memoranda were compiled, edited, 
and issued as Technical Memorandum No. 657, 
"Studies of Ground-Water MoYement," to assist 
the Bureau's engineering staff in its analyses of 
ground-water problems. To extend the coverage 
of situations encountered on Heclamation proj
ects, to assure an orderly presentation and to 
provide solutions for a wide variety of ground
water conditions, this monogmph includes the 
information contained in the teehnical memoran-

dum, suitably revised and rearranged, and in 
addition, includes accounts of other data and 
analyses prepared both by Bureau of Reclamation 
engineers and by others. 

The solutions to the problems described are 
generally based upon the Dupuit-Forchheimer 
idealization, which involves the assumption that 
the gradient at the water table is effective through 
the entire saturated thickness of an unconfmed 
aquifer. This assumption is justified on theoreti
cal gro~nds only if the gradients are small, as 
compared to unity. It is equivalent to an as
sumption that the vertical gradients can be 
neglected. 

An alternative approach can be based upon the 
concept that, for each element of volume below 
the water table, the flows of water into and out of 
it must be equal. This formulation yields a dif
ferential equation of the Laplace type. 

These two formulations will be dealt with in 
detail subsequently, but it will be. of interest here 
to consider the relative merits of these two ap
proaches. The Laplace formulation, while ad
mittedly the more general of the two, suffers from 
the limitations imposed by serious mathematical 
difficulties. On ·the other hand, if the Dupuit
Forchheimer idealization is used and an additional 
simplification is introduced, by neglecting the 

5 
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effect of draw-down on the areas available for 
flow of ground water, the differential equations 
obtained become identical in form with those 
which have long been studied in the theory of heat 
conduction solids. There is, therefore, a great 
tactical advantage in making this latter choice, 
since the wealth of resources available to this older 
discipline becomes immediately available for ex
ploitation in the new field. These advantages are 
bought at a price, however, since the simplifica
tions introduced appear, from a theoretical stand
point, to limit the validity of the solutions that are 
obtained to those cases where the gradients are 

small compared to unity and the changes of 
ground-water level are small compared to the orig
inal saturated depth in thf:l aquifer. Under these 
conditions it is fair to raise the question as to how 
well the solutions obtained will hold up under 
conditions met in the field. Some comparisons 
of observed and computed values are presented 
later to permit the reader to judge for himself the 
effect of these simplifications. 

The cases presented herein represent transient 
conclit1ons. In general, steady states are con
sidered only where they represent a terminal 
condition. 



Analytical Formulations 

DIFFERENTIAL EQUATIONS provide a basis for 
the development of formulas to account 
for the flow of ground water. These 

equations express the requirement that if the 
flows into and out of an element of aquifer volume 
are different, then there must be a corresponding 
loss or accumulation of wa,ter in the element. 
The differential equations, therefore, express the 
important fundamental fact that water volumes 
are conserved. As a consequence, it will be found 
that even though the differential equations may 
fail to account for some factors known to be 
present, they do impose upon the solutions a 
rigid accounting for water volumes. This is 
true without exception so long as the solutions 
are exact in the mathematical sense. All of 
the solutions presented herein are of this type 
unless otherwise explicitly no:~ed. The budgetary 
requirement expressed by the differential equa
tion will be referred to hereaHer as the continuity 
condition. The following conditions are assumed 
to prevail: 

(1) The aquifer is homogeneous and iso
tropic and has a permeability K. 

(2) When the water table descends, it 
leaves the aquifer drained above it and 
when it rises, it fills the aquifer to its own 
level but contributes nothing to the water 

content above its own level. The ra,tio of 
the drainable or tillable volume to the gross 
volume is V. 

(3) All flow takes place below the water 
table. 

(4) The aquifer rests upon an impermeable 
horizontal bed. 

The Dupuit-Forchheimer idealization applies 
the water-table gradient to the entire saturated 
depth of the aquifer. The continuity condition 
is developed as follows. The notation is shown 
in Figure 1. 

,,---Ground surface 

·:, .· · : ·.;-~-~~--~-;-~:- wa.ter"table--"-, <. c_~ 
.
·.'.· .•.. ··.' .... ·.·.s.',•.·.:>~~- .•. o 0 •••. a • c •. _;:. q· 8.·.<::.~-.~._::·~-~--

... . . ·~ ·.... . . . .I.. . 

Aquifer---'~~-'7 · 0 
· .-~ ... :v.- ·: ·. 

. 0 ·. ~: > -~ tl"_ 

Permeability K . ;6·· · 
Voids ratio V . ·t 0 •• o· · 

_ ..... ·•·.• . . •. 0 0. ·_ : .. ·• -~-.-.J .. : :~ .. ·. 
, ,o. D, . b • O. 0 :.:-"•' 

. . .. • . ·a . o .• ." o . r .. o . 

~~~~~~~~~+7~~~~~77~T-~7·.·~~};;; 
Impermeable bar,~ier-'' 

' I 

FIGURE I.-Aquifer geometry. 
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8 GROUND-WATER MOVEMENT 

The flow F through a unit width and the height 
h at the distance x from the origin is 

F=Kh oh. 
ox 

The continuity condition is 

oF oh 
ox dx dt = V 0 t dt dx. 

By substitution and rearrangement. 

K :~ (h oh)= v oh. 
()x ox o t 

(1) 

If, as an approximation, the quantity h oh IS ox 
oh 

replaced by D ox 1md 

KD 
a=-y' 

the above relation reduces to 

(2) 

(3) 

If y represents a eoordinate whose direction is 
horizontal and normal to that of x and if there 

are gradients ~h, the above relation takes the form 
uy 

(4) 

These are the linearized forms of the Dupuit
Forchheimer continuity equations. It may be 
noted that the simplification introduced above 
introduces the restriction that h must be small 
compared to D. 

In radially symmetrical cases, the differential 
equation takes the form* 

(5) 

•In some cases It Is expedient to work In terms of the quantity h and in 
other cases the quantity a. R•lasoos for each choice will become clear when 
a specific case is being conslde!'ed. 

Linearized in this way, Formulas (3), (4), 
and (5) are identical in form with the differential 
equations of heat conduction in solids. The 
great advantage of the Dupuit-Forchheimer 
formulation is a result of this correspondence, 
which makes the resources of the older develop
ment available for computation of ground-water 
movements. ., 

The Laplace formulation deals with the con
dition of continuity of an infinitesimal unit of 
volume dx dy dz where x, y, and z are rectangular 
coordinates. In this treatment it will be assumed 
that the coordinates x and y lie in a horizontal 
plane and the z coordinate is· vertical and positive 
in the upward direction. The condition that the 
flow into the element of volume must equal the 
flow out of it is 

or 
o2h o2h o2h 
ox2+oy2+oz2=0 (6) 

where h represents the departure of the pressures 
from some stable hydrostatic configuration. It is 
expressed in terms of the pressure due to a unit 
depth of water. Equation (6) is of the Laplace 
form. Many solutions are available for steady 
state cases, but in the free water table transient 
cases, where the moving upper boundary must 
be accounted for, serious mathematical difficulties 
are encountered. It is the difficulty with the 
moving botmdary which has kept this formulation 
from coming into general use. If solutions of 
Equation (6) meeting the appropriate initial and 
boundary conditions could be found, the vertical 
gradient would be accounted for and the limita
tions imposed by the Dupuit-Forchheimer idealiza
tion would not appear. 

If the flow is radially symmetrical this con tin ui ty 
equation takes the form 

o
2
h +.! oh +o2

h =O. (7) 
or 2 r or oz2 

The treatment of specific cases can now be 
attempted. 



Radially S~rmmetrical Cases 

Pumped well-confined aq·uifer. The case of a 
well in a confined aquifer may be met in an artesian 
area where the pressures ba ve declined to the 
point where pumps must be used. The aquifer 
of permeability K and thickness D is confined 
above and below between impermeable formations. 
The pump maintains the flow Q. The condition 
of continuity is 

a (Cl
2
s +~Cis)= os. 

or2 r Or Cit 

A solution which satisfie5 the continuity re
quirement and the conditions 

s=O when t=O for r >o, 
s~o when r-~ CD, (8) 

lS 

(9) 

The integral which appears in Equation (9) 
is a form of the exponential integral. Values of 
this function have been tabulated. In terms of 
the exponential integral function its value is 

f m e-u2 du=-~ Ei (-~)-
r U 2 4at 

(10) 

~ 

Values of 

can be obtained from Table 1 or they can be 
computed from the series 

rm e-"
2 

du=-0.288608-log. X 
Jx U 

x2 x4 x6 
+2-2!4+3!6-.... (ll) 

In this series x represents an argument for which 
the function is to be evaluated. In the series 
(11) the errorcommitted by stopping at any term 
is less than the first term omitted. When· used 
for finding values to use in Equation (9), 

r x=--· This integral can also be evaluated by 
..J4at 

use of the tabulated exponential mtegral as 

-~ Ei (-4~t) as noted previously. 

Pumped well-unconfined aquifer. A welJ that 
is to be pumped from an unconfined aquifer 
occurs commonly. The aquifer rests on an 
impermeable bed and the saturated portion of the 
aquifer terminates at the top in a water table. 
Such conditions are often found, for example, in 
the alluvial sediments of river valleys. 

The aquifer in these instances is composed of 
sands and gravels deposited by the stream. The 
stream runs over the surface of the aquifer and 
is in contact with the ground water stored in it. 
A moment's consideration will show that Formula 
(9) can be used to provide an approximate treat
mentfor this case if the drawdown sis everywhere 

9 



10 GROUND-WATER MOVEMENT 

small compared to D. This is the customary 
treatment for the water-table case. 

Example 1 
A well of 2 feet effective diameter is sunk into 

an aquifer of permeability K=0.0020 foot per 

second and is pumped at the rate of 500 gallons 
per minute. The original saturated depth is 70 
feet and the ratio of drainable voids to the gross 
volume of the sediments is V=0.20. Compute 
the dravdown at radii 50 and 100 feet from the well 
after it has been pumped for a period of 72 hours. 

f
-~~ r 

TABLE !.-Values of the integral - du for given values of the parameter 1-= 
r u v4at 

0.00010 
0. 00011 
0.00012 
0.00013 
0.00014 
0.00015 
0.00016 
0.00017 
0.00018 
0.00019 
0.00020 
0.00021 
0.00022 
0.00023 
0.00024 
0.00025 
0.00026 
0.00027 
0.00028 
0.00029 
0. 00030 
0.00031 
0.00032 
0.00033 
0.00034 
0.00035 
0.00036 
0.00037 
0.00038 
0.00039 
0.00040 
0.00041 
0.00042 
0.00043 
0.00044 
0.00045 
0.00046 
0.00047 
0.00048 
0. 00049 . 
0.00050 
0.00051 
0.00052 
0.00053 

f"' ..... 
-du 

' .. 
v.;;; 

8.92173 
8.82642 
8.73941 
8.65937 
8.58526 
8.51627 
8.45173 
8. 39110 
8.33395 
8.27988 
8.22859 
8.17980 
8. 13327 
8.08882 
8.04626 
8.00544 
7.96622 
7.92848 
7. 89211 
7.85702 
7.82312 
7.79033 
7.75858 
7.72781 
7.69796 
7.66897 
7.64080 
7.61340 
7.58673 
7.56076 
7.53544 
7.51075 
7.48665 
7.46312 
7.44013 
7.41765 
7.39568 
7.37417 
7. 35312 
7.33250 
7. 31229 
7.29249 
7.27307 
7.25403 

I 
T 

..j4c;t 

0.00054 
0.00055 
0.00056 
0.00057 
0.00058 
0.00059 
0.00060 
0.00061 
0.00062 
0.00063 
0.00064 
0.00065 
0.00066 
0.00067 
0.00068 
0.00069 
0.00070 
0.00071 
0.00072 
0.00073 
0.00074 
0.00075 
0.00076 
0.00077 
0.00078 
0.00079 
0.00080 
0.00081 
0.00082 
0.00083 
0.00084 
0.00085 
0.00086 
0.00087 
0.00088 
0.00089 
0.00090 
0.00091 
0.00092 
0. 00093 
0.00094 
0.00095 
0.00096 
0.00097 

../4at 

f"'·-·· r -du 
' .. ,!4;;i 
v~ 

7.23533 0.00098 
7.21698 0.'00099 
7. 19897 0.00100 
7. 18127 0. 00110 
7. 16387 0.00120 
7. 14678 0.00130 
7. 12997 0.00140 
7. 11344 0.00150 
7.09718 0.00160 
7. 08118 0.00170 
7.06543 0.00180 

I 7.04993 0.00190 
7.03466 0.00200 
7.01962 0.00210 
7.00481 0.00220 
6.99021 0.00230 
6.97582 0.00240 
6.96164 0.00250 
6.94765 0.00260 
6.93386 0.00270 
6.92025 0.00280 
6.90683 0.00290 
6.89358 0.00300 
6.88051 0.003i0 
6.86761 0.00320 
6.85487 0.00330 
6.84229 0.00340 
6.82987 O.-Q0_350 
6.81760 0.00360 
6.80548 0.00370 
6.79350 0.00380 
6.78167 0.00390 
6. 76997 0.00400 
6. 75841 0.00410 
6. 74698 0.00420 
6.73568 0.00430 
6. 724!i'1 0.00440 
6 .. 71346 0.00450 
6.70253 0. 00460 
6. 69172 0.00470 
6.68102 0.00480 
6.67044 0.00490 
6. 65997 0.00500 
6.64961 0. 005!0 

f"' ..... I T f"'·-·· -du -du 
' .. ..;~ ' .. 
v~ -v.;i 

6.63935 0.00520 4.97050 
6.62920 0.00530 4.95145 
6.61915 0.00540 4.93276 
6 .. 52384 0.00550 4.91441 
6.43683 0.00560 4.89640 
6.35678 0.00570 4.87870 
6.28268 0.00580 4.86131 
6.21368 0.00590 4.84421 
6. 14914 0.00600 4.82741 
6.08852 0.00610 4.81088 
6.03136 0.00620 4.79462 
5. 97730 0.00630 4.77862 
5.92600 0.00640 4.76287 
5.87721 0.00650 4. 74737 
5.83069 0.00660 4.73210 
5.78624 0.00670 4.71706 
5.74368 0.00680 4. 70225 
5.70286 0.00690 4.68765 
5.66364 0.00700 4.67326 
5.62590 0. 00710 4.65908 
5.58953 0.00720 4.64509 
5.55444 0.00730 4.63130 
5. 52054 0.00740 4.61769 
5.48775 0.00750 4.60427 
5.45600 0.00760 4.59103 
5.42523 0.00770 4.57796 
5.39538 0.00780 4.56505 
5.36639 0.00790 4.55232 
5.33822 0.00800 4.53974 
5.31082 0.00810 4.52732 
5.28415 0.00820 4.51505 
5 .. 25818 0.00830 4. 50293 
5.23286 0.00840 4.49095 
5.20817 0.00850 4.47912 
5. 18407 0.00860 4.46742 
5. 16054 0.00870 .4.45586 
5. 13755 0.00880 4.44443 
5. 11508 0.00890 4.43314 
5.09310 0.00900 4.42196 
5.07160 0.009i0 4.41091 
.5.05054 0.00920 4.39999 
5.02992 0.00930 4.38918 
5.00972 0.00940 4.37848 
4.98992 I 0.00950 4.36790 
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J"' e-ul r 
TABLE 1.-Values of 1:he integral - du for given values of the parameter _1- -Continued 

r u ~4~ 

~ 

I J"'--·· J"'·-·· J"' e-•' I J"' T 
..... 

-du T -du T -du. T --du - - -
../4at ' IJ, .{4;;1 ' IJ, vTai ' IJ, vTai ' u 

v'i'Qi v'~ v'~ 
-
v'~ 

0. 00960 4.35743 0. 05900 2.54335 0. 11200 1. 90690 0. 16500 1. 52672 
0.00970 4.34707 0.06000 2:52660 0. 11300 1. 89812 0. 16600 1. 52084 
0_00980 4.33681 0.06100 2. 51013 0. 11400 1. 88943 0. 16700 1. 51500 
0.00990 4.32666 0.06200 2.49393 0. 11500 1. 88081 0. 16800 1. 50920 
0.01000 4.31661 0. 06300 2_47800 0. 11600 1.87226 0. 16900 1. 50343 
0. 01100 4.22131 0.06400 2.46231 0. 11700 1. 86379 0. 17000 1. 49'770 
0.01200 4. 13431 0.06500 2.44687 0. 11800 1. 85540 0. 17100 1. 49200 
0.01300 4.05428 0.06600 2.43167 0. 11900 1. 84708 0. 17200 1. 48634 
0.01400 3.98019 0.06700 2.41670 0. 12000 1. 83883 0. 17300 1. 48071 
0.01500 3. 91121 0.06800 2.40195 0. 12100 1. 83065 0. 17400' 1. 47~512 

0.01600 3. 84669 0.06900 2.38742 0. 12200 1. 82254 0. 17500 1. 461~56 

0.01700 3.78608 0.07000 2.37310 0. 12300 1. 81450 0. 17600 1. 46403 
0.01800 3.72894 0.07100 2.35898 0. 12400 1. 80652 0. 17700 1. 45854 
0.01900 3.67489 0_07200 2. 34507 0. 12500 1. 79862 0. 17800 1. 45:!08 
0.02000 3. 62361 0.07300 2. 33135 0. 12600 1. 79077 0. 17900 1. 44'165 
0.02100 3.57485 0. 07400 2.31782 0. 12700 1. 78299 0. 18000 1. 44226 
0.02200 3.52835 0.07500 2. 30447 0. 12800 1. 77528 0. 18100 1. 43Ei90 
0.02300 3.48392 0.07600 2.29130 0. 12900 1. 76762 0. 18200 1. 43157 
0.02400 3.44138 0.07700 2.27830 0. 13000 1. 76003 0. 18300 1. 42Ei27 
0_02500 3.40058 0.07800 2. 26548 0. 13100 1. 75249 0. 18400 1. 421.00 
0.02600 3.36139 0.07900 2.25281 0. 13200 1. 74502 0. 18500 1. 41[,76 
0.02700 3_32367 0.08000 2.24032 0. 13300 1. 73760 0. 18600 1. 41055 
0.02800 3.28733 0.08100 2.22797 0. 13400 1. 73025 0. 18700 1. 40ti37 
0.02900 3. 25227 0-08200 2.21578 0. 13500 1. 72294 0. 18800 1. 40022 
0-03000 3.21840 0.08300 2.20375 0. 13600 1. 71570 0. 18900 1. 39S10 
0.03100 3. 18564 0.08400 2. 19185 0. 13700 1. 70851 0. 19000 1. 39001 
0.03200 3_15392 0.08500 2. 18010 0. 13800 1. 70137 0. 19100 1. 38495 
0.03300 3. 12318 0.08600 2. 16849 0. 13900 1. 69429 0. 19200 1. 37992 
0.03400 3.09336 0.08700 2. 15702 0. 14000 1. 68726 0. 19300 1. 37491 
Q_03500 3.06441 0.08800 2.14567 0. 14100 1. 68028 0. 19400 1. 3699'3 
0.03600 3.03628 0.08900 2. 13446 0. 14200 1. 67335 0. 19500 1. 36498 
0.03700 3.00891 0.09000 2. 12338 0. 14300 1. 66648 0. 19600 1. 36006 
0.03800 2.98228 0.09100 2. 11242 0. 14400 1. 65965 0. 19700 1. 35516 
0.03900 2.95635 0.09200 2. 10158 0. 14500 1. 65287 0. 198'00 1. 35029 
0.04000 2.93107 0.09300 2.09086 0. 14600 1. 64614 0. 19900 1. 34545 
0.04100 2.90642 0.09400 2.08026 0. 14700 1. 63946 0. 20000 1. 34063 
0.04200 2.88236 0. 09500 2.06977 0. 148p0 1. 63283 0. 20100 1. 33584 
0.04300 2.85887 0.09600 2.05940 0. 14900 1. 62624 0. 20200 1. 33108 

0-04400 2.83593 0.09700 2.04913 0. 15000 1. 61970 0. 20300 1. 32634 
0. 04500 2.81350 0.09800 2.03897 0. 15100 1. 61320 0. 20400 1. 32162 
0.04600 2.79156 0.09900 2.02892 0. 15200 1. 60675 0. 20500 1. 31693 
0.04700 2. 77010 0. 10000 2.01896 0. 15300 1. 60035 0. 20600 1. 31227 
0.04800 2. 74910 o. 10100 2. 00911 0.15400 1. 59398 0. 20700 1. 30763 
0.04900 2. 72853 0. 10200 1. 99936 0. 15500 1. 58766 0. 20800 1. 30301 
0. 05000 2. 70837 0. 10300 1. 98971 0. 15600 1. 58139 0. 20900 1. 29842 
0. 05100 2.68862 0. 10400 1. 98015 0. 15700 1. 57515 0. 21000 1. 29385 
0.05200 2.66925 0. 10500 1. 97068 0. 15800 1. 56896 0. 21100 1. 28930 
0.05300 2.65026 0. 10600 1. 96131 0. 15900 1. 56280 0. 21200 1. 28478 
0.05400 2. 63162 0. 10700 1. 95203 0. 16000 l. 55669 0. 21300 1. 28028 
0.05500 2. 61333 0. 10800 1. 94283 0. 16100 1. 55062 0. 21400 1. 27581 
0.05600 2. 59536 0. 10900 1.93372 0. 16200 1. 54459 0. 21500 1. 27136 
0.05700 2.57772 0. 11000 1. 92470 0. 16300 1. 53859 0. 21600 1. 26693 

0.05800 I 2.56038 0. 11100 1. 91576 0. 16400 1. 53264 0. 21700 1. 26252 
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T Al3LE I.-Values of the integral - du jor given values of the parameter ,--Continued 
r U -v4at 

&t 

I 
T I f"'e-•' T f"' e-•' 

II 
T f"' .... r f"' ..... 

I 
-du -du -du -du 

..(4ai ' .. ..(4ai ' u Fat ' u -
' u 

ViOi .y;;, y';;i 
..(4;;1 

v'i'lt 

0. 21800 1. 25813 0. 27100 1. 05309 0. 32400 0. 88955 0. 37700 0. 75552 
0. 21900 1. 25377 0. 27200 1. 04966 0. 32500 0. 88677 0. 37800 0. 75322 
0. 22000 1. 24943 0. 27300 1. 04626 0. 32600 0. 88401 0. 37900 0. 75093 
0. 22100 1. 24511 0. 27400 1. 04286 0. 32700 0. 88126 0. 38000 0. 74865 
0. 22200 1. 24081 0. 27500 1. 03949 0. 32800 0. 87851 0. 38100 0. 74638 
0. 22300 1. 23653 0. 27600 1. 03612 0. 32900 0. 87578 0. 38200 0. 74411 
0. 22400 1. 23228 0. 27700 1. 03277 0. 33000 0. 87306 0. 38300 0. 74185 
0. 22500 1. 22804 0. 27800 1. 02943 0. 33100 0. 87034 0. 38400 0. 73960 
0. 22600 1. 22383 0. 27900 1. 02611 0. 33200 0. 86764 0. 38500 0. 73736 
0. 22700 1. 21963 0. 28000 1. 02280 0. 33300 0. 86495 0. 38600 0. 73512 
0. 22800 1. 21546 0. 28100 1. 01951 0. 33400 0. 86227 0. 38700 0. 73289 
0. 22900 1. 21131 0. 28200 1. 01623 0. 33500 0.85959 0. 38800 0. 73067 
0. 23000 1. 20717 0. 28300 1. 01296 0. 33600 0. 85693 0. 38900 0. 72846 
0. 23100 1. 20306 0. 28400 1. 00970 0. 33700 0. 85428 0. 39000 0. 72625 
0. 23200 1. 19896 0. 28500 1. 00646 0. 33800 0. 85163 0. 89100 0. 72406 
0. 23300 1. 19489 0. 28600 1. 00328 0. 33900 0. 84900 0. 39200 0. 72186 
0. 23400 1. 19083 0. 28700 1. 00002 0. 34000 0. 84637 0. 39800 0. 71968 
0. 23500 1. 18680 0. 28800 0. 99681 0. 34100 0. 84376 0. 39400 0. 71750 
0. 23600 1. 18278 JJ.28900 0. 99362 0. 34200 0. 84115 0. 39500 0. 71538 
0. 23700 1. 17878 0. 29000 0. 99045 0. 84300 0. 83856 0. 39600 0. 71317 
0. 23800 1. 17480 0. 29100 0. 98728 0. 34400 0. 83597 0. 39700 0. 71102 
0. 23900 1. 17084 0. 29200 0. 98413 0. 34500 0. 83339 0. 39800 0. 70887 
0. 24000 1. 16690 0. 29300 o:98100 0. 34600 0. 83082 0. 39900 0. 70673 
0. 24100 1. 16297 0. 29400 0. 97787 0. 34700 0. 82826 0. 40000 0. 70459 
0. 24200 1. 15907 0. 29500 0. 97476 0. 34800 0. 82571 0. 40100 0. 70247 
0. 24300 1. 15518 0. 29600 0. 97165 0. 34900 0. 82317 0. 40200 0. 70035 
0. 24400 1. 15131 0. 29700 0. 96857 0. 35000 0. 82064 0. 40300 0. 69823 
0. 24500 1. 14746 0. 29800 0. 96549 0. 35100 0. 81811 0. 40400 0. 69613 
0. 24600 1. 14362 0.29900 0. 96242 0. 35200 0. 81560 0. 40500 0. 69403 
0. 24700 1. 13980 0. 30000 0. 95937 0. 35300 0. 81310 0. 40600 0. 69194 
0. 24800 1. 13600 0. 30100 0. 95633 0. 3,5400 0. 81060 0. 40700 0. 68985 
0. 24900 1. 13222 0. 30200 0. 95330 0. 35500 0. 80811 0. 40800 0. 68777 
0. 25000 1. 12845 0. 30300 0. 95029 0. 35600 0. 80563 0. 40900 0. 68570 
0. 25100 1. 12471 0. 30400 0. 94728 0. 35708 0. 80316 0. 41000 0. 68364 
0. 25200 1. 12097 0. 30500 0. 94429 0. 35800 0. 80070 0. 41100 0. 68158 
0. 25300 1. 11726 0. 30600 0. 94131 0. 35900 0. 79825 0. 41200 0. 67953 
0. 25400 1. 11356 0. 30700 0. 93834 0. 36000 0. 79580 0. 41300 0. 67748 
0. 25500 1. 10988 0. 30800 0. 93538 0. 36100 0. 79337 0. 41400 0. 67544 
0. 25600 1. 10621 0. 30900 0. 93243 0. 36200 0. 79094 0.41500 0. 67341 
0. 25700 1. 10256 0. 31000 0. 92949 0. 36300 0. 78852 0. 41600 0. 67139 
0. 25800 1. 09892 0. 31100 0. 92657 0. 36400 0. 78611 0. 41700 0. 66937 
0. 25900 1. 09531 0. 31200 0. 92866 0. 36500 0. 78371 0.41800 0. 66736 
0. 26000 1. 09170 0. 31300 0. 92075 0. 36600 0. 78131 0. 41900 0. 66535 
0. 26100 1. 08812 0. 31400 0. 91786 0. 36700 0. 77893 0. 42000 0. 66335 I 
0. 26200 1. 08454 0. 31500 0. 91498 . 0. 36800 0. 77655 0. 42100 0. 66136 

I 0. 26300 1. 08099 0. 31600 0. 91211 0. 36900 0. 77418 0. 42200 0. 65937 I 

0. 26400 1. 07745 0. 31700 0. 90926 0. 37000 0. 77182 0. 4,2300 0. 65739 
0. 26500 1. 07392 0. 31800 0. 90641 0. 37100 0. 76947 0. 4,2400 0. 65542 
0. 26600 1. 07041 0. 31900 0. 90357 0. 37200 0. 76712 0. 4,2500 0. 65345 
0. 26700 1. 06692 0. 32000 0. 90074 0. 37300 0. 76479 0. 42600 0. 65149 
0. 26800 1. 06344 0. 32100 0. 89793 0. 37400 0. 76246 0. 42700 0. 64954 
0. 26900 1. 05997 0. 32200 0. 89512 0. 37500 0. 76014 0.42800 0. 64759 
0. 27000 1. 05652 0. 32300 0. 89233 0. 37600 0. 75782 0. 42900 ,0. 64564 
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TABLE I.-Values of the integral - du for given values of the parameter 1--Continued 
r u v4at 

#rl 

s·,-... I s· e-·· s· e-·· 
II 

T -du T -du T -du T 
- -

..j4c;t ' u ..j4c;t ' u ,j4ai ' u ..j4c;t 
v';;; y'i";;r v'f;i 

0. 43000 0. 64371 0.48300 0. 54931 0.53600 0.46897 0. 58900 
0. 43100 0. 64178 0.48400 0. 54767 0.53700 0.46757 0.59000 
0. 43200 0. 63985 0.48500 0.54604 0 .. 53800 0. 4.6618 0.59100 
0. 43300 0. 63794 0.48600 0.54441 0.53900 0.46479 0.59200 
0. 43400 0. 63603 0.48700 0.54279 0.54000 0.46340 0.59300 
0. 43500 0. 63412 0.48800 0. 54117 0.54100 0.46202 0.59400 
0. 43600 0. 63222 0.48900 0.53956 0.54200 0.46064 0.59500 
0.43700 0. 63033 0.49000 0.53795 0.54300 0.45927 0.59600 
0. 43800 0. 62844 0.49100 0.53635 0.54400 0.45790 0.59700 
0. 43900 0. 62656 0. 49200 0.53475 0.54500 0.45654 o,59800 

0.44000 0. 62468 0.49300 0.53316 0.54600 0.45517 0.59900 
0. 44100 0. 62281 0.49400 0.53157 0.54700 0.45382 0.60000 
0. 44200 0. 62095 0.49500 0.52999 0.54800 0.45246 0.60100 

0. 44300 0. 61909 0.49600 0.52841 0.54900 0. 45111 0.60200 

0. 44400 0. 61724 0.49700 0.52684 0.55000 0.44977 0.60300 

0. 44500 0. 61539 0.49800 0.52527 0.55100 0.44843 0.60400 

0. 44600 0. 61355 0.49900 0.52370 0.55200 0.44709 0.60500 

0. 44700 0. 61172 0.50000 0.52214 0.55300 0.44575 0.60600 

0. 44800 0. 60989 0. 50100 0.52059 0.55400 0.44442 0.60700 

0. 44900 0. 60806 0.50200 0.51904 0.55500 0. 44310 0.60800 

0. 45000 0. 60625 0.50300 0.51749 0.55600 0.44178 0.60900 
0. 45100 0. 60443 0.50400 0.51595 0.55700 0.44046 Q.61000 
0.45200 0. 60263 0.50500 0.51441 0.55800 0.43914 0.61100 
0. 45300 0. 60083 0.50600 0.51288 0.55900 0.43783 0.61200 
0.45400 0.59903 0.50700 0. 51135 0.56000 0.43653 0.61300 

0.45500 0.59724 0.50800 0.50983 0. 56100 0.43522 0.61400 

0.45600 0.59546 0.50900 0.50831 0.56200 0.43392 0.61500 
0.45700 0.59368 0.51000 0.50680 0.56300 0.43263 0.61600 

0.45800 0. 59191 0.51100 0.50529 0.56400 0.43134 0.61700 

0.45900 0. 59014 0.51200 0.50378 0.56500 0.43005 0.61800 
0.46000 0.58838 0.51300 0.50228 0.56600 0.42876 0.61900 
0.46100 0.58662 0. 51400 0.50078 0.56700 0.42748 0.62000 
0.46200 0.58487 0.51500 0.49929 0.56800 0.42621 0.62100 
0.46300 0.58312 0.51600 0.49781 0.56900 0.42493 0.62200 
0.46400 0. 58138 0.51700 0.49632 0.57000 0.42366 0.62300 
0.46500 0.57965 0.51800 0.49485 0.57100 0.42240 0.62400 
0.46600 0.57792 0.51900 0.49337 0.57200 0. 42114 0.62500 
0.46700 0.57619 0.52000 0.49190 0.57300 0.41988 0.62600 
0.46800 0.57447 0.52100 0.49044 0.57400 0.41862 0.62700 
0.46900 0.57276 0.52200 0.48898 0.57500 0.41737 0.62800 

0.47000 0. 57105 0.52300 0.48752 0. 57600 0.41612 0.62900 

0.47100 0. 56935 0. 52400 0.48607 0.57700 0.41488 0.63000 

0.47200 0. 56765 0.52500 0.48462 0.57800 0.41364 0.63100 

0.47300 0. 56596 0.52600 0.48317 0.57900 0.41240 0. 63200 

0.47400 0. 56427 0.52700 0.48173 0.58000 0. 41117 0.63300 
0.47500 0. 56259 0.52800 0.48030 0.58100 0.40994 0.63400 
0.47600 0. 56091 0.52900 0.47887 0.58200 0.40871 0.63506 
0.47700 0.55924 0.53000 0. 47744 0.58300 0.40749 0.63600 
0.47800 0. 55757 0.53100 0.47602 0.58400 0.4.0627 0.63700 
0.47900 0.55591 0.53200 0.47460 0.58500 0.40505 0. 63800 
0.48000 0. 55425 0.53300 0.47319 0.58600 0.40384 0.63900 
0.48100 0.55260 0.53400 0.47178 0.58700 0.40263 0.64000 
0.48200 0.55095 0.53500 0.47037 0. 58800 0. 40143 0.64100 

J~~ ... -du 
u 

.y;;, 

o. 4 0023 
9903 
9783 
9664 
9545 
9427 
9309 
9191 
9073 
8956 
8840 
3723 
3607 
3491 
3376 
32!\J 
ll«i 
3031 
7917 

0.3 
0. 3 
0.3 
0.3 
0.3 
0.3 
0.3 
0.3 
0.3 
0.3 
0. 3! 
0. 3! 
0. 3! 
0. 3! 
0. 3! 
0. 31 
0. 3! 
0. 3' 
0. 3'1 803 

690 
577 
464 
351 
239 
127 
016 
905 
794 
683 
573 
463 
353 
244 
135 
026 
918 
810 
702 
594 
487 
380 
274 
167 
061 
956 
850 
745 
640 
536 
432 
328 
224 

0. 3'1 
0. 3'1 
0.37 
0. 3'i 
0.37 
0. 3'i 
0.37 
0.30 
0. 3{\ 
0. 3f> 
0.36 
0.36 
0;36 
0.36 
0.36 
0.36 
0.35 
0.35 
0.35 
0.35 
0.35 
0.35 
0.35 
0.35 
0.35 
0.31 
0.34 
0. 34 
0. 34 
0.34 
0.34 
0.34 
0. 34 

1 3 
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TABLE: 1.-Values of the integral - du for given values of the parameter ,--Continued 

r u ~4at 

../4at 

r.-·· I f"' ..... T -du r -du 
.,ji;;i • ' 'U .,;4~ 

'U 

'v'i(;t vw 

0.64200 0.34121 0. 69500 0.29045 
0.64300 0.34018 0. 69600 0. 28956 
0.64400 0.33915 0. 69700 0. 28868 
0.64500 0.33813 0.69800 0.28780 
0.64600 0. 33711 0. 69900 0. 28692 
0.64700 0.33609 0.70000 0. 28604 
0.64800 0. 33507 0. 70100 0. 28517 
0. 64900 0.33406 0.70200 0.28430 
0.65000 0.33305 0. 70300 0.28343 
0.65100 0.33204 0. 70400 0.28256 
0.65200 0.33104 0.70500 0.28170 
0.65300 0.33004 0.70600 0.28084 
0.65400 0. 32904 0.70700 0. 27998 
0.65500 0.32805 0. 70800 0. 27912 
0.65600 0. 32705 0. 70900 0. 27827 
0. 65700 0.32606 0.71000 I 0.27742 
0.65800 0.32508 0. 71100 0. 27657 
0. 65900 0.32409 0. 71200 0.27572 
0.66000 0. 32311 0. 71300 0.27487 
0. 66100 0.32213 0.71400 0.27403 
0.66200 0. 32116 0.71500 0.27319 
0.66300 0.32018 0.71600 0. 27235 
0.66400 0. 31921 0.71700 0.27152 
0.66500 0.31824 

I 
0. 71800 0. 27069 

0.66600 0. 31728 0. 71900 0.26985 
0.66700 0. 31632 0.72000 0.26903 
0.66800 0.31536 0.72100 I 0.26820 
0.66900 0.31440 0 .. 72200 0. 26738 
0.67000 0.31345 0.72300 0.26656 
0.67100 0.31249 0. 72400 0.26574 
0.67200 0. 31155 0. 72500 0.26492 
0.67300 0.31060 0.72600 0.26411 
0.67400 o. 30966 0. 72700 0. 26329 
0. 67500 0. 30872 0.72800 0.26248 
0.67600 0.30778 I 0. 72900 0.26168 
0.67700 (). 30684 I 0. 73000 0.26087 
0.67800 0.30591 0. 73100 

I 
0.26007 

0.67900 I 0. 30498 0.73200 0.25927 
0.68000 I 0. 30405 0. 73300 0.25847 
0.68100 0. 30313 0. 73400 0.25767 
0.68200 (1. 30221 0.73500 0. 25688 
0.68300 0. 30129 0. 73600 o. 2:5609 
0.68400 (1. 30037 0.73700 0. 25530 
0.68500 0. 29945 0. 73800 0. 2!5451 
0.68600 I (1. 29854 0.73900 0. 25373 
0. 68700 

I 
0. 29763 0.74000 0. 25294 

0.68800 0. 29673 0.74100 0. 25216 
0.68900 0. 29582 0.74200 0.25i39 
0. 69000 0. 29492 0. 74300 0. 25061 
0. 69100 o. 29402 0. 74400 0. 24984 
0.69200 0. 29313 

I 
0. 74500 0.24906 

0. 69300 0. 29223 0. 74600 0.24830 
0.69400 o. 29134 0.74700 0.24753 

f"'e-•' r -du 
../4at ' 'U 

v'iat 

0. 74800 0.24676 
0. 74900 0.24600 
0. 75000 0.24524 
0. 75100 0.24448 
0. 75200 0. 24372 
0. 75300 0. 24297 
0. 75400 0.24222 
0. 75500 0.24147 
0. 75600 0.24072 
0.75700 0. 23997 
0. 75800 0.23923 
0.75900 0.23849 
0. 76000 0.23775 
0. 76100 0.23701 
0. 76200 0.23628 
o. 7.6300 

I 
0. 23554 

0.76400 0.23481 
0. 76500 0.23408 
0. 76600 0. 23336 
0. 76700 0.23263 
0. 76800 0.23191 
0. 76900 0. 23119 
0.77000 0. 23047 
0. 77100 0.22975 
o. 77200 0. 22904 
0. 77300 0.22832 
0. 77400 0.22761 
0.77500 0. 22690 
0. 77600 0. 22620 
0. 77700 

' 
0.22549 

.0. 77800 0.22479 
0. 77900 0.22409 
o. 78000 0. 22339 
0. 78100 0.22269 
0. 78200 0. 22200 

I 
0. 78300 0. 22131 
0. 78400 0. 22062 
0. 78500 0. 21993 
0. 78600 0. 21924 
0. 78700 0. 21855 
0. 78800 0. 21787 
0. 78900 0. 21719 
0. 79000 0. 21651 
0. 79100 0. 21583 

I 
0. 79200 0. 21516 
0. 79300 0. 21449 
0. 79400 0. 21381 

I 
0. 79500 0. 21314 
0. 79600 0. 21248 

i 0. 79700 0. 21181 

I 
0. 79800 0. 21115 
0. 79900 0. 21049 
0. 80000 0. 20983 

I 

I, 
I 

I 

! 

r 

.,j4a 

0. 80 100 
200 
300 
400 
500 
600 
700 
800 
900 
000 
100 
200 
300 
400 
500 
600 
700 
800 
900 
000 
100 
200 
aoo 
400 
1)00 
liOO 
"100 
800 
900 
000 
100 ' 
200 
300 
'wo 
500 
600 
700 
800 
900 
000 
100 
200 
300 
400 
500 
600 
700 
800 
900 
000 
100 
200 
300 

0. 80 
0. 80 
0. 80 
0. 80 
0. 80 
0. 80 
0. 80 
o. 80 
0. 81 
0. 81 
o. 81 
0. 81 
0. 81 
0. 81 
0. 81 
0. 81' 
0. 81 
0. 81 
0. 82 
0. 82 
0. 82 
0. 82 
0. 82 
0. 82 
0. 82 
0. 82 
0. 82 
0. 82 
0. 83 
0. 83 
0. 83 
0. 83 
0. 83 
0. 83 
0. 83 
0. 83 
0. 83 
0. 83 
0. 84 
0. 84 
0. 84 
0. 84 
0. 84 
0. 84 
0. 84 
0. 84 
0. 84 
o. 84 
0. 85 
0. 8."i 
0. 85 
0. 85 

f"' e-•' 
-du 

' u 
..._;;; 

0. 20917 
0. 20851 
0. 20786 
0. 20720 
0. 20655 
0. 20590 
0. 20526 
0. 20461 
0. 20397 
0. 20333 
0. 20269 
0. 20205 
0. 20141 
0. 20078 
0. 20015 
0. 19952 
0. 19889 
0. 1 \l8:2'6 
0. 197M 
0. 197~1 
0. 19639 
0. 19577 
0. 19515 
0. 194.'34 
0. 1939'2 
0. 19331 
0. 19270 
0. 19209 
0. 19148 
0. 19088 
0. 19027 
0. 18967 
0. 18907 
0. 18847 
0. 18787 
0. 18728 
0. 18668 
0. 18609 
o. 18550 
0. 18491 
0. 18432 
0. 18374 
0. 18316 
0. 18257 
0. 18199 
0. 18141 
0. 18084 
0. 18026 
0. 17969 
0. 17912 
0. 17855 
0. 17798 
o. 17741 
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f "' e-u2 r 
TABLE I.-Values of the £nteqral - du for given value.~ of the parameter ;--Continued 

I U ,4~ 

.J4at 

I I f"' .-·• 
I 

f"' e-•' I' r -du r -au ,I 
.,f4ai • u ·~ . "· 

"""" v'<-
I 

0. 85400 0. 17684 0. 90700 0 14910 

I 0. 85500 0. 17628 0. 90800 o. 14861 
0. 85600 0. 17572 I 0.90900 0. 14813 I 
0. 85700 0. 17516 ! 0. 91000 0. 14765 
0. 85800 0. 17460 0. 9UOO 0. 14717 
0. 85900 0. 17404 0. 91200 a. 14689 
0. 86000 0. 17349 0.91300 o. 14622 
0. 86100 0. 17293 0.91400 o. 14574 
0. 86200 0. 17238 0. 91500 0. 14527 

f'e-·' I fro r 

I 
r e-u2: 

-du -d'll, 

"·~t ' "' ,14at • u 
-v'~! 

I 

Vfri't 

0. 96000 0. 12532 1. 01300 0. 1 osoo 
0. 96100 0. 12{;91 l,i I. 01400 0. l 04:6·5 
0. 9620G 0. 12450 I! 1. 01500 0. 10430 
0.96300 0. 12408 

II 

1. 01600 0. 10:395 
0. 96400 0. 12367 1. 0170C 0. 10359 
0. 96500 0. 12327 1. 01800 G. 10335 
0.96600 0. 12286 

I 
I. 01900 0. 102~1(: 

0. 96700 0. 12245 1. 02000 0. 10255 
0. 96800 0. 12205 1. 02100 0. 10221 

0. 86300 0. 17183 0.91600 0. 14479 
0. 86400 0. 17128 0. 91700 0. 14432 

0. 96900 0. 12164 
I 

1. 022DO 0. l.Ol8G 
0. 97000 0. 12124, 1. 02300 0. J.Ol52 

~~ 
. \,) 

0. 86500 0. 17073 0. 91800 0. 14385 
0. 86600 0. 17018 0. 91900 o. 14339 
0. 86700 0. 16964 0. 92000 o. 14292 
0. 86800 o. 16910 0.92100 

II 

0. ).4245 
0. 86900 0. 16855 0. 92200 0. 14199 
0. 87000 0. 16801 0. 92300 0. 14153 I 
0. 87100 0. 16748 0. 92400 I 0. 14106 

,I 0. 87200 0. 16694 0. 92500 0. 14060 
0. 87300 0. 16640 0.92600 0. 14015 il 
0. 87400 0. 16587 0. 92700 o. 13969 ii 0. 87500 0. 16534 0. 92800 0. 13928 
0. 87600 0. 1648! 0. 92900 0. 13878 il 
0. 87700 0. 16428 G. 93000 0. 13832 I, 
0. 87800 0. 16375 G. 93100 0. 13787 /i 

II 
0. 87900 o. 16322 0. 93200 o. 13742 

II 
0. 88000 0. 16270 0.93300 0. 13697 
0.88100 0. 16218 0. 93400 0. 13652 

I 0.88200 0. 16166 0. 93500 0. 13608 

I 0. 88300 0. 16114 0, 93600 o. 13563 
0. 88400 0. 16062 0. 93700 0. 13519 

I 0.88500 0. 16010 0.93800 0. 13474 I 
0. 88600 0. 15958 0. 93900 0. 13430 
0. 88700 0. 15907 0. 94000 0. 13386 

0. 97100 0. 12084 

I 
1. 02400 o. 10117 

0. 97200 0. 12044 1. 02.500 0. 10083 
0. 97300 0. 12004 

I 
l. 02600 0. 1 O()~,g 

0. 97400 o. 11964 1. 02700 0, 10015 
0. 97500 0. 11924 I 1. 02800 0. 0998-l 

0.'97600 0. 11885 1. 02900 0. 099•)8 

0. 97700 0. 11845 1. 03000 0. 09914 

0. 97800 0. 11806 1. 03100 0. 09880 
0. 97900 0. 11767 1. 03200 0. 09847 

0. 98000 0. 11727 1. 032,00 0. 09814 
0. g3100 0. 11688 1. 03400 c. 097:30 

0. 98200 0. ll650 1. 03500 0. 09747 

0. 98300 0. 11611 1. 03600 0. 09714 

0. 98400 0. 11572 1. 03700 o. 09681 

0. 98500 0. J.1534 1. 03800 0. 09648 

0. 98600 0. 11495 1. 03900 0. 09616 

0. 98700 o. 11457 1. 04000 0. 09583 

0. 98800 0. 11419 1. 04100 0. 095150 

0. 98900 0. 11381 1. 04200 0. 09518 

0. 99000 0. 11343 l.. 04300 0. 09486 

0.99100 0. 11305 1. 04400 0. 0941)3 

0. 99200 0. 11267 l. 04500 0. 09421 

o. 99300 0. 11229 1. 04600 0. 09389 

0. 88800 0. 15856 0. 941()0 o. 13342 
0. 88900 0. 15805 0. 94200 0. 13298 

! 
0.89000 0. 15754 0. 94:300 0. 13255 II 

0. 89100 0. 15703 0. 94400 0. 13211 li 
0. 89200 0. 15652 0. 94500 o. 13168 I 
0. 89300 0. 15602 0. 94600 0. 13125 
0. 89400 0. 15551 0.94700 0. 13082 
0. 89500 0. 15501 I 0. 94800 o. 13038 

I 
0. 89600 0. 15451 0. 94900 o. 12996 

II 
0.89700 0. 15401 0. 95000 o. 12953 
0. 89800 o. 15351 0. 95100 o. 12910 
0. 89900 0. 15302 0. 95200 0. 12868 " 
0. 90000 0. 15252 0. 95300 0. 12825 H 

0. 90100 0. 15203 0. 95400 0. 12783 li 
'I 

0. 90200 0. 15154 0. 95500 o. 12741 I' 
0. 90300 0. 15104 o. 95600 0. 12699 I 
0. 90400 0. 15056 0. 95700 o. 12657 

I 0. 90500 0. 15007 0. 95800 o. 12615 
0. 90600 0. 14958 0.95900 .Q.i-~74 li 

o. 99400 0. lll.92 1. 04700 0. 09367 
0. 99500 0. 11155 L 04800 0. 09325 

0. 99600 o. 113.17 1. 04900 0. 09293 

0. 99700 0. 3.1080 1. 05000 0. 09262 

0. 99800 0. 11043 1. 05100 0. 09230 

0. 99900 0. 11006 1. 05200 0. 09199 

1. 00000 (), 10969 J.. 05300 0. 091€-7 

1. 00100 0. J0932 1. 05400 0. 0913t3 

1. 00200 0. 10896 1. 05500 0. 09105 

l. 00300 0. 10859 1. 05600 0. 09074 

1. 00400 0. 10823 1. 05700 0. 09043 

1. 00500 0. 10787 l. 05800 0. 090:2 

1. 00600 0. 10750 l. .05900 0. 08981 

1. 00700 0. 10714 1. 06000 b. 08950 

1. 00800 0. 10678 L 06100 0. 08920 

1. 00900 0. 10643 1. 06200 0. 08889 

1. 01000 0. 10607 1. 06300 0. 08859 

1. 01100 0. 10571 1. 06400 0. 08828 

i-; 81200 0. 10536 1. .06500 o. 08798 I 



16 .GROUND-WATER MOVEMENT 

f
., e-o2 r 

TABLE I.-Values of the integral - du for given values of the parameter 1--Continued 
_r u v4<Xt 
..,J4at 

T J "'e-u' I"'·-·· r· ..... I"' e-u· -dtt -du -du -du 

.,f4ai ' u ' u . u ' "' 
v'~ ~t ~ ~ 

1. 06600 0. 08768 1. 11900 0. 07296 1. 17200 0. 06049 1. 22500 0. 04996 
1. 06700 0. 08738 1. 12000 0.07270 1. 17300 0.06027 1. 22600 0. 04978 
1. 06800 0. 08708 1. 12100 0.07245 1. 17400 0.06006 1. 22700 0. 04960 
1. 06900 0. 08678 1. 12200 0. 07220 1. 17500 0. 05984 1. 22800 0. 04942 
1. 07000 o. 08648 1. 12300 . o. 07194 1. 17600 0.05963 1. 22900 0.04924 
1. 07100 o. 08619 1. 12400 0. 07169 1. 17700 0.05942 1. 23000 0. 04906 
1. 07200 0. 08589 1. 12500 0. 07144 1. 17800 0.05921 1. 23100 0. 04888 
1. 07300 0. 08559 1. 12600 0. 07119 1. 17900 0. 05899 1. 23200 0. 04870 
1. 07400 0. 0853G I. 12700 0.07094 1. 18000 0. 05878 1. 23300 0.-04853 
1. 07500 0. 08501 1. 12800 0.07069 1. 18100 0. 05857 L 23400 0. 04835 
r 076oo 0. 08471 1. 12900 0. 07044 l. 18200 0.05836 1. 23500 o. 04817 
1. 07700 o. 08442 1. 13000 0.07020 1. 18300 o. 05815 1. 23600 0. 04800 
1. 07800 0.08413 1. 13100 0. 06995 1. 18400 0.05795 1. 23700 0. 04782 
1. 07900 0. 08384 1. 13200 0. 06970 1. 18500 0. 05774 1. 23800 0. 04765 
1. 08000 0. 08355 I 1. 13300 0.06946 1. 18600 0. 05753 1. 23900 0. 04747 
1. 08100 0. 08327 1. 13400 0.06922 1. 18700 0.05733 1. 24000 0. 04?30 
1. 08200 0. 08298 1. 13500 0.06897 1. 18800 0. 05712 1. 24100 0. 04713 
1. 08300 0. 08269 1. 13600 0.06873 I. 18900 0. 05692 1. 24200 0. 04695 
1. 08400 o. 08241 1. 13700 0.06849 1. 19000 0. 05671 1. 24300 0. 04678 
1. 08500 0. 08212 1. 13800 0. 06825 1. 19100 0. 05651 1. 24400 0. 04661 
1. 08600 0. 08184 1. 13900 0.06801 1. 19200 0.05630 1. 24500 0. 04644 
1. 08700 0. 08156 1. 14000 0.06777 1. 19300 0. 05610 1. 24600 0. 04627 
1. 08800. 0. 08127 1. 14100 0. 06753 1. 19400 0. 05590 1. 24700 0. 04610 
1. 08900 0. 08099 1. 14200 0. 06729 1. 19500 0. 05570 1. 24800 0; 04593 
1. 09000 0. 08071 1. 14300 0.06705 J. 19600 0. 05550 1. 24900 0. 04576 
1. 09100 0. 08043 1. 14400 0.06682 1. 19700 0.05530 1. 25000 0. 04559 
1. 09200 0. 08016 I. 14500 0.06658 1. 19800 0. 05510 1. 25100 

I 
0. 04543 

I 1. 09300 0. 07988 1. 14600 0.06635 1. 19900 0. 05490 I. 25200 0. 04526 
1. 09400 0. 07960 1. 14700 0. 06611 1. 20000 0. 05470 1. 25300 0. 04509 
1. 09500 0. 07933 1. 14800 0. 06588 1. 20100 0. 05451 1. 254oo 0.04493 
1. 09600 0. 07905 1. 14900 0. 06565 1.20200 0. 05431 1. 25500 0. 04476 
1. 09700 0. 07878 1. 15000 0. 06541 1. 20300 0. 05411 1. 25600 0. 0446u 

1. 09800 0. 07850 1. 15100 0. 06518 1. 20400 0. 05392 1. 25700 0. 04441> 
1. 09900 0. 07823 1. 15200 0.06495 1.20500 0. 05373 1. 25800 0. 04427 
1. 10000 o. 07796 1. 15300 0.06472 1. 20600 0. 05353 1. 25900 0. 04411 
1. 10100 0. 07769 1. 15400 0. 06449 1. 20700 0. 05::>34 1. 26000 0. 04394 

1. 10200 0. 07742 1. 15500 0. 06426 1. 20800 0. 05315 L 26100 0. 04378 

1. 10300 0. 07715 1. 15600 0. 06404 1. 20900 0. 05295 1. 26200 0.04362 

1. 10400 0. 07688 1. 15700 0. 06381 1. 21000 0. 05276 1. 26300 0.04346 

1. 10500 0.07662 1. 15800 0. 06358 1. 21100 0. 05257 1. 23400 0. 04330 

1. 10600 0. 07635 1. 15900 0. 06336 1. 21200 0. 05238 1. 26500 0. 04314 

1. 10700 0. 07608 1. 16000 0. 06313 1. 21300 0.05219 1. 26600 0. 04298 

1. 10800 0. 07582 1. 16100 0. 06291 1. 21400 0. 05200 L 26700 0. 04282 

1. 10900 0. 07555 1. 16200 0.06268 1. 21500 0. 05181 1. 26800 0. 04266 

J. 11000 0. 07529 1. 16300 0.06246 1. 21600 0.05163 1. 26900 0. 04251 

1. 11100 0. 07503 1. 16400 0. 06224 L 21700 0. 05144 1. 27000 0. 04235 

1. 11200 0. 07477 1. 16500 0.06202 1. 21800 0. 05125 1. 2'i100 0. 04219 

1. 11300 0. 07451 1. 16600 0. 06180 1. 21900 0.05107 1. 27200 0. 04204 

1. 11400 0.07425 1. 16700 0.06158 1. 22000 0. 05088 1. 27300 0. 04188 

1. 11500 0.07399 1. 16800 0. 06136 1. 22100 0. 05070 1. 27400 0. 04173 

I 

1. 11600 0.07373 1. 16900 0. 06114 1. 22200 0. 05051 1. 27500 0. 04157 

1. 11700 0. 07347 1. 17000 

i 
0.06092 1. 22300 0. 05033 1. 27600 0. 04142 

1. 11800 0.07322 1. 17100 0. 06071 1. 22400 0. 05015 1. 27700 0.04126 
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f
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TABLE I.-Values of the integral - du for given values of the parameter 1--Continued 
r u v4at 

../4at 

T s· .-·· T s· .-.. T s· .-·· T -du -du -d.u 
..ffai • u ..j4c;t • u - • u -

v;;; ~f 
..j4c;t 

V;;i 
,!4;t 

1. 27800 0. 04111 1. 33100 0. 03369 1. 38400 0. 02750 1. 43700 
1. 27900 0. 04096 1. 33200 0. 03356 1. 38500 0. 02739 1. 43800 
1. 28000 0. 04081 1. 33300 0. 03344 1. 38600 0. 02729 1. 43900 
1. 28100 0. 04065 1. 33400 0. 03331 1. 38700 0. 02718 1. 44000 
1. 28200 0. 04050 1. 33500 0. 03318 1. 38800 0. 02708 1. 44100 
1. 28300 0. 04035 1. 33600 0. 03306 1. 38900 0. 02697 1. 44200 
1. 28400 0. 04020 1. 33700 0. 03293 1. 39000 0. 02687 1. 44300 
1. 28500 0. 04005 1. 33800 0. 03281 1. 39100 0. 02676 1. 44400 
1. 28600 0. 03990 1. 33900 0. 03268 1. 39200 0. 02666 1. 44500 
1. 28700 0. 03975 l. 34000 0. 03256 1. 39300 0. 02656 1. 44600 
1. 28800 0.03961 1. 34100 0. 03244 1. 39400 0. 02646 1. 44700 
1. 28900 0. 03946 1. 34200 0. 03231 1. 39500 0. 02635 1. 44800 
l. 29000 0. 03931 1. 34300 0. 03219 1. 39600 0. 02625 1. 44900 
1. 29100 0. 03917 1. 34400 0. 03207 1. 39700 0. 02615 1. 45000 
1. 29200 0. 03902 1. 34500 0. 03194 1. 39800 0. 02605 1. 45100 
1. 29300 0. 03887 1. 34600 0. 03182 1. 39900 0. 02595 1. 45200 
1. 29400 0.03873 1. 34700 0. 03170 l. 40000 0. 02584 1. 45300 
1. 29500 0. 03858 1. 34800 0. 03158 1. 40100 0. 02574 1. 45400 
1. 29600 0. 03844 1. 34900 0. 03146 1. 40200 0. 02564 1. 45500 
1. 29700 0.03830 1. 35000 0. 03134 1. 40300 0. 02554 1. 45600 
1. 29800 0.03815 1. 35100 0. 03122 1. 40400 0. 02545 1. 45700 
1. 29900 0. 03801 1. 35200 0. 03110 1. 40500 0. 02535 1. 45800 
1. 30000 0. 03787 1. 35300 0. 03098 1. 40600 0. 02525 1. 45900 
1. 30100 0. 03773 1. 35400 0. 03087 1. 40700 0. 02515 1. 46000 

1. 30200 0. 03759 1. 35500 0. 03075 1. 40800 o. OZ505 1. 46100 

1. 30300 0. 03745 1. 35600 0. 03063 1. 40900 0. 02495 1. 46200 

1. 30400 0.03730 1. 35700 0. 03051 1. 41000 0. 02486 1. 46300 
1. 30500 0.03717 1. 35800 0. 03040 1. 41100 0. 02476 1. 46400 

1. 30600 0. 03703 1. 35900 0. 03028 1. 41200 0. 02466 1. 46500 

1. 30700 0. 03689 1. 36000 0. 03016 1. 41300 0. 02457 1. 46600 

1. 30800 0.03675 1. 36100 0. 03005 1. 41400 0. 02447 1. 46700 

1. 30900 0.03661 1. 36200 0. 02993 1. 41500 0. 02437 1. 46800 

1. 31000 0. 03647 1. 36300 0. 02982 1. 41600 0. 02428 1.46900 

1. 31100 0. 03634 1. 36400 0. 02970 1. 41700 0. 02418 1. 47000 

1. 31200 0. 03620 1. 36500 0. 02959 l. 41800 0. 02409 1. 47100 

1. 31300 0. 03606 1. 36600 0. 02948 1. 41900 0. 02400 1. 47200 

1. 31400 0. 03593 1. 36700 0. 02936 1. 42000 0. 02390 1. 47300 

1. 31500 0. 03579 1. 36800 0. 02925 1. 42100 0. 02381 1. 47400 

1. 31600 0. 03566 1. 36900 0. 02914 1. 42200 0. 02372 1. 47500 

1. 31700 0. 03552 1. 37000 0. 02903 1. 42300 0. 02362 1. 47600 

1. 31800 0. 03539 1. 37100 0. 02892 1. 42400 0. 02353 1. 47700 

1. 31900 0. 03526 1. 37200 0. 02880 1. 42500 0. 02344 1. 47800 

1. 32000 0.03512 1. 37300 0. 02869 1. 42600 0. 02335 1. 47900 

1. 32100 0. 03499 1. 37400 0. 02858 1. 42700 0. 02325 1. 48000 

1. 32200 0. 03486 1. 37500 o. 02847 1. 42800 0. 02316 1. 48100 

1. 32300 0.03473 1. 37600 0. 02836 1. 42900 0. 02307 1. 48200 

1. 32400 0. 03460 1. 37700 0. 02825 1. 43000 0. 02298 1. 48300 

1. 32500 0. 03447 1. 37800 0. 02815 1. 43100 0. 02289 1. 48400 

1. 32600 0. 03434 1. 37900 0. 02804 1. 43200 0. 02280 1. 48500 

1. 32700 0. 03421 1. 38000 0. 02793 ]. 43300 0. 02271 1. 48600 

1. 32800 0. 03408 1. 38100 0. 02782 1. 43400 0. 02262 1. 48700 

1. 32900 0.03395 1. 38200 0. 02771 1. 43500 0.02253 1. 48800 

1. 33000 0.03382 1. 38300 0. 02761 1. 43600 0. 02244 1. 48900 

' s·--·. dv . 
• u 
~ 

0. 02 236 
227 
218 
209 
200 

0. 02' 
0. 02' 
0.02 
0. 02' 
0. 021 
0.021 
0.021 
0.021 
0.021 
0.021 
0.021 
0.021 
0.021 
0.021 
0.021 
0.020 

92 
83 
75 
66 
57 
49 
40 
32 
23 
15 
07 
98 

17 

0.020 
0.020 

90 I 

82 
0.020 73 
0.020 65 
0. 020 57 
0.020 49 
0.020 41 
0.020 33 
0.020 24 
0.020 16 
0.020 08 
0.020 00 
0. 019 92 
0.019 85 
0.019 77 
0.019 69 
0.019 61 
0. 019 53 
0.019 45 
0.019 37 
0.019 30 
0.019 22 
0.019 14 
0.019 07 
0. 018 99 
0. 018 91 
0.018 84 
0.018 76 
0.018 69 
0. 018 61 
0.018 54 
0. 018 46 
0.018 39 
0. 018 32 
0.018 24 
0.018 17 



18 GROUND-WATER MOVEMENT 

r"' e-•2 r 
TABLE !.-Values of the integral u - du for given vah·Js of the parameter . 1--Continued 

~ u v4at 
,f4at ,-

("' e-•' r J -du 
FcJ ' " 

v'~ 

I J"' e-•' I J"' ·-·· J"'·-·· I 
r -du r -du r -du I 

FcJ ' u FcJ ' u -y'i;;t . u 

I v'ZJt y'4(1j v .. ;; 

1. 49000 0.01810 
I 

1. 54300 0. 01459 1. 59600 0. 01171 1. 64900 0.00935 
L 49100 0.01802 1.54400 0.01453 1. 59700 0. 01166 1. 65000 0.00932 

l. 49200 0.01795 
l. 49300 0.01788 
1. 49400 0.01781 
l. 49500 0.01774 
1. 49600 o. 01766 
1. 49700 0.01759 

1. 54500 0.01447 

II 

1. 59800 0. 01161 1. 1)5100 0.00928 
1. 54600 0.01441 1. 59900 0. 01156 1. 1)5200 0.00924 
1. 54700 0.01435 1.60000 0. 01151 1. t\5300 0.00920 
1. 54800 I 0. 01429 1. 60100 0. 01146 1. {\5400 0.00916 
1. 54900 0.01423 II 1. 60200 0. 01142 1. 65500 0.00912 
1. 55000 0.01417 1.50300 0. 01137 1. 65600 0.00908 

1.49800 0. 01752 1. 55100 0.01411 1. 60400 0. 01132 1.65700 0. 00904 

1. 49900 0.01745 l. 55200 0.01406 1. 60.500 0.01127 1. 65800 0.00900 

1. 50000 0.01738 
1. 50100 0. 01731 
1. 50200 0.01724 
l. 50300 0. 01717 

1/ 
l. .50400 0.01710 
1, 50500 0. 01703 
1. 50600 0.01696 lr 

1. 55300 0.01400 1.60600 0. 01123 1. 65900 0.00896 
1. 55400 0.01394 li 1.60700 0. 01118 1. 66000 0. 00892 

1. 55500 0.01388 II 
1. 60800 0.01113 1. 66100 0. 00889 

1. 55600 

I 
0.01383 }. er':100 0. 01109 

I 
1. 66200 0.00885 

1. 55700 0.01377 I 1. 61 ('00 0.01104 1.66300 0.00881 I 
1. 55800 i 0.01371 1. 6ll0C 0. 01099 1. 66400 I 0. 00877 
1.55900 0.01366 1. 61ZOP 0. 01095 1. 66500 0. 00873 

1.50700 0. 01690 1. 56000 0.01360 1.6130() 0. 01090 1. 66600 0. 00870 

1. 50800 0.01683 1. 56100 0.01354 1. 6140C 0.01085 1. 66700 0.00866 

1.50900 0. 01676 1. 56200 0.01349 1. 6150G 0.01081 1. 66800 0. 00862 

1. 51000 0. 01669 1. 56300 0.01343 1. 61600 0. 01076 1. 66900 0.00859 

1. 51100 0.01662 1. 56400 0. 01338 1. 61700 0. 01072 1. 6'7000 0. 00855 

1. 51200 0.01656 1.56500 0.01332 1. 61800 0. 01067 1. 6'7100 0. 00851 

1. 51300 0.01649 l. 56600 0.01327 1. 61900 0. 01063 1. 6'7200 0. 00848 

1. 51400 0.01642 1. 56700 0. 01321 I 1. 62000 0.01058 1. 6'!300 0.00844 

1. 51500 0.01636 1. 56800 0.01316 l. 62100 0.01054 1. 6"1400 0.00840 

1. 51600 0. 01629 1. 56900 0.01310 1. 62200 0.01049 1. 6'1500 0.00837 

1. 51700 0. 01622 1. 57000 0.01305 1.62300 0. 01045 1. 67600 0. 00833 

1. 51800 0. 01616 1. 57100 0.01299 1. 62400 0.01040 1. 6'i700 0. 00829 

1. 51900 0. 01609 
1. 52000 0. 01603 

1. 57200 0.01294 1. 62500 0. 01036 1. 67800 0. 00826 
1. 57300 0.01289 1. 62600 0. 01032 1. 67900 0. 00822 

1. 52100 0. 01596 1. 57400 0.01283 1. 62700 0.01027 1. 68000 0.00819 

1. 52200 0.01590 1. 57500 0. 01278 1.62800 0.01023 1.68100 0.00815 
1. 52300 0.01583 1. 57600 0. 01273 1. 62900 0.01019 1. 68200 0. 00812 
1. 52400 0. 01577 1. 57700 0.01267 1. 63000 0.01014 1. 68300 0.00808 

1. 52500 0. 01570 1. 57800 0.01262 1. 63100 0. 01010 1. 68400 I 0.00805 
1. 52600 0. 01564 
1. 52700 0. 01557 
1. 52800 0. 01551 

1. 57900 0.01257 1. 63200 0.01006 .I 1. 68500 0.00801 
L 58000 0.01252 1. 63300 0. 01001 I 1. 68600 0.00798 
1. 58100 0. 01246 1- 63400 0.00997 1. 68700 0. 00794 

1.52900 0.01545 1. 58200 O.Ol241 1.63500 0.00993 1. 68800 0.00791 

1. 53000 0. 01539 1. 58300 0. 01236 L 63600 0. 00989 1. 68900 0. 00787 

~\ 1. 53100 0. 01532 

v 1. 53200 0. 01526 
1.53300 0. 01520 

1. 58400 0. 01231 1. 63700 0. 00985 1. 69000 0. 00784 
1. 58500 0.01226 1. 63800 0. 00980 1. 69100 0. 00781 
1. 58600 0. 01221 1. 63900 0. 00976 1. 69200 0. 00777 

1. 53400 0.01514 1. 58700 0.01216 1.64000 0. 00972 1.69300 0.00774 

1. 53500 0. 01507 1. 58800 0. 01211 1. 64100 0. 00968 1. 69400 0. 00771 

1. 53600 0. 01501 
1. 53700 0. 01495 
I. 53800 0. 01489 

1. 58900 0. 01206 
! 

1. 64200 0. 00964 1. 69500 0.00767 
1. 59000 0.01200 1.64300 0.00960 1.69600 0.00764 
1. 59100 0. 01:1.95 L 64400 0. 00956 1. 69'700 0.00761 

l. 53900 0. 01483 L 59200 0. 01190 1.64500 0.00952 1. 69800 0.00757 

1. 54000 0.01477 1.59300 0. 01186 1. 64600 0.00948 1. 69900 0.00754 
1. 54100 0. 01471 1. 59400 0. 01181 1.64700 0.00944 1. 70000 0.00751 

1. 54200 0. 01465 1. 59500 0. 01176 !~64800 0.00939 1. 70100 0. 00747 



RADIALLY SYMMETRICAL CASES 

f "' e-u2 r 
TABLE 1.-Values of the integral - du for given values of the parameter ,--Continued 

_r u v4at 
~ 

T f"' ..... T f"' e-•' T f"' e-•' I T -du -du -du 

..f4ai ' 'U ..,&t ' 'U ,rw ' u ..f4ai v<ai v~ y.rc;, 

1. 70200 0.00744 1. 75500 0.00589 1. 80800 0. 00465 1. 86100 
1. 70300 0.001;41 1. 75600 0.00587 1. 80900 0. 00463 1. 86200 
1. 70400 0. 00738 1. 75700 0.00584 1. 81000 0.00461 1. 86300 
1. 70500 0. 00735 1. 75800 0.00582 1. 81100 0. 00458 1. 86400 
1. 70600 0.00731 1. 75900 0.00579 1. 81200 . 0. 00456 1. 86500 
1. 70700 0.00728 1. 76000 0.00576 1. 81300 0. 00454 1. 86600 
1. 70800 0.00725 1. 76100 0.00574 1. 81400 0. 00452 1. 86700 
1. 70900 0.00722 1. 76200 0.00571 1. 81500 0. 00450 1. 86800 
1. 71000 0.00719 1. 76300 0.00569 1. 81600 0. 00448 1. 86900 
1. 71100 0.00716 1. 76400 0.00566 1. 81700 0. 00446 1. 87000 
1. 71200 0.00712 1. 76500 0.00564 1. 81800 0. 00444 1. 87100 
1. 71300 0.00709 1. 76600 0. 00561 1. 81900 0. 00442 1. 87200 
1. 71400 0. 00706 1. 76700 0. 00559 1. 82000 0. 00440 1. 87300 
1. 71500 0.00703 1. 76800 0. 00556 1. 82100 0. 00438 1. 87400 
1. 71600 0. 00700 1. 76900 0. 00554 1. 82200 0. 00436 1. 87500 
1. 71700 0. 00697 1. 77000 0.00551 1. 82300 0. 00434 1. 87600 
1. 71800 o. 00694 1. 77100 0. 00549 1. 82400 0. 00432 1. 87700 
1. 71900 0.00691 1. 77200 0. 00546 1. 82500 0. 00430 1. 87800 
1. 72000 0.00688 1. 77300 0. 00544 1. 82600 0. 00428 1. 87900 
1. 72100 0.00685 1. 77400 0. 00542 1. 82700 0. 00426 1. 88000 
1. 72200 0.00682 1. 77500 0. 00539 1. 82800 0. 00424 1. 88100 
1. 72300 0. 00679 1. 77600 0. 00537 ]. 82900 0. 00422 1. 88200 
1. 72400 0. 00776 1. 77700 0.00534 1. 83000 0. 00420 1. 88300 
1. 72500 0. 00673 1. 77800 0. 00532 1. 83100 0. 00419 1. 88400 
1. 72600 0.00670 1. 77900 0. 00530 L 83200 0. 00417 1. 88500 
1. 72700 0.00667 1. 78000 0. 00527 1. 83300 0. 00415 1. 88600 
1. 72800 0. 00664 1. 78100 0. 00525 1. 83400 0. 00413 1. 88700 
1. 72900 0.00661 1. 78200 0. 00522 1. 83500 0. 00411 1. 88800 
1. 73000 0. 006.58 I 1. 78300 0. 00520 1. 83600 o.·co4og 

I 

1. 88900 
1. 73100 0.00655 1. 78400 0.00518 1. 83700 0. 00407 1. 89000 
1. 73200 0.00653 1. 78500 0. 00515 1. 83800 0. 00405 1. 89100 
1. 73300 0.00650 1. 78600 0. 00513 1. 83900 0.00404 1. 89200 
1. 73400 0.00647 1. 78700 0. 00511 1. 84000 0. 00402 1. 89300 

I 

1. 73500 0.00644 1. 78800 0. 00509 1. 84100 0. 00400 1. 89400 
1. 73600 0.00641 1. 78900 0.00506 1. 84200 0. 00398 1. 89500 
1. 73700 0.00638 1. 79000 0. 00504 1. 84300 0. 00396 1. 89600 
1. 73800 0.00636 1. 79100 0. 00502 1. 84400 0. 00394 1. 89700 
1. 73900 0.00633 1. 79200 0. 00500 1. 84500 0. 00393 1. 89800 
1. 74000 0.00630 1. 79300 0. 00497 1. 84600 0. 00391 1. 89900 
1. 74100 0.00627 1. 79400 0. 00495 1. 84700 0. 00389 1. 90000 
1. 74200 0.00624 1. 79500 0. 00493 1. 84800 0. 00387 1. 90100 
1. 74300 0.00622 1. 79600 0.00491 1. 84900 0. 00385 1. 90200 
1. 74400 0.00619 1. 79700 0. 00488 1. 85000 0. 00384 1. 90300 
1. 74500 0.00616 1. 79800 0. 00486 1. 85100 0. 00382 1. 90400 
1. 74600 0.00613 1. 79900 0. 00484 1. 85200 0. 00380 1. 90500 
1. 74700 0. 00611 1. 80000 o. 00482 1. 85300 0. 00378 1. 90600 
1. 74800 0.00608 1. 80100 0. 00480 1. 85400 0. 00377 1. 90700 
1. 74900 0. 00605 1. 80200 0. 00477 1. 85500 0. 00375 1. 90800 
1. 75000 0. 00603 1. 80300 o. 00475 1. 85600 0. 00373 1. 90900 
1. 75100 0.00600 1. 80400 0. 00473 1. 85700 0. 00371 1. 91000 
1. 75200 0. 00597 1. 80500 0. 00471 1. 85800 0. 00370 1. 91100 
1. 75300 0.00595 1. 80600 0. 00469 1. 85900 0. 00368 1. 91200 

1. 75400 0. 00592 1. 80700 0. 00467 1. 86000 0. 00366 1. 91300 

f "' e-··· --du 
' ·u 

v7Di 

0. 00365 
0. 00363 
0. 00361 
0. 00360 
0. 00358 
0. 00356 
0. 00355 
0. 00353 
0. 00351 
0. 00350 
0. 00348 
0. 00347 
0. 0034b 
0. 00343 
0. 00342 
0. 00340 
0. 00339 
0. 00337 
0. 00336 
0. 00334 
0. 00332 
0. 00331 
0. 00329 
0. 00328 
0. 00326 
0. 00325 
0. 00323 
0. 00322 
(\ (\()')r)(', 
v, vvu.t.tv 

0. 00319 
o. oo:n7 
o. oo:nt: 
0. 0031·1 
0. 00313 
o. oo:m 
0. OOillO 
0. OOi\09 
0. OOB07 
0. 00806 
0. 00304 
0. 00303 
0. 00301 
0. 00300 
0. 00299 
0. 00297 
0. 00296 
0. 00294 
0. 00293 
0. 00292 
0. 00290 
0. 00289 
0. 00288 
0. 00286 

19 



20 GROUND-WATER MOVEMENT 

I -~~ r 
T ABI·E 1.-Values of the integral - du for given values of the parameter 1--Continued 

_r U ;4at 
...rw. 

-
I 

I 
T I"' ..... 

I 

T I"'·-·· T I"'·-·· T I"'·-·· -du -du -du -du - ' u - ' u ...rw. '. u ' u 
..f4a! ViCir 

..f4;i 
~~ v'~ 

..f4;.d 
Viti"t 

1. 91400 0. 00285 1. 96700 0. 00222 2. 02000 0. 00171 2. 0'7300 0. 00132 
1. 91500 0. 00284 1. 96800 o. 00220 2. 02100 o. 00171 2. 0'1400 o. 00131 
1. 91600 0. 00282 1. 96900 o. 00219 2. 02200 0. 00170 2. 0'1500 0. 00131 
1. 91700 0. 00281 1. 97000 0. 00218 2. 02300 0. 00169 2. 07600 0. 00130 
1. 91800 0. 00280 1. 97100 0.00217 2. 02400 0. 00168 2. 0"1700 0. 00129 
1. 91900 0. 00278 1. 97200 o. 00216 2. 02500 0. 00167 2. 07800 0. 00129 
1. 92000 0. 00277 1. 97300 o. 00215 2. 02600 0. 00166 2. 07900 0. 00128 
1. 92100 0. 00276 1. 97400 0. 00214 2. 02700 0. 00166 2. 08000 0. 00128 
1. 92200 o. 00274 1. 97500 o. 00213 2. 02800 0. 00165 2. 08100 0. 00127 
1. 92300 0. 00273 1. 97600 0. 00212 2. 02900 0. 00164 2. 08200· 0. 00126 
1. 92400 0. 00272 1. 97700 o. 00211 2. 03000 0. 00163 2. 08300 0. 00126 
1. 92500 0. 00271 1. 97800 o. 00210 2. 03100 0. 00162 2. 08400 0. 00125 
1. 92600 0. 00269 1. 97900 0. 00209 2. 03200 0. 00162 2. 08500 0. 00124 
1. 92700 0. 00268 1. 98000 o. 00208 2. 03300 0. 00161 2. 08600 0. 00124 
1. 92800 0. 00267 1. 98100 o. 00207 2.03400 0. 00160 2.08700 0. 00123 
1. 9?900 0. 00265 1. 98200 o. 00206 2. 03500 0. 00159 2. 08800 0. 00123 
1. 93000 0. 00264 1. 98300 o. 00205 2. 03600 0. 00159 2. 08900 0. 00122 
1. 93100 0. 00263 1. 98400 0.00204 2. 03700 0. 00158 2. 09000 0. 00121 
1. 93200 0. 00262 1. 98500 o. 00203 2. 03800 0. 00157 2. 09100 o. 00121 
1. 93300 0. 00260 1. 98600 o. 00202 2. 03900 0. 00156 2. 09200 0. 00120 
1. 93400 0. 00259 1. 98700 o. 00201 2. 04000 0. 00155 2. 09300 0. 00120 

. 1. 93500 0. 00258 1. 98800 o. 00200 2. 04100 0. 00155 2. 09400 0. 00119 
1. 93600 0. 00257 1. 98900 o. 00199 2. 04200 0. 00154 2. 09500 0. 00118 
1. 93700 0. 00256 1. 99000 o. 00198 2. 04300 0. 00153 2. 09600 0. 00118 
1. 93800 0. 00254 1. 99100 o. 00197 2. 04400 0. 00152 2. 09700 0.00117 

1. 93900 0. 00253 1. 99200 0. 00196 2. 04500 0. 00152 2. 09800 0. 00117 
1. 94000 0. 00252 1. 99300 o. 00195 2. 04600 0. 00151 2. 09900 0. 00116 
1. 94100 0. 00251 1. 99400 0.00195 2. 04700 0. 00150 2. 10000 0. 00115 
1. 94200 0. 00250 1. 99500 0. 00194 2. 04800 0. 00149 2. 10100 0. 001~5 
1. 94300 o. 00248 1. 99600 0. 00193 2. 04900 0. 00149 2. 10200 0. 00114 

1. 94400 0. 00247 1. 99700 0. 00192 2. 05000 0. 00148 2. 10300 0. 00114 
1. 94500. 0. 00246 1. 99800 o. 00191 2. 05100 0. 00147 2. 10400 0. 00113 

1. 94600 0. 00245 1. 99900 0. 00190 2. 05200 0. 00147 2. 10500 0. 00113 
., n,.,.,,.,.,... 1"\ 1"\1"\0A A 2. 00000 0. 00189 2. 05300 0. 00146 1"\ ""~r\1"\ (\ r\r\1 ,(') 
.l. ::J':tiVV v. vv..:;.•:t:•:t "'· .1VOVV v, VVJ..L..:;. 

1. 94800 0. 00243 2. 00100 0. 00188 2. 05400 0. 00145 2. 10700 0. 00111 
1. 94900 0. 00241 2. 00200 0. 00187 2. 05500 0. 00144 2. 10800 0. 00111 

1. 95000 0. 00240 2. 00300 o. 00186 2. 05600 0. 00144 2. 10900 0. 00110 
1. 95100 0. 00239 2. 00400 0. 00185 2. 05700 0. 00143 2. 11000 0. 00110 

1. 95200 0. 00238 2. 00500 0. 00184 2. 05800 0. 00142 2. 11100 0. 00109 

1. 95300 0. 00237 2.00600 0.00184 2. 05900 0.00142 2. 11200 0. 00109 

1. 95400 0. 00236 2. 00700 o. 00183 2. 06000 0. 00141 2. 11300 0. 00108 

1. 95500 0. 00235 2. 00800 0. 00182 2. 06100 0. 00140 2. 11400 0. 00108 

1. 95600 0. 00233 2.00900 o. 00181 2. 06200 0. 00139 2. 11500 0. 00107 

1. 95700 0. 00232 2. 01000 0.00180 2. 06300 0. 00139 2. 11600 0. 00106 

1. 95800 0. 00231 2. 01100 o. 00179 2. 06400 0. 00138 2. 11700 0. 00106 

1. 95900 0. 00230 2. 01200 o. 00178 2. 06500 0. 00137 2. 11800 0. 00105 

1. 96000 0. 00229 2. 01300 0.00177 2. 06600 o. 00137 2. 11900 0. 00105 

1. 96100 0. 00228 2. 01400 0. 00177 2. 06700 0. 00136 2. 12000 0. 00104 

1. 96200 0. 00227 2. 01500 o. 00176 2. 06800 0. 00135 2. 12100 0. 00104 

1. 96300 0. 00226 2. 01600 o. 00175 2. 06900 0. 00135 2. 12200 0. 00103 

1..96400 0. 00225 2. 01700 0. 00174 2. 07000 0. 00134 2. 12300 0. 00103 

1. 96500 0. 00224 2. 01800 0. 00173 2. 07100 0. 00133 2. 12400 0. 00102 

1. 96600 0. 00223 2. 01900 o. 00172 2. 07200 0. 00133 2. 12500 0. 00102 
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TABLE !.-Values of the integral J r"' du for given values o.f the parameter -1 r -Continued 
u ,w 

..p;;t 

r J"' e-•' r 
I J"' e-•' I! I! 

r 
! J"' e-•' -du -du -du 

..[4ai ' ,. ..[4ai ' ,. ..[4ai I ' ,. 
vTa~ ~ ~f 

2. 12600 0. 00101 2. 17900 o. 00077 2. 23200 

I 
0. 2. 28500 0. 00044 

2. 12700 0.00101 2. 18000 0. 00077 2. 23300 0.00058 2. 28600 0. 00044 
2. 12800 o. 00100 2. 18100 0. 00076 2. 23400 0.00058 2.28700 0. 00044 
2. 12900 0. 00100 2. 18200 0. 00076 2. 23500 0. 00058 2. 28800 0. 00044 
2. 13000 0. 00099 2. 18300 0.00076 2. 23600 0.00057 2. 28900 o. 00043 
2. 13100 0.00099 2. 18400 0.00075 2. 23700 0. 00057 2. 29000 0. 00043 
2. 13200 0. 00098 2. 18500 0.00075 2. 23800 0.00057 2. 29100 0. 00043 
2. 13300 0. 00098 2. 18600 0. 00074 2. 23900 0. 00057 2. 29200 0. 00043 
2. 13400 0. 00097 2. 18700 0.00074 2. 24000 0.00056 2. 29300 0. 00042 
2. 13500 0. 00097 2. 18800 0.00074 2. 24100 0.00056 2.29400 0. 00042 
2. 13600 o. 00096 2. 18900 0.00073 2. 24200 0.00056 2. 29500 0. 00042 

l 
2. 13700 0. 00096 2. 19000 o. 00073 2. 24300 0.00055 2.29600 0. 00042 
2. 13800 0. 00095 . 2. 19100 0.00073 2. 24400 0. 00055 2. 29700 0. 00042 
2.13900 0.00095 2. 19200 0. 00072 2. 24500 0.00055 2.29800 0. 00041 
2. 14000 0. 00094 2. 19300 0. 00072 2.24600 o. 00054 2. 29900 0. 00041 
2. 14100 0.00094 2. 19400 0. 00071 2. 24700 0.00054 2.30000 0. 00041 
2. 14200 0. 00093 2. 19500 0. 00071 2. 24800 0.00054 2.30100 0. 00041 
2. 14300 0. 00093 2. 19600 0. 00071 2. 24900 0.00054 2. 30200 0. 00040 
2. 14400 0. 00092 2. 19700 0.00070 2. 25000 0. 00053 2.30300 0. 00040 
2. 14500 o. 00092 2. 19800 0.00070 2. 25100 0.00053 2. 30400 0. 00040 
2.14600 0. 00091 2. 19900 0.00070 2. 25200 0.00053 2. 30500 0. 00040 
2. 14700 0. 00091 2. 20000 0.00069 2. 25300 0.00052 2. 30600 o. 00040 
2. 14800 o. 00091 2. 20100 0.00069 2. 254.00 0.00052 2. 30700 0. 00039 
2. 14900 o. 00090 2. 20200 0.00069 2. 25500 0.00052 2.30800 0. 00039 
2. 15000 o. 00090 2. 20300 0.00068 2. 25600 0. 00052 2. 30900 0. 00039 
2. 15100 o. 00089 2.20400 0.00068 2. 25700 o. 00051 2.31000 0. 00039 
2. 15200 

I 
0.00089 2. 20500' 0.00068 

I 
2. 25800 0. 00051 2. 31100 0. 00039 

2. 15300 0.00088- 2.20600 0.00067 2. 25900 0. 00051 2.31200 0. 00038 
z. 15400 o. 00088 2.20700 0. 00067 2. 26000 0. 00051 2~ 31300 f\ f\f'\f\"lC 

I 
v. vvvvu 

2. 15500 0. 00087 2. 20800 0.00066 2. 26100 0.00050 2.31400 0. 00038 

2. 15600 o. 00087 2. 20900 0.00066 2. 26200 0. 00050 2.31500 o. 00038 
2. 15700 0. 00086 2.21000 0.00066 2. 26300 0. 00050 2. 31600 o. 00038 
2. 15800 o. 00086 2. 21100 0. 00065 2. 26400 o. 00050 2. 31700 0. 00037 

2.15900 0. 00086 2. 21200 0. 00065 2. 26500 0. 00049 2.31800 0. 00037 

2.16000 0. 00085 2. 21300 0.00065 2. 26600 0. 00049 2. 31900 0. 00037 

2. 16100 0.00085 2. 21400 0.00064 2. 26700 0. 00049 2. 32000 0. 00037 

2. 16200 0. 00084 2. 21500 0. 00064 2.26800 0. 00048 2. 32100 0. 00037 

2. 16300 0. 00084 2. 21600 o. 00064 2. 26900 0. 00048 2. 32200 0. 00036 

2. 16400 0. 00083 2. 21700 0.00063 2. 27000 0. 00048 2. 32300 0. 000:!6 

2. 16500 0. 00083 2. 21800 o. 00063 2. 27100 0. 00048 2. 32400 0. 00036 

2. 16600 0. 00083 2. 21900 o. 00063 2. 27200 o. 00047 2. 32500 0. 00036 

2. 16700 0. 00082 2. 22000 0. 00062 2.27300 0. 00047 2. 32600 0. 00036 

2. 16800 0.00082 2. 22100 o. 00062 2. 27400 0.00047 2. 32700 0. 00035 

2. 16900 0.00081 2. 22200 o. 00062 2. 27500 0. 00047 2. 32800 0. 00035 

2.17000 0. 00081 2. 22300 0.00061 2. 27600 0. 00046 2. 32900 0. 00035 

2. 17100 0. 00080 2. 22400 o. 00061 2. 27700 0. 00046 2. 33000 0. 00035 

. 2. 17200 0. 00080 2. 22500 0. 00061 2.27800 0.00046 2. 33100 0. 00035 

2. 17300 0. 00080 2. 22600 o. 00061 2. 27900 0. 00046 2. 33200 0. 00034 

2.17400 0. 00079 2.22700 0. 00060 2. 28000 0. 00045 2. 33300 0. 00034 

2. 17500 0.00079 2. 22800 0. 00060 2. 28100 0. 00045 2. 33400 0. 00034 
2. 17600 0.00078 2. 22900 0. 00060 2. 28200 0. 00045 2. 33500 0. 00034 

2. 17700 0. 00078 2. 23000 0.00059 2. 28300 0. 00045 2.33600 0. 00034 

2. 17800 0. 00078 2. 23100 Q. D0059 2,28400 0. 00045 2. 33700 0. 00033 
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T 

~ 

2. 33800 
2. 33900 
2. 34000 
2. 34100 
2. 34200 
2. 34300 
2. 34400 
2. 34500 
2. 34600 
2. 34700 
2. 34800 
2. 34900 
2. 35000 
2. 35100 
2. 35200 
2. 35300 
2. 35400 
2. 35500 
2. 35600 
2. 35700 
2.35800 
2. 35900 
2. 36000 
2. 36100 
2. 36200 
2. 36300 
2. 36400 
2. 36500 
2. 36600 
2. 36700 
2. 36800 
2. 36900 
2. 37000 
2. 37100 
2. 37200 
2. 37300 
2. 37400 
2. 37500 
2. 37600 
2. 37700 
2. 37800 
2. 37900 
2. 38000 
2. 38100 
2. 38200 
2.38300 
2. 38400 
2. 38500 
2. 38600 
2. 38700 
2. 38800 

I 
2. 38900 
2. 39000 

GROUND-WATER MOVEMENT 

. f"' e-u2 . r 
TA.BLE 1.-Values of the mtegral - du for g·wen values of the parameter -,--·Continued 

_r U -v4at 
..fM 

J"'·-·· T J"' e-•' -du -du 
' u ~ ' " 
~ y'4;t 

0, 00033 2.39100 0. 00025 
0. 00033 2.39200 0. 00025 
0.00033 2. 39300 0.00025 
0. 00033 2. 39400 0. 00025 
0. 00033 2. 39500 0. 00024 
0. 00032 2. 39600 0.00024 
0. 00032 2.39700 0.00024 
0. 00032 2. 39800 0. 00024 
0. 00032 2. 39900 0. 00024 
0. 00032 2. 40000 0. 00024 
0. 00032 2. 40100 0. 00024 
0. 00031 2. 40200 0. 00023 
o. 00031 2.40300 0. 00023 
0. 00031 2. 40400 0. 00023 
0. 00031 2.40.500 0. 00023 
0. 00031 2.40600 0. 00023 
0. 00031 2. 40700 0. 00023 
0. 00030 2. 40800 0. 00023 
0. 00030 2. 40900 0. 00023 
0. 00030 2. 41000 0.00022 
0. 00030 2. 41100 0.00022 
0. 00030 2. 41200 0.00022 
0. 00030 2. 41300 0.00022 
0. 00029 2. 41400 0.00022 
0. 00029 2. 41500 0.00022 
0. 00029 2. 41600 0. 00022 
0. 00029 2. 41700 0. 0002~ 
0. 00029 2. 41800 0.00021 
0. 00029 2. 41900 0. 00021 
0. 00028 2. 42000 0. 00021 
0.00028 2. 42100 0.00021 
0. 00028 2.42200 0.00021 
0.00028 2.42300 0.00021 
0.00028 2.42400 0.00021 
0. 00028 2.42500 0.00021 
0. 00028 2.42600 0.00021 
0. 00027 2.42700 0.00020 
0.00027 2.42800 0.00020 
0. 00027 2.42900 0.00020 
0. 00027 2. 43000 0.00020 
0. 00027 2.43100 0.00020 
0. 00027 2.43200 0.00020 
0.00026 2. 43300 0.00020 
0. 00026 2.43400 0.00020 
0.00026 2.43500 0.00020 
0. 00026 2.43600 0.00019 
0. 00026 2.43700 0.00019 
0. 00026 2.43800 0.00019 
0. 00026 2.43900 0.00019 
0. 00025 2.44000 0. 00019 
0. 00025 2.44100 0.00019 
0. 00025 2.44200 0.00019 
0. 00025 2.44300 0.00019 

--·- -- -

T J"'·-·· -du 
~ ' u 

~ 
.. 

2. 44400 0.00019 
2. 44500 0.00018 
2.44600 0.00018 
2.44700 0.00018 
2.44800 0.00018 
2.44900 0.00018 
2.45000 0.00018 
2. 45100 0. 00018 
2.45200 0.00018 
2.45300 0.00018 
2. 45400 0.00018 
2. 45500 0.00017 
2.45600 0.00017 
2. 45700 0.00017 
2.45800 0. 00017 
2.45900 0.00017 
2.46000 0.00017 
2.46100 0.00017 
2.46200 0.00017 
2. 46300 0.00017 
2.46400 0.00017 
2.46500 0. 00016 
2.46600 0.00016 
2.46700 0.00016 
2.46800 0.00016 
2.46900 0.00016 
2.47000 0.00016 
2.47100 0.00016 
2.47200 0.00016 
2.47300 0.00016 
2.47400 0.00016 
2.47500 0.00016 
2.47600 0.00015 
2.47700 0.00015 
2.47800 0.00015 
2.47900 0.00015 
2.48000 0.00015 
2.48100 0.00015 
2.48200 0.00015 
2.48300 0.00015 
2.48400 0.00015 
2.48500 0.00015 
2.48600 0.00015 
2.48700 0.00015 
2.48800 0.00014 
2.48900 0.00014 
2.49000 0.00014 
2.49100 0.00014 
2.49200 0.00014 
2.49300 0. 00014 
2.49400 0.00014 
2. 49500 0.00014 
2.49600 0.00014 

I 1 

4at 

2.4 
2.4 
2.4 
2. 
2.5 
2.5 

9700 
9800 
9900 

50000 
0100 
0200 
0300 2.5 

2. 
2.5 
2.5 
2. 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2. 5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2. 5 
2.5 
2. 5 
2.5 

50400 
0500 
0600 

50700 
0800 
0900 
1000 
1100 
1200 
1300 
1400 
1500 
1600 
1700 
1800 
1900 
2000 
2100 
2200 
2300 
uoo 
2500 
2600 
2700 
2800 
2900 
3000 
3100 
3200 
3300 
3400 
3500 
3600 
3700 
3800 
3900 
4000 
4100 
4200 
4300 
4400 
4500 
4600 
4'700 
4800 
4900 

I"·-·· -du 
' u 

VTm"l 

0.00014 
0.00014 
0. 00014 
0.00014 
0.00013 
0.00013 
0.00013 
0.00013 
0.00013 
0.00013 
0.00013 
0.00013 
0.00013 
0.00013 
0.00013 
0.00013 
0.00013 
0.00012 
0.00012 
0. 00312 
0.00012 
0.00012 
0.00012 
0.00012 
0.00012 
0.00012 
0.00012 
0.00012 
0. 00012 
0.00012 
0.00012 
0. 00011 
0. 00011 
0. 00011 
0.00011 
0.00011 
0.00011 
0. 00011 
0. 00011 
0. 00011 
0.00011 
0.00011 
0. 00011 
0. 00011 
0.00011 
0. 00011 
0. 00011 
0.00010 
0.00010 
0.00010 
0.00010 
0.00010 
0.00010 



RADIALLY SYMMETRICAL CASES 

f "' e-u2 . r 
TABLE 1.-Values of the integral - du for given values of the parameter..;---Continued 

r U · 4at 
...rw 

T f"' e-•' T f"'e-•' T I"'--·· IT 
-d'U - -d'U ' -d'U 

I 

T 

Fcd • u -.f4dt • u I 
...p;;j • u -.f4dt 

~ y'i;'t ! v:r.;l 

2.55000 u. 00010 2.60300 0. 00007 2.65600 0. 00005 2.70900 
2.55100 0.00010 2. 60400 0.00007 2.65700 0.00005 2. 71000 
2.55200 0.00010 2.60500 0.00007 2.65800 0.00005 2. 71100 
2.55300 0.00010 2.60600 0.00007 2.65900 0.00005 2.71200 
2.55400 0.00010 2.60700 0.00007 2.66000 0.00005 2.71300 
2.55500 0.00010 2.60800 0.00007 2.66100 0.00005 2. 71400 
2.55600 0.00010 2.60900 0.00007 2.66200 0.00005 2.71500 
2.55700 0.00010 2.61000 0.00007 2.66300 0.00005 2. 71600 
2.55800 0.00010 2. 61100 0.00007 2.66400 0.00005 2. 71700 
2.55900 0.00010 2.61200 0. 00007 2.66500 0.00005 2.71800 
2.56000 0.00010 2.61300 0.00007 2.66600 0.00005 2. 71900 
2.56100 0. 00009 2.61400 0.00007 2. 66700 0.00005 2.72000 
2.56200 0.00009 2.61500 0.00007 2.66800 0.00005 2.72100 
2.56300 0.00009 2.61600 0.00007 2.66900 0.00005 2. 72200 
2. 56400 0.00009 2.61700 0.00007 2.67000 0.00005 2.72300 
2.56500 0.00009 2.61800 0.00007 2. 67100 0.00005 2. 72400 
2.56600 0.00009 2.61900 0.00007 2. 67200 0.00005 2.72500 
2.56700 0.00009 2.62000 0.00007 2. 67300 0.00005 2.72600 
2.56800 0.00009 2. 62100 0.00007 2.67400 0.00005 2.72700 
2.56900 0.00009 2.62200 0.00007 2.67500 0.00005 2. 72800 
2.57000 0.00009 2.62300 0.00007 2.67600 0.00005 2. 72900 
2. 57100 0.00009 2. 62400 0. 00007 2.67700 0.00005 2. 73000 
2.57200 0.00009 2.62500 0.00007 2.67800 0.00005 2.73100 
2.57300 0.00009 2.62600 0.00006 2.67900 0.00005 2. 73200 
2.57400 0.00009 2.62700 0.00006 2.68000 0.00005 2. 73300 
2.57500 0.00009 :~. 62800 0.00006 2.68100 0.00005 2.73400 
2.57600 0.00009 2.62900 0.00006 2.68200 0.00005 2.73500 
2.57700 0.00009 2.63000 0.00006 2.68300 0.00005 2. 73600 
2.57800 0.00009 ~~- 63100 0.00006 2.68400 0.00005 2.73700 
2.57900 0.00009 :L 63200 0.00006 2.68500 0.00005 2.73800 
2.58000 0.00008 2.63300 .0. 00006 2.68600 0.00005 2. 73900 
2. 58100 0.00008 2.63400 0.00006 2.68700 0.00004 2.74000 
2.58200 0.00008 ~L 63500 0.00006 2.68800 0.00004 2. 74100 
2.58300 0.00008 ~~. 63600 0.00006 2. 68900 0.00004 2. 74200 
2.58400 0.00008 2.63700 0.00006 2.69000 0.00004 2. 74300 
2.58500 0.00008 2.63800 0.00006 2.69100 0.00004 2. 74400 
2. 58600 0.00008 2.63900 0.00006 2.69200 0.00004 2. 74500 
2.58700 0.00008 2.64000 0.00006 2.69300 0.00004 2.74600 
2.58800 0.00008 2.64100 0.00006 2.69400 0.00004 2.74700 
2.58900 0.00008 2:.64200 0.00006 2.69500 0.00004 2. 74800 
2.59000 0.00008 2.64300 0.00006 2.69600 0.00004 2. 74900 
2.59100 0.00008 2.64400 0.00006 2.69700 0.00004 2.75000 
2.59200 0.00008 2.64500 0.00006 2.69800 0.00004 2.75100 
2.59300 0.00008 2.64600 0.00006 2.69900 0.00004 2.75200 
2.59400 0.00008 2.64700 0.00006 2.70000 0.00004 2.75300 
2.59500 0.00008 2.64800 0.00006 2.70100 0.00004 2.75400 
2.59600 0.00008 2.64900 0.00006 2. 70200 0.00004 2.75500 
2. 59700 0.00008 2. 65000 0.00006 2. 70300 0.00004 2. 75600 
2. 59800 0.00008 2.65100 0.00006 2.70400 0.00004 2. 75700 
2.59900 0.00008 2.65200 0.00006 2. 70500 0.00004 2.75800 
2.60000 0.00008 2.65300 0.00006 2.70600 0.00004 2.75900 
2.60100 0.00008 2.65400 0.00005 2. 70700 0.00004 2.76000 
2.60200 0.00007 2.65500 0.00005 2. 70800 0.00004 2.76100 

f"'..-·• 
• u 

du 

~~ 

0.000 04 
04 
04 
04 
04 
04 
04 
04 
04 
04 
04 
04 
04 
04 
04 
)4 

04 
04 
04 
03 
03 
03 
03 
03 
03 
03 
03 
03 
O:i 
03 
03 
03 
03 
03 
03 
03 
03 
03 
03 
03 
03 

0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0. 000( 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0. 0000 a 

a 
il 
a 
il 

0.0000 
0.0000 
0.0000 
0.0000 
0.0000 8 

a 
3 
3 
3 
3 
3 

0.0000 
0.0000 
0. 0000 
0. 0000 
0. 0000 
0.0000 

23 



24 GROUND-WATER MOVEMENT 

f "' e-u2 r 
TABLE I.-Values of the integral - du for given values of the parameter 1---Continued 

_:_ u v4at 
v4at 

f"'·-·· f"' e-•' I I f"' e-•' 
I 

r -du r -du r -du 
~ 

-
../4at ' u ' u ~ ' u 

y7a', v~ 
-
v'~t 

T f"'.-·• -du 
·~ ' u 

~~ 

2. 76200 0.00003 2.81500 0.00002 2. 86800 0.00001 2. 92100 0.00001 ' 
2.76300 0.00003 2.81600 0.00002 2.86900 0. 00001 2.92200 0.00001 
2. 76400 0.00003 2. 81700 0.00002 2.87000 0.00001 2.92300 0.00001 
2. 76500 0.00003 2.81800 0.00002 2.87100 0.00001 2.92400 0.00001 
2. 76600 0.00003 2.81900 0.00002 2.87200 0. 00001 2.92500 0.00001 
2. 76700 0.00003 2.82000 0.00002 2.87300 0.00001 2.§2600 0.00001 
2. 76800 0.00003 2.82100 0.00002 2.87400 0.00001 2 92700 0.00001 
2.76900 0.00003 2.82200 0.00002 2.87500 0.00001 2. 92800. 0. 00001 
2. 77000 0.00003 2.82300 0.00002 2.87600 0.00001 2.92900 0.00001 
2. 77100 0.00003 2.82400 0.00002 2.87700 0.00001 2.93000 0.00001 
2.77200 0.00003 2.82500 0.00002 2.87800 0.00001 2.93100 0.00001 
2.77300 0.00003 2.82600 0.00002 2.87900 0.00001 2.93200 0.00001 
2.77400 0.00003 2.82700 0.00002 2.88000 0.00001 2.93300 0.00001 
2.77500 0.00003 2.82800 0.00002 2.88100 0.00001 2.93400 0. 00001 
2. 77600 0.00003 2. 82900 0.00002 2.88200 0.00001 2.93500 0.00001 
2. 77700 0.00003 2.83000 0.00002 2. 88300 0.00001 2.93600 0.00001 
2.77800 0.00003 2.83100 0.00002 2.88400 0.00001 2.93700 0.00001 
2.77900 0.00003 2.83200 0.00002 2.88500 0.00001 2.93800 0.00001 
2.78000 0.00003 2. 83300 0.00002 2.88600 0.00001 2.93900 0. 00001 
2. 78100 0.00003 2.83400 0.00002 2. 88700 0.00001 2.94000 0.00001 
2.78200 0.00002 2.83500 0.00002 2.88800 0.00001 2.94100 0.00001 
2.78300 0.00002 2.83600 0.00002 2.88900 0.00001 2.94200 0.00001 
2.78400 0.00002 2.83700 0.00002 2.89000 0.00001 2.94300 0. 00001 
2. 78500 0.00002 2.83800 0.00002 2.89100 0.00001 2.94400 0.00001 
2. 78600 0.00002 2.83900 0.00002 2.89200 0.00001 2.94500 0.00001 
2.78700 0.00002 2.84000 0.00002 2.89300 0.00001 2.94600 0.00001 
2.78800 0.00002 2.84100 0.00002 2.89400 0.00001 2.94700 0.00001 
2.78900 0.00002 2.84200 0. 00002 2.89500 0.00001 2.94800 0.00001 
2. 79000 0.00002 2.84300 0.00002 2.89600 0.00001 2.94900 0.00001 
2.79100 0.00002 2.84400 0.00002 2.89700 0.00001 2.95000 0. 00001 
2.79200 0.00002 2.84500 0.00002 2.89800 0.00001 2.95100 0. 00001 
2.79300 0.00002 2.84600 0.00002 2.89900 0.00001 2. 95200 0. 00001 
2.79400 0.00002 2.84700 0.00002 2. 90000 0.00001 2.95300 0.00001 
2. 79500 0.00002 2.84800 0.00002 2.901QO 0.00001 2.95400 0.00001 
2.79600 0.00002 2.84900 0.00002 2.90200 0.00001 2.95500 0.00001 
2.79700 0.00002 2.85000 0.00002 2.90300 0.00001 2.95600 0.00001 
2. 79800 0.00002 2.85100 0.00002 2. 90400 0.00001 2.95700 0.00001 
2. 79900 0.00002 2.85200 0.00002 2.90500 0.00001 2.95800 0. 00001 
2.80000 0.00002 2.85300 0.00002 2.90600 0.00001 2.95900 0.00001 
2.80100 0.00002 2.85400 0.00002 2.90700 0.00001 2.96000 0.00001 
2.80200 0.00002 2.85500 0.00002 2.90800 0.00001 2.96100 0. 00001 
2.80300 0.00002 2.85600 0.00002 2.90900 0.00001 2.96200 0. 00001 
2.80400 0.00002 2.85700 0.00002 2.91000 0.00001 2.96300 0.00001 

2.80500 0.00002 2.85800 0.00002 2. 91100 0.00001 2.96400 0.00001 

2.80600 0.00002 2.85900 0.00002 2.91200 0.00001 2.96500 0.00001 

2. 80700 0.00002 2.86000 0.00002 2. 91300 0.00001 2.96600 0.00001 

2.80800 0. 00002 2.86100 0.00001 2.91400 0.00001 2.96700 0.00001 

2.80900 0.00002 2.86200 0.00001 2.91500 0.00001 2.96800 0. 00001 

2.81000 0.00002 2.86300 0.00001 2.91600 0.00001 2.96900 0.00001 

2. 81100 0.00002 2.86400 0.00001 2. 91700 0.00001 2. 97000 0.00001 

2.81200 0.00002 2.86500 0.00001 2.91800 0.00001 2.97100 0.00001 

2. 81300 0.00002 2.86600 0.00001 2.91900 0.00001 
2. 81400 0.00002 2.86700 0.00001 I 2.92000 0.00001 

2.97200 0.00001 
2.97300 0.00001 
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f "' e-u2 r 
TABLE !.-Values of the integral - du for given values of the parameter -,--Continued 

· r u "4at 
..;4at 

I f"' ...... f'.-·• r -du r -du 
..f4;;t ' " p;;;t ' u 

v;;t y'4;j 

2.97400 0. 00001 2.98100 0. 00001 
2.97500 0.00001 2.98200 0.00001 
2.97600 0.00001 2.98300 0.00001 
2.97700 0.00001 2.98400 0.00001 
2.97800 0.00001 2.98500 0.00001 
2.97900 0.00001 2.98600 0.00001 
2.98000 0.00001 2.98700 0.00001 

Solution. Since 1 cubic foot per second Is 
equivalent to 448.8 gallons per minute, 

Q= 4~~~8=1.1141 ft3 per sec, 

KD (o.oo20)(70) _ 0 70 ft 2 a V 0.2 - . per sec 

. t= (72) (3,600) =259,200 seconds. 

The given data are now in consistent units, 
si_tlce only foot and second units are involved. 

1.1141 _l.l141_12665f t 
(6.2832)(0.0020)(70)-0.87965- · ee' 

.J4;;i= .J(4) (0. 70) (259,200)= ../125, 760=851.9 feet, 

r 1 50 
.J4;;i= 851.9 =0.0587, 

r2 100 
.J4;;t=851.9=0.1174. 

From Table 1, for 

r J"' e-"
2 

;-.=0.0587, - du=2.5484; 
'V '±IX~ _r_, u . 

..&i 

Then the computed drawdowns Q.re 

at r 1=50 feet, 8 1=27r~D (2.5484)=3.23 feet; 

at r 2=100 feet, 82=21r~D (1.8611)=2.36 feet. 

f' ..... r -du r 
..f4;;t ' u 

-

~~ 
..f4;;t 

2.98800 I 0. 00001 2.99500 
2.98900 0.00001 2.99600 
2.99000 0.00001 2.99700 
2.99100 0.00001 2.99800 
2.99200 0.00001 2.99900 
2. 99300 0.00001 3.00000 
2.99400 0.00001 

These are the required drawdowns. 

I 
I 

f"' ..... 
' u 

du 

~~ 

0.000 
0.000 
0.000 
0.000 

01 
01 
01 
01 
)1 

)1 
0. 0001 
0. 0001 

Readings are sometimes made in observation 
wells adjacent to a pumped well of this sort for 
the purpose of finding the permeability of the 
aquifer. Many authorities state that the well 
should be pumped long enough for the draw
downs to stabilize before taking readings for such 
purposes. Strictly speaking, the drawdowns 
never stabilize, in this case, as the level of the 
water table continues to sink as long as the well 
is pumped. A better criterion for determining 
when the observed drawdowns can be used for 
permeability determinations is, therefore, needed. 

When simultaneous readings of the drawdowns 
81 and 82 are taken in observation wells located at 
distances r1 and r 2 from the pumped well, with 
r2>r:, the permeability may be computed from 
the expression 

provided that: 

is small compared to 

r~-ri 
4at 

2log. (~} 

(12) 

(13) 

When observations are made at the times t1 and t2, 
with ~>t1 , of the drawdowns 8 1 and 82 in the 
same well, the permeability may be computed 
from the relation 

(14) 
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provided that: 

is small compared to 

2log, (~} (15) 

These values are deduced from the series (11) by 
noting the relationships among the terms when x 
is small compared to -log, x. 

Example 2 
Estimate the permeability K by using the 

drawdowns computed in the previous example as 
observed drawdowns. 

Solution. Since the data from two observation 
wells are to bEl used, Formula (12) is appropriate. 

It will first be desirable to test the suitability 
of these data. Since simultaneous readings from 
two wells are to be used, Formula (13) is appro
priate. Then 

1oo r==+::::r:::r=r:rrrn==r::r::r::r::rn[[j:==l 
f--- This chart is constructed from the formula: -== . ~ --!;: ( 1- /1-2() frG e~u• du ) == 
_ c~7TI<O) v - r-----

v.at 1--'-----............ 
-- 'r-.. ~ .................. 'C .......... . 

~-r~ 1002-502 7,500 
;725 760 =0.01033, 4at = (4) (0. 70) (259,200) , 

1'2 1 (7'2) -=2.00, og, - =0.69315, 
7'1 7'1 

2log. (~)=1.3863. 

Then since the first of these values, 0.01033, is 
small compared to the second, 1.3863, note 
Formula (13), it is concluded that the conditions 
favor a close determination of K. From Formula 
(12) 

Q 1.1141 1.1141 
21rD (2) (3.1416) (70) 439lf = 0·002533• 

81 -82==3.224-2.357 =0.867, 
and 

K (0.002533)(0.69315) 0.00202 ftjsec. 
0.867 

The advantage of using the computed drawdowns 
is now apparent, since the value of K=0.0020 used 
in the first example should be recovered. This 
expectation is very nearly realized. 

A
0 

_.-Ground surface 
I ,/ _j 

1·:. · ~citer:table,<..: •. · i: · _:·{.':·: ·; :<(;;···) 

rr:··_;1.;i~l~~";.,!~r::l 
""""'~ 

-..:::.::: ............ ,.. : . ':::-::-:::--................... _ "--- .............. '\'"• 
~~ 1-- , .................. . 

r---, 

' ' ' 
' ' 
' ' ' ' 0.0 0.5 1.0 

1---+---.., (%) 

.00001 .0001 .001 

(k) 
.01 0.1 1.0 

FIGURE 2.-Drawdowns around a pumped well in an unconfined aquifer where the drat~down is not small when comparerl to 
the original saturated depth. 
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Pumped well--unconfined (~quijer-large draw
doums. The case where the drawdowns s are not 
small when compared with the original saturated 
depth D has been treated by Glover and Bittinger 
(Reference 11). Based upon considerations de
scribed in this reference, they obtain a second ap
proximation which accounts for the effect of draw
down on the area available for the flow of ground 
water. The results of their investigation are 
shown on Figure 2. Numerieal values are given 
in Table 2 which was computed for this mono
graph. In addition to the quantity (Q/21T-KD) 
which appears in the first approximation solution 
of Formula (9), a new parameter rr=(Q/2TrKD2) 

appears. The quantity 2TrK[P is the quantity of 
water which would flow across a cylindrical area 
of radius D and height D under the action of a 
unit gradient. The parameter rr, therefore, relates 
the pumping rate to the capa.city of the aquifer 
to transmit ground water. The ratio (s/D) is also 
shown on this chart. The second approximation 
is given by the formula 

Formulas 9 and 16 are developed upon a basis 
which implies that the flow of the well is all taken 
from storage. It should be expected, therefore, 
that the drawdown at the well will ultimately 
reach the base of the aquifer. 'Vhen this happens, 
the original pumping rate can no longer be main
tained because the aquifer cannot supply water as 
fast as the pump takes it out. In Formula (16) 
this point is reached if, with r=a, the integral 
attains such a value as will make the quantity 
under the radical equal to zero When this hap
pens it will be found that s=D at r=a. 

To avoid overstepping this limitation Formula 
(16) should not be used if 

Example 3 

This second approximation may be used to 
estimate the drawdowns near the well under the 
conditions of Example 1. The computation may 
be arranged as shown below. 

Computation of drawdowns near a well by use of Formula (16) 
based on data of example 1 

Radius (feet) 

1------~-------
2--------------3 ______________ 

4 --------------
5--------------10 _______ c _____ 

2 
3 
4 
5 
1 

o _____________ 
o _____________ 
o _____________ 
o _____________ 
oo ____________ 

I 

r 

~i 

0.001174 
0.002348 
0.003521 
0.004695 
0. 005869 
0.01174 
0. 02348 
0.03521 
0. 04695 
0.05869 
0.1174 

Q 
u= 2.,.KD2=0.018092 

Q 1 
-- · -=70=D 
2.,.KD u 

I f., ·-·' -du , .. 
' u 
~t 

I 

*6.4587 8. 18 
*5. 7656 7.30 
*5.3604 6. 79 
*5. 0727 6.42 
*4.8495 6. 14 
*4. 1562 5.26 
3.4633 4.39 
3.0584 3.87 
2. 7712 3.51 
2.5486 3.23 
1. 8611 2.36 

2u=0.036184 

.!=55.74 
0" 

• Computed from the series of Formula (11), log,1,000=6.90776. 
•• First approximation . 
... Second approximation. 

-

8. 72 
7. 73 
7. 15 
6. 75 
6. 44 
5.48 
4.53 
3.99 
3.60 
3.31 
2.40 

The drawdowns 8 near the well are sensitive 
to the pumping rate. An increase of the pumping 
rate to 1,000 gallons per minute would give a 
drawdown at r= 1.0 foot which is 16.36 feet by 
the first approximation but 18.91 by the seeo:o.d 
approximation. A pumping rate of 2,000 gallons 
per minute would cause a drawdown of 32.7 feet 
by the first approximation but 52.1 feet by the 
second approximation. 

The Development of Boulton 

An analysis of the drawdowns produced in an 
unconfined aquifer by pumping at a constant rate, 
based upon the Laplace formulation, is described 
in Reference (2). The drawdown 8 is given by an 
expression of the form 

where 

- Q 8-21TKD Vo(P, r) 

r p=v 
Kt 

r=vn 

(17) 

(18) 



s 1 ( v J."' e-•
2 

) • r TABLE 2.-Values of ( _Q_) =-;; 1 - 1 - 2u , u du for gwen values of the parameters ,j 
4
at and .,. 

2 ... KD .;,., 

f"' ·-·· " ·• -du 

{4;;i • u 

I I I I I I I I - 0. 01 0. 02 0. 03 0. 04 0. 05 000 0. 07 0.08 U, U13 
...;-.;;; 

0.00001 11.22430 il. 93672 12.88437 14.28538 17.01344 0.00000 0.00000 0.00000 0.00000 0.00000 
0.00002 10.53120 11. 15316 11. 96212 13. 10881 15.07830 0.00000 0.00000 0.00000 0.00000 0.00000 
0.00003 10. 12570 10.69792 11. 43278 12. 45117 14. 10435 0.00000 0.00000 0.00000 0.00000 0.00000 
0.00004 9.83800 10.37634 11. 06158 11. 99687 13.46310 17.45441 0.00000 0.00000 0.00000 0.00000 
0.00005 9.61480 10. 12764 10.77602 11. 65098 12.98917 16.07469 0.00000 0 00000 0.00000 0. 00000 
0.00006 9.43260 9.92514 10.54445 11.37266 12.61573 15.23596 0.00000 0. 00000 0.00000 0.00000 
0.00007 9. 27840 9. 75411 10.34952 11. 13984 12.30827 14.62747 0.00000 0.00000 0.00000 0.00000 
0.00008 9. 14490 9.60630 10. 18153 10.94022 12.04797 14. 15158 0.00000 0.00000 0.00000 0.00000 
0.00009 9. 02710 9.47608 10.03388 10.76555 11. 82255 13.76173 0.00000 0.00000 0.00000 0.00000 
0.00010 8.92170 9.35972 9.90224 10.61041 11. 62408 13.43250 0.00000 0.00000 0.00000 0.00000 
0.00020 8. 22860 8.59825 9. 04710 9.61545 10.38596 11. 58239 14. 79821 0.00000 0.00000 0.00000 
0.00030 7.82310 8.15567 8.55497 9.05224 9.70800 10.66854 12.54261 0.00000 0.00000 0.00000 
0.00040 7.53540 7.84296 8.20933 8.66045 9.24468 10.07105 11.50936 0.00000 0.00000 0.00000 
0.00050 7.31230 7. 60119 7.94325 8.36085 8.89456 9.63139 10.83276 0.00000 0.00000 0.00000 
0.00060 7. 13000 7.40410 7. 72707 8. 11869 8.61403 9.28552 10.33333 13.67962 0.00000 0.00000 
0.00070 6.97580 7.23772 7.54508 7.91566 8.38043 9.00145 9.93977 12. 10098 0.00000 0.00000 
0.00080 6.84230 7.09391 7.38814 7. 74119 8 18081 8. 76131 9.61676 11. 35529 0.00000 0.00000 
0.00090 6.72450 6.96721 7.25014 7.58821 8.00661 8.55360 9.34356 10.82839 0.00000 0.00000 
0.00100 6.61920 6.85409 7. 12716 7.45223 7.85240 8. 37107 9. 10771 10.41768 0.00000 0.00000 
0.00200 5.92600 6. 11283 6.32620 6.57432 6.86991 7.23442 7.70874 8.38932 9.65395 0.00000 
0.00300 5.52050 5.68192 5.86441 6.07388 6.31912 6.61418 6.98363 7.47740 8.22946 10.22849 
0.00400 5.23290 5.37748 5. 53979 5.72443 5.93812 6. 19116 6. 50065 6.89854 7.45743 8.43340 
0.00500 5.00970 5. 14189 5.28948 5.45626 5.64761 5.87158 6. 14108 6.47883 6. 93156 7. 62827 
0.00600 4.82740 4.94990 5.08608 5.23912 5.41352 5. 61584 5.85628 6. 15208 6. 53636 7.08852 
{).00700 4.67320 4.78781 4.91474 5.05676 5.21768 5.40301 5. 62110 5.88561 6.22146 6.68303 
0.00800 4.53970 4. 64770 4.76693 4.89982 5.04968 5.22123 5.42146 .5. 66156 5.96107 6.35984 
0.00900 4.42200 4. 52434 4.63701 4. 76217 4.90273 5.06279 5. 24835 5.46875 5.73982 6.09213 
0.01000 4. 21660 4.30945 4. 41118 4.52353 4.64883 4. 79026 4.95238 5. 14200 5.37013 5.65633 
0.02000 3.62360 3.69174 3.76538 3.84540 3.93296 4. 02952 4. 13705 4.25824 4.39691 4.55883 
0.03000 3.21840 3.27192 3.32923 3.39086 3.45748 3.52990 3.60918 3.69669 3. 79425 3.90439 
0.04000 2. 93110 2.97536 3.02245 3.07272 3. 12661 3. 18465 3.24748 3.31594 3.39107 3.47427 
0.:05000 2.70840 2.74610 2.78601 2.82839 2.87354 2.92182 2.97368 3. 02965. 3.09043 3. 15685 
0.06000 2.52660 2. 55935 2.59388 2.63038 2.66907 2. 71023 2.75416 2.80124 2.85194 2.90683 
0.07000 2.37310 2.40194 2.43225 2.46418 2.49788 2. 53357 2.57147 2. 61186 2. 65507 2.70151 
0.08000 2.24030 2, 26597 2.29287 2. 32111 2.35082 2. 38216 2.41531 2.45046 2.48788 2. 52785 
0.09000 2. 12340 2. 14643 2. 17051 2. 19571 ~.22216 2. 24995 2.27924 2.31019 2.34298 2.37783 
0. 10000 2.01900 2. 03980 2.06149 2.08415 2. 10786 2. 13271 2. 15881 2. 18629 2.21530 2.24600 
0.20000 1. 34060 1. 34970 1. 35907 1. 36870 1. 37861 1. 38882 1. 39934 1. 41020 1. 42141 1. 43300 

I u. jij 

0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
8. 14204 
7.44343 
6.96586 
6. 60000 
6. 04171 
4.75328 
4.03074 
3.56742 
3.23006 
2.96665 
2.75168 
2.57073 
2.41501 
2.27860 
1. 44500 

G) 
;o 

0 
c 
z 
0 

~ 
)> 
-1 m 
;o 

s: 
0 
< 
~ 
m 
z 
-1 



0.30000 0.95940 0.96404 0.96878 0.97361 0.97855 
0.40000 0. 70460 0. 70710 0.70963 0.71220 0.71481 
0.50000 0.52210 0.52347 0.52485 0.52625 0.52766 
0.60000 0.38720 0.38795 0.38871 0.38947 0.39024 
0. 70000 0.28600 0.28641 0.28682 0.28723 0.28765 
0.80000 0.20980 0.21002 0.21024 0.21046 0. 21068 
0.90000 0. 15250 0. 15261 0. 15273 o. 15285 0. 15296 
1. 00000 0. 10970 0. 10976 0.10982 0. 10988 0. 10994 

0.98358 0.98827 0.99397 0.99934 
0.71746 0. 72015 0. 72288 0. 72566 
0.52909 0.53054 0.53200 0.53348 
0.39102 0.39180 0.39259 0.39339 
0.28807 0.28849 0.28892 0. 28934 
0.21091 0. 21113 0. 21136 0. 21159 
0. 15308 0. 15320 0. 15332 0. 15344 
0.11000 0.11006 0. 11012 0.11018 

1. 00483 1. 01045 
0.72848 0.73134 
0.53497 0.53649 
0.39419 0.39500 
0. 28977 0. 29021 
0. 21181 0.21204 
0. 15356 0. 15368 
0.11024 0. 11030 

;;:o 
)> 
0 
)> ..-
-< 
U1 

~ 
~ 
m 
-I 
::::0 
n 
)> .-
n 
)> 
U1 
m 
U1 
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and V0 is a function developed in the paper. A 
table of values of V0(p, r) is given for values of r 
between 0.05 and 5.00 and of p between 0.2 and 
1.5. Some simplifica~ions introduced make the 
function V0(p, ,r) approximate and correction curves 
are presented to improve the treatment in certain 
ranges of the variable r. For r >5 his solution 
agrees \\'-ith the exponential integral within 3 per
cent. It is this writer's understanding that this 
result would also hold for Formula (9). For val
ues of r between 0.05 and 5, certain restrictions on 
Q and p should be observed. When r is less than 
0.05 the correction curves may be used. 

With the conditions of Example 1, it will be 
found that r==37.0. This is in the range where 
r >5 and the solution should agree closely with 
that given by the first approximation, Formula 
(9). 

This is the only case known to this writer where 
a. transient condition ha.s been treated under the 
Laplace formulation. The close agreement ob
tained between formulas developed under the 
Laplace and Dupuit-Forchheimer idealizations for 
this case is reassuring. 

Determination of Aquifer Properties 

A convenient means of deriving aquifer con
stants from test data makes use of a characteristic 
of logarithmic scales. With such scales a shift 
represents multiplication, and this is the principle 
used in the construction of slide rules. Suppose a 
curve is plotted on graph paper which has log
arithmic scales in both directions. If the ordinates 
of this curve are all multiplied by some constant 
and the curve is replotted, it will be found to be 
shifted vertically on the chart but will be un
changed in shape. A horizontal shift will be ob
served if all of the abscissas are multiplied by some 
constant. The important feature to be borne in 
mind is that the shape of the curve remains un
changed. 

To put this characteristic to use for determination 
of aquifer properties; Equation (16) is first plotted 
on a sheet of transparent logarithmic graph paper. 

For this plot the ordinate will be (_j_)· and the 

2?rKD 

abscissa will be 1 r · Both of these are dimen
-v4at 

sionless quantities. For reference purposes, this 
chart will be called the master chart. An index 
point is selected on the master chart. It will be 
convenient to use the point where the ordinate and 
abscissa are both unity. An example of such a 
chart is shown on Figure 2. 

The test data can now be plotted on a similar 
sheet of graph paper. In this case the ordinate 

. r 
can be 8 and the abscissa ..Jt,' The master chart is 

now laid over this plot and adjusted, while keeping 
the axis parallel, until the plotted points coincide 
with one of the curves of the master chart. The 
index point of the master chart ·will now fall on 
some point on the chart showing the observations. 

On this chart read the value of 8=81 and -~-= -~.:_ 
. -vt -vti 

for the point on which the index falls. For this 
point: 

(2?r~D) 
and 

Since the flow of the well Q is a known quantity, 
the transmissibility KD and the diffusion constant 
a can be determined. If the observed drawdowns 
are large enough, the values of o may also be found. 
The curve for o=O on the master chart is a plot of 
Formula (9). If the observed drawdowns 8 are 
small compared to D the plotted points from all 
observation wells at all times should fall on this 
curve. The process of making a determination of 
aquifer properties by this method is shown in the 
following example. 

Example 4 

It will be of interest to use the second approxi
mation drawdowns for radii of 1, 10, 50, and 100 
feet as assumed observed drawdowns for the 
purpose of illustrating the use of the graphical 
method of determining the aquifer properties, 
since the aquifer properties from which they were 
obtained are already known. 
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From Examples 1 and 3 and Table 1 with 
t=259,200 seconds, or 72 hours, 

r 
(feet) 

1 
10 
50 

100 

.Ji=509.117 

r s -
-{t (feet) 

0.00196 8. 72 
0.01964 5.48 
0.09821 3.31 
0. 19642 2.40 

1 
.Ji=0.00196419. 

When these points are plotted with the draw
down 8 in feet against ri.Jt and the adjustment is 
made on the master chart in the manner described 

.. ' 
the index of the master chart is found to fall on 
the point 

8=1.26 ~=l.70 

then 

8 1.26 

( Q ) ( 1.1141 ) 
'hKD 6.2832KD 

1 

and 

1.1141 
KD (6.2832)(1.26) 0.1407 ft2jsec 

with D=70 ft 

also with 

K=0·~~07 =0.00201 ftjsec 

_r_=1.70= 1 
-JM ~ 

1.702 f 2/ a=-
4
-=0.722 t· sec 

KD 
V=-=0.195. 

a 

The values which should have been recovered 
are: KD=0.1400 ft2/sec, K=0.0020 ft/sec, a=0.70 
ft2/sec, and V =0.20. In the process described, 
the difference of units is absorbed into the factor 
represented by the scale shift. 

The Flowing Artesian Well 

"When a well penetrates a confined aquifer of 
thickness D and permeability K which is under 
sufficient pressure to raise water above the top of 
the casing, a fio>~ring artesian well can be obtained. 
To treat this case a solution of Equation (5) must 
be sought which satisfies the conditions 

s=O when t=O for r>a 
s=s0 when r=a for t>O. (19) 

A solution for the case of the infinitely extended 
aquifer, as required to meet these conditions, is 
not available, but it is possible to construct a 
chart for the infinite case by using the solution for 
a finite case having an outer boundary at the 
radius b. The solution for this finite case is 

where 

and 

An. [
1 

Ji(f'na)J 
.Po(f3nb) 

The symbol Pn represents the roots of 

U~(f'nb)=O. 

(20) 

(21) 

*(22) 

(23) 

This arrangement adapts the solution to repre
sent the case where an impermeable barrier exists 
at the radius r=b. If a ratio of b to a is chosen it 
will be found that a large number of terms are re
quired to compute the pattern for values oft near 
zero and also that, after the lapse of a certain 
amount of time, the value of 8 at r=b will begin to 
depart from zero. If a series of values of the b/a 
ratio is chosen, the use of an excessive number of 
terms can be avoided and, when s begins to depart 
from zero at the radius b, a new b/a ratio can be 
chosen and the process repeated. In this way the 
computations can be extended to as great an outer 
radius as desired. A chart prepared for the infinite 
case, based in part on computations made by this 
process, is included as Figure 3. For values of the 

parameter ..j4;;i >1,000, the curves were computed 
a 

by an approximate method to be described later. 

•A form developed by W. T. Moody. 
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FIGURE 3.-Pressure reduction caused by a flowing arte.•ian well. 

The flow of an artesian well diminishes with 
time. The variation of flow with time has been 
investigated for the artesian case. Table 3, which 
is based upon the data of References (18), (19), and 

(20), contains values of the function G ( ~} 
The flow of the well is given in terms of this func
tion by an expression of the form, 

Q='hr-KDs0G ( .J~at} (24) 

A series of the tabular values were checked by 
use of the formula 

(25) 

Possession of this outflow function permits the 
construction of a simple approximate formula for 
obtaining values of s for values of the parameter 
,J4at . . 
---greater than 1,000. Thrs formula 1s 

a 

(,!4;;t) ("' e_,.2 
s=s0G -a- _J,_ u du· (26) 

../4at 

. ,J4at 
The curves of F1gure 3 for values of -- greater a 
than 1,000 were computed by use of this relation. 

Aq_uijer with a semipermeable upper confining 
bed. This development relat.es to the case of a 
well of. infinitesimal radius drawing water at the 
rate Q from an aquifer of thickness D, perme
ability K, and coefficient of storage V. The 
aquifer has an upper confining bed of thickness m 
and permeability p, with the permeability p 
being small compared to the permeability K. 
Before pumping begirts, the water table lies above 
the upper confining bed as shown in Figure 4, 
and the water pressures are continuous through 
the upper confining bed and the aquifer. After 
pumping begins, the pressure in the aquifer is 
diminished by the amount s, ·and a gradient is 
created which drives water vertically downward 
through the upper confining bed, and horizontally 
through the aquifer. Initially, water to supply 
the well comes in part from ~.torage and in part 
from seepage through the upper confining bed. 
The drawdowns eventually stabilize when the 
pressures in the aquifer become sufficiently low to 
~upply the entire flow of the well by seepage 
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FIGURE 4.-Well u;ith a semipermeable confimng bed. 

through the upper confining bed. This case 
possesses a definite terminal state. It occurs 
whenever the upper confining bed is sufficiently 
permeable to contribute signifieantly to the flow 
of the well. It appears to occur frequently in 
glaciated regions where aquifers of sand are over
lain by beds of glacial till. 

This case has been treated by Jacob, Reference 
(17). The continuity condition is 

OS= KD (02
8 +~ 08)-·...1!_ 8 at v or2 r or m v . (27) 

The solution given by Jacob for the finite case 
where the drawdown s is maintained at zero at 
the radius b can be put in the form 

(28) 

where J 0 (f3nP) represents the zero order BMsel 
functions of the parameter (f3nP) of the first kind. 

l 0 (p) and K 0 (p) represent the zero order modified 
Bessel functions of the parameter (p) of the first 
and second kinds, respectively, and: 

p=r.J mkD p.=b .J mkD 
8 (29) 

~ (~~) 
(3, are the roots of J 0(f3nPe) = 0 

'J=(r!:v) t. 

The first term in the right-hand member of 
Equation (28) represents the final steady state 
drawdown. In the infinite case, this reduces to 

(30) 
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TABLE 3.-Values of G ( -v'!at) 

../4at a( :}4at) ../4at oC!at) ~ 

I 
a( ../!at) :J..4at a( ../!at) a I. a a a a 

-
0. 001 1, 128. 88 0.055 21. 02 0. 19 6.427 0. 73 2.006 
0.002 564. 69 0.056 20.65 0.20 6. 129 0. 74 1. 984 
0.003 376.63 0. 057 20. 30 0.21 5.860 0. 75 1. 964 
0.004 282.60 0. 058 19.95 0.22 5. 615 0.76 1. 944 
0.005 :226. 18 0. 059 19.62 0.23 5.391 0.77 1. 924 
0.006 188.56 0. 060 19.30 0.24 5. 186 0. 78 1. 905 
0.007 161. 70 0.061 18.99 0.25 4.998 0.79 1. 886 
0.008 141. 55 0.062 18.70 0.26 4;824 0.80 1. 868 
0.009 125.88 0.063 18.41 0.27 4. 662 0.81 1. 850 
0. 010 113.34 0. 064 18. 13 0.28 4.513 0.82 1. 833 
0. 011 103.08 0.065 17.86 0.29 4.373 0. 83 1. 816 
0.012 94. 53 0.066 17.59 0.30 4.243 0.84 1. 799 
0.013 87.30 0.067 17.34 0.31 4. 121 0. 85 1. 783 
0.014 81. 10 0. 068 17.09 0.32 4.007 0.86 1. 767 
0.015 75.73 0.069 16.85 0.33 3.899 0. 87 1. 752 
0. 016 71. 02 0.070 16. 61 0.34 3.798 0.88 1. 736 
0.017 66.88 0. 071 16.39 0. 35 3. 703 0.89 1. 722 
0. OlS I 63. 19 ' 0.072 16. 17 0.36 3. 613 0.90 1. 707 
0.019 59.88 0. 073 15.1)5 0.37 3.528 0.91 1. 693, 
0.020 56.92 0. 074 15. 74 0.38 3.447 0.92 1. 679: 
0.021 54.23 0. 075 15. 54 0.39 3.370 0. 93 1. 665 
0.022 51.79 0. 076 15.34 0.40 3.298 0.94 1. 652 
0.023 49.56 0.077 15. 14 0.41 3.227 0. 95 1. 639 
0.024 47.52 0.078 14.96 0.42 3. 161 0.96 1. 626 
0.025 45.64 0.079 14. 78 0.43 3. 098 0. 97 1. 614 
0.026 43.90 0.080 14.60 0.44 3. 038 0.98 1. 602 
0.027 42.29 0.081 14.42 0.45 2.980 0. 99 1. 590 
0.028 40.80 0.082 14.25 0.46 2.926 1. 00 1. 578 
0.029 39.41 0.083 14.09 0.47 2.873 1. 01 1. 566 
0.030 38. 11 0.084 13.93 0.48 2.822 1. 02 1. 555 
0.031 36.90 0. 085 13. 77 0.49 2. 774 1. 03 1. 544 
0.032 .35. 76 0.086 13. 61 0.50 2. 728 i.04 1. 533 
0.033 :34.69 0.087 13.46 0.51 2.683 1. 05 1. 523 
0.034 :33.69 0.088 13.31 0.52 2.640 1. 06 1. 512 
0.035 :32.74 0. 089 13.17 0.53 2.599 1. 07 1. 502 
0.036 :31.84 0. 090 13.03 0.54 2. 559 1. 08 1. 492 
0.037 :31.00 0.091 12.89 0. 55 2.520 l. 09 1. 482 
0.038 :30. 19 0. 092 12.76 0.56 2.483 1.10 1. 472 
0.039 29.43 0. O\l3 12.62 0.57 2.447 :t. 20 1. 383 
0.040 !38. 71 0. 094 12.49 0.58 2.412 :t. 30 1. 307 
0.041 28.02 0.095 12.37 0.59 2.379 '1. 40 1. 242 
0.042 27.37 0. 096 12.24 0. 60 2.346 1. 50 1. 185 
0.043 :36.74 0.097 12. 12 0. 61 2. 316 1. 60 1. 136 
0.044 26.14 0. 098 12.00 0.62 2. 285 l. 70 1. 091 

0.045 25.58 0.099 11. 89 0. 63 2.256 l. 80 1. 052 

0.046 ~!5: 03 0.100 11.78 0. 64 2.227 l. 90 1. 016 

0.047 24.51 0. 11 10. 751 0.65 2.200 2.00 0. 984 

0.048 24.01 0. 12 9.895 0. 66 2. 173 2. 10 0. 954 

0.049 23.53 0. 13 9. 171 0. 67 2. 147 2.20 0.928 

0.050 ~:3. 07 0. 14 8.551 0.68 2. 122 2.30 0. 903 

0.051 22.63 0. 15 8.013 0. 69 2.098 2.40 0.880 

0.052 22.20 0. 16 7. 542 0. 70 2. 073 2.50 0. 860 

0.053 21.79 0.17 7. 126 0.71 2.050 2.60 0.840 

0.054 2:1. 40 0. 18 6. 757 0. 72 2.028 2. 70 0.822 
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TABLE 3.-Values of G(~)-Continued 

~ I a(~) ;14;;? o(~) .f4ai o(~) ·'{i;;i a( "!at) a " II " 

2.80 0.805 7.6 0.493 34 0.295 370 0. 175 
2.90 0.800 7. 7 0.491 35 0.292 380 0. 174 
3.00 o. 775 7.8 0.488 36 0.290 390 o. 174 
3.10 0. 762 7. 9 0.486 37 0.288 400 0.173 

I 
3.20 0. 748 8.0 0.483 38 0.286 410 0.1.72 
3.30 o. 735 8.1 0.480 39 0.284 420 o. 172 
3.40 0.723 8.2 0.478 40 0.282 430 0.171 

l 3.50 0. 712 8.3 0.476 41 0.280 440 0.171 
3.60 o. 701 8.4 0.473 42 0.278 450 0.170 
3. 70 0.691 8.5 0.471 43 0.277 460 0. 169 
3.80 o. 681 1 8.6 0.469 44 0.275 470 0. 169 
3.90 o. 672 8. 7 0.466 45 0.274 480 o. 168 
4.00 0. 664 r 8.8 0.464 46 0.272 490 o. 168 
4.10 0.656 8.9 0.462 47 0.270 500 0. 167 
4.20 0. 6481 9.0 0.460 48 0.269 600 0. 162 
4.30 0.640 9.1 0.458 49 0.267 700 0. 158 
4.40 0.633 9.2 0.456 50 0.266 800 0.155 
4.50 o. 626 I 9.3 0.454 60 0.256 900 0.152 
4.60 0.619 9.4 0.452 70 0.247 1, 000 0. 150 
4. 70 0.613 9.5 0.450 80 0.239 2, 000 0. 136 
4.80 0.607 9.6 0.448 90 0.232 3,000 0.129 
4.90 0.602 9. 7 0.446 100 0.226 4,000 o. 124 
5.00 0.596 9.8 0.444 110 0. 221 5,000 0. 121 
5. 10 0.590 9.9 0.443 120 0.217 6,000 0.118 
5.20 0.585 10.0 0.441 130 0.213 7, 000 0.116 
5.30 0.580 11 0.428 140 0.210 8,000 0.114 
5.40 0.574 12 0.416 150 0.207 9, 000 0.113 
5.50 0.570 13 0.404 160 0.204 10,000 0.112 
5.60 0.565 14 0.394 170 0.202 20,000 

I 
0. 104 

5. 70 0.560 15 0.384 180 0.200 30, 000 0.099 
5. 80 0. 5561 16 0.375 190 0.198 40,000 0. 097 
5.90 0.551 17 0.367 200 0. 196 50, 000 0.095 
6.00 0.547 18 0.359 210 0. 194 60,000 0.093 
6. 1 0.543 19 0.352 220 0.192 70, 000 0. 092 
6.2 0.539 20. 0.346 230 0. 191 80, 000 0.091 

6. 3 0.535 21 0.340 240 0.189 90, 000 0.090 

6.4 o. 531 22 0.335 250 0.188 100,000 0.089 

6.5 0. 528 23 0.330 260 0.187 200,000 0.084 

6.6 0. 524 24 0.326 270 o. 185 300, 000 0.081 

6.7 0.521 25 0.322 280 o. 184 I 400,000 0. 080 

6.8 0.517 26 0.318 290 0. 183 500, 000 0.078 

6.9 0.514 27 0.314 300 0.182 600,000 0.077 
7.0 0. 511 28 o. 311 310 0.181 700, 000 0.076 

7. 1 0.508 29 o. 308 320 o. 180 800, 000 0.075 

7.2 0.505 30 0.306 330 0. 179 900, 000 0.074 

7.3 0.502 31 0.303 340 o. 178 10" 0.074 

7.4 0.499 32 0.300 350 0.177 
7.5 0.496 3:3 0.297 360 0. 176 
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The in.finite ease can be treated by the computa
tion procedure described for the case of the flow
ing artesian well. A chart prepared in this way 
for the present case is shown in Figure 5. 

When many wells are located in an area and 
have been pumped long enough to have reached 
the final steady state, as given by Formula (30), 
their zones of influence overlap and it becomes of 
interest to determine the influence of the distrib
uted pumping on the drawdown at an individual 
well. We may idealize this situation by assuming 
that the pumping is distributed with complete 
uniformity over the area and that the individual 
well is located at the center of a circular tract of 
outer radius b. With a distributed pumping of 
amount j, per unit of area, the drawdown due to 
the distributed pumping is given by 

fm 
s=- [1-peKI(p.)] 

p 
(31) 

where, in this case also: 

(32) 

and K 1(p) represents the modified Bessel function 
of the first order and second kind. Values of this 
function can be obtained from tables or from 
Figure 6. 

Then the value of s given by Equation (31) 
represents the amount which should be added to 
the drawdowns computed for an individual well 
to account for the effect of other wells in the area. 

Flow in One Direction Only 
In this section the flows of ground water in one 

direction only will be considered. A number of 
important cases are of this type. These will in
clude, among others, the cases of flows to parallel 
drains, return flows from irrigated tracts, canal 
leakage, and bank storage. 

Drowdown produced by o well discharging at 
a steady rate from en infinite aquifer over
lain by a semi-permeable bed 

P= r~ [_ P Vrr1KD 7]=t(rrfv) 

GO~W' I I 
7.0~--~-_J_J_L~~L---~~~_LLLLW----~~~~~~----~0--~~5~0~~ 

0.002 0.005 0.01 0.02 0.05 0.1 0.2 0.5 1.0 2. . 
p 

FrGURE 5.-Drawdown caused by pumping a well with a semiperme(Lble confining bed. 
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The solutions presented in the following para
graphs are based upon the Dupuit-Forchheimer 
idealization. 

Parallel drains. A solution of Equation (3) 
which satisfies the conditions: 

is 

h=O when x=O for t>o 
h=O when x=L for t>o 
h=H for O<x<L when t=O (33) 

nZ,.2at 

4 n~"' e --:v- . n1r 
h=H - ~ -- sm - x· (34) 

1r n-1, a. 5, etc. n L 
A plot of this function is shown in Figure 7. 

Because of the limitations imposed by the Dupuit
Forchheimer idealization, the solution will be 
appropriate if His small compared to d and if d is 
small compared to L. The notation is shown on 
Figure 8. 

The part p, of the drainabl.e water which still 
remains in the ground at the timet can be obtained 
by integrating the above expression with respect 
to x. Then 

.r- hdx 
PI= HL . 

The result of this integration is 

A plot of this function is shown on Figure 8. 

~35) 

(36) 

Because of the limitations on the solution of 
Expression (34) it will be of interest to consider a 
development for the limiting ca~>e where the drains 
are placed on the barrier. For this development 
the origin is placed at one of the drains. The 
continuity condition is 

~ (Kh oh)= v oh. 
ox Ox C>t 

(37) 

Let H represent the value of h at x=L/2 when 
t=O, and let 

h 
U=H 

X 
~=y; 

KH 
'111=vL2 t· (38) 

Then the differential Equation (35) takes the form 

.Q. (u ou)= ou_ (39) 
0~ 0~ 0'11 

A solution of this equation is 

U=WY (40) 

where W is determined from the relation 

(41) 

where 

c r(7/6) 0.5798 
{;r(5/3) 

(42) 

and Y is given by* 

(43) 

A plot of this solution is shown on Figure 9. 
A comparison of computations made on the 

basis of Expressions (34) and (38) indicates that if 

(44) 

is used to compute a diffusion constant of the form 

(KDa) a= V (45) 

Expression (34) may be used as a reasonable 
approximation for all depths of drains. 

The Method of Brooks 
To obtain an improved treatment for eases 

where H is not small compared to d, R. Brooks 
(5) has used the Poincare-Lighthill-Kuo method to 
treat the nonlinear form of Equation (3). He has 
also obtained a second approximation of the type 
described by Haushild and Kruse (14). This 
second approximation is convenient to use because 
it is expressed in terms of the first approximation. 
If ha represents the first approximation and hb the 
second approximation and the notation is other
wise as used herein, this second approximation 
takes the form 

(46) 

•rt has teen brought to the attention ol this writer by Marin us Maasland 
that the solution described above had been obtained previously by J. 
Boussinesq (3). 
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Parallel drains 
Notation: (Consistent units) 
Permeability. K 
Voids. v 

Kd a= v 
Drainable depth. H 
Height of water table above drain. h 
Time. t 

I I I I 
I ! I 

I i I I 
Part of droinable I I I ! 

! 

volume -Pemaining I i 

I 
i 

I ! . 
I ! 

J 
1\ 
' I 
\ I 

' I 
\ I I I I 

,'\ \ I I 
I I\. I I I ! 

I "I\. I I I I 
I '\ I I 

' " !'.. j_ 

!'-... J 
I 

! .:t-:::.b 
I l I --J. 

0.6 0.8 1.0 1.2 1.4 

(-v4c1t) 

FlGURE 8.----,Part of drainable volume remaining. 
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FIGURE 9.- Water table configurations produced if the drains are on the barrier. 

First approximation~ and second 11pproximation ~as computed from formulas (S4J and (46). Position of the water table 

midway between drains. 

Time (days) a!. 
IJ 

-
o ___________________ 

0 1 ___________________ 
0. 01728 

2 ___________________ 0. 03456 3 ___________________ 
0. 05184 

4.------------------ 0. 06912 
5 ___________________ 0. 08640 
6 ___________________ 0. 10368 
7 ___________________ 0. 12096 8 ___________________ 

0. 13824 
9.------------------ 0. 15552 
10 __________________ 

0. 17280 
11.----------------- 0. 19008 
12 __________________ 

0. 20736 
13 __________________ 0. 22464 

14------------------ 0. 24192 
15 __________________ 0. 25920 

at1 
For one de.y of 11=86,400 seconds £2=0.017280. 

•values of h,JHo read !rom fig. 2 . 
. .. Computed from formula 

h, <~r _ ; 2 h. H H'] d :H&Hl -l+'V l+"H. d+~d' wtth :a=l.oo. 

h.t• 
H 

1. 000 
0. 984 
0. 885 
0. 755 
0. 640 
0. 545 
0. 460 
0. 382 
0. 330 
0. 279 
0. 230 
0. 192 
0. 168. 
0. 150 
0. 120 
0. 105 

~-c~-!) hb·· ~-(~+!) 
H H 2 H H H 2 

0. 500 0. 500 1. 000 
0. 484 0. 489 0. 989 
0. 385 0.421 0. 921 
0. 255 0. 327 0. 827 
0. 140 0. 237 0. 737 
0. 045 0. 158 0. 658 

-0.040 0. 082 0. 582 
-0. 118 0. 007 0. 507 
-0. 170 -0.046 0. 454 
-0.221 -0. 101 0. 399 
-0.270 -0. 157 0. 343 
-0. 308 -0. 204 0.296 
-0.332 -0.234 0. 266 
-0.350 -0.258 0. 242 
-0.380 -0. 300 0. 200 
-0.395 -0. 322 0. 178 
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In Brook's development the origin is taken at a 

point(!{) above the level of the drains. This 

position of the origin should be kept clearly in 
mind when Formula (46) is used. 

As an example of the use of these formulas, the 
drawdowns at the point midway between drains 
will be computed for a case where H =d. 

Example 

Compute the Jrate of sinking of the water table 
midway between drains if the following conditions 
prevail: 

H=10 feet 
d=10 feet 
L=500 feet 
K=0.0005 foot/second 
V=0.15 

Da=(d+ ~)=15 feet 

K·Da (0.0005)(15) a=-v- 0.15 

=0.05 foot 2/second. 

The computed results are shown on page 40. 
A comparison of observed values of (h/H) and 

values computed from the second approximation 
is shown by Brooks (5) for the ratio (H/d) = 1.08. 
A good correlation is shown, indicating that the 
second approximation gives good results for values 
of (Hjd) in the range between zero and one. 

Drain Spacing Formula 

In the series of Formula (34) it will be found 
that the higher order terms die away rapidly, 
leaving the first term to represent nearly all of 
the computed value after the drainage has pro
ceeded only a short time. This characteristic 
was employed in a paper by Dumm (8) to develop 
a drain spacing formula. When only the :first 
term of the series remains, the resulting expression 
may be solved for the drain spacing L in the form 

(47) 

where: 

L represents the drain spacing 
K permeability 
t; time between irrigations 

Yo vertical distance between the draintile and 
the maximum permissible water-table 
level 

y. difference in elevation between the draintile 
and the water table midway between 
drains at the end of the period between 
irrigations 

d depth of the impermeable layer below the 
level of the draintile 

Da. (d+~o} 

With the permissible height of the water table 
above the level of the drains and the drainable 
depth contributed by deep percolation from each 
irrigation known, the ratio (y0jy.) at the point 
midway between drains can be fixed. This value 
can then be used in Formula (47) to make a direct 
determination of the drain spacing. 

The spacing obtained in this way will be such 
that the deep percolation from each irrigation will 
be drained away by the time the next irrigation,is 
applied. The spacings given by this formula have 
been compared with the field performance of drain
age systems by Lee D. Dumm and he finds that, 
in some cases at least, the winter drainout may 
make sufficient storage space available so that the 
drains are never required to dispose of the entire 
drainable increment between irrigations at any 
time during the summer irrigation period. In 
such cases adequate drainage may be provided by 
drains installed at wider spacings than are indicated 
by Formula (47). 

Computation of Flow to the Drains 

The rate of flow of ground water to drains can 
be estimated by differentiating Equation (34) 
with respect to x to find the gradient and applying 
these to the transmissibility. The result obtained 
by this process is shown on Figure 11. A peculiar 
difficulty arises here. Formula (34) is developed 
on the Dupuit-Forschheimer basis, which is valid 
so long as the gradients are small compared to 
unity. At the drain, at x=O or x=L, and at times 
near zero, the gradients approach infinity. It is 
obvious that the limitations imposed by the 
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Duimit-Forschheimer ideali2;a.tion have been ex
ceeded and that the very high flow rates implied 
by this formula for the early times do not need to 
be taken seriously. There is generally a local 
resistance at the drain, due to convergence of flow, 
and this factor alone will limit the initial flow to 
moderate rates. 

On the basis that the flow q1 converges radially 
through a quadrant from an outer radius d to un 
inner radius a the local resistance can be approxi
mated by the expression· 

(48) 

where: 

h1 represents the head required to drive the 
flow q through the restricted area adjacent 
to the drain 

a represents the effective drain radius 
q1 represents the flow to a unit length of drain 

from one side 
d the distance from the dra.in to the barrier and 

K the permeability. 
This limitation of the flow ca.n be recognized by 

truncating the top of the graph and moving the 
remainder to the right a sufficient distance so that 
all of the flow is accounted for. Some modifica
tions of this type are shown on Figure 11. These 
curves are constructed on the basis that the limit
ing flow FL prevails for a time tL such that the 
total f!o,:v out to the ti..TTI.e tL 1vould be the same as 
would have entered the drain if no local restrictions 
were present when the flow had dropped to FL. 

The effect of a local resistance which will limit 
the flow to a unit length of a drain, from each side, 
to the finite value FL, when the drain is inundated 
to a depth Hat the beginning of a drainage cycle, 
may be accounted for, approximately, in the fol
lowing way: 

The flow to a drain, F, in the absence of a local 
resistance, would be given by Formula (36) and 
would plot as shown by the solid line of Fig
ure 10. Let it now be supposed that a local 
resistance limits the flow to the finite value FL. 
The total amount of water to be drained away 
will be properly represented if a time tL is deter
mined so that the flow quantity FLtL is the same 
as that which would have drained out in the time 
t. if the local resistance had been absent, and the 
solid curve is shifted to the right to the position 
of the dashed curve. The sha,ded area of Figure 

10 represents the volume of water discharged up 
to the time t1 in the absence of a local resistance. 

The early stages of a drainage cycle may be 
idealized as a semi-infinite case to which For
mula (58) applies. This idealization will be ap
propriate until the effect of the drain begins to 
be felt at the point midway between drains. 
With this idealization, the volume discharged to 
the drain is given by Formula (61) and the re
lation described above can be expressed in the 
form 

The right-hand member of this expression is 
an evaluation of the volume of flow represented 
by the shaded area of Figure 10. By making use 
of the relation 

KD KD a=-orV -V a 

and by multiplying the numerator and denomina
tor of the right-hand member by V followed by a 
multiplication of both sides by 4, the expression 
can be put in the form 

or, by rearrangement 

({i;;t.) 
(

4atL)=__i_ ---y;- . (4g) 
v ..fi FL 

(Kf!i) 

FIGURE 10.-Flow to a drain from one side. 
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As an example of the use of this relation choose 

an ordinate FP'<fH-5.0 and readfromthechart 

of Figure 11. 

Then 

( 
4l;• )=0.052. 

{:_~t·=,!0.052=0.228 

(2.25676) (0.228) =0.103. 
5 

If the curve of Figure 10 is now shifted to the 
F 

right until it passes through the point ( KIJ_H) 

5.0 and 
4;t =0.103, an approximation to the actual 

drainage performance will be obtained and the 
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total volume of water to be drained away will be 
properly accounted for. 

It remains to determine whether the limitations 
of the idealization used have been exceeded. The 
effect of the drain will begin to be felt at the point 
midway between drains when, approximately 

The value read for 
4~;· was 0.052. This is less 

than 0.0625 and it is concluded that the above 
computation is valid. 

It can be concluded, therefore, that the actual 
drainage performance will be represented by 

(~out to (i~')~o.!03 and by the •hifted 

curve, as represented by the dashed line, for all 
4at 

greater values of L 2 • 

i 

0.5 0.6 0.7 0.8 0.9 1.0 

( 4~t) 

FrGUll.E 11.-Flow to a drain from one side as limt:ted by a local resistance due to convergence. 
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The Dumm, Tapp, Moody procedure, described 
in the next section, ignores the high initial rates 
which may prevail for a brief period following each 
irrigation. Drainage systems so designed may 
have the drainage rates temporarily liinited by 
the drain capacity but this will not prevent an 
effective performance, as a reference to Figure 11 

will 'how, 'ince the (~H) valu" of real 

systems will generally be of the order of 30. 

The Methods of Dumm, T app, and Moody 

The methods of these investigations were 
developed to provide an expeditious procedure 
for estimating drain spacings and for estimating 
the flows to be carried by drains. It was realized 
that cases would occur where the drains would 
have to be placed near the barrier and it was de
sired to make the treatment of such cases as 
effective as possible. The following considerations 
provide the fundamental basiis for these develop
ments. 

(1) While the first irrigation in a new area or 
the first irrigation of the season in an older area 
that has been previously irrigated may yield a 
nearly uniform drainable depth, such as is postu
lated in the development of Formula (34), ap
plication of a succession of ii-rigations will develop 
a ground-water mound with a rounded profile. 
The height of this mound will be greatest at the 
point midway between the drains. 

(2) A study of a number of observed profiles 
indicates that the shape of th1~ mound can be well 
represented by the fourth-degree parabola. 

( 
x 3x2 ·4x3 2x4

) 
Yro=8Yeo y- L 2 +v- L4 · (50) 

A solution of Equation (3) which has this configu
ration at time zero is 

_192Yeo "' (2m+ 1)211'2-8 .-(2m+B',..Iat 
Yrt- 71'5 ~o (2m+1)5 t 

:;;in (2mi1)7rX. (51) 

At the point midway betwee,n drains, this takes 
the form 

192 .., n-Ji (n2
-

82) ... •n•at 

A plot of this profile is shown on Figure 12. 
(3) A flow to a drain from one side can be esti

mated approximately from the gradients derived 
from Formula (51). After sufficient time has 
elapsed so that only the first term remains, this 
is found to be 

(53) 

where Yet represents the value of y at x=L/2 at 
the timet. 

(4) Computations are based on the depth of 
water over the drains at the point midway between 
the drains (Yet) and on the basis that the two 
drains are at the same elevation. 

(5) Each computation of the sinking of the 
water table during an interval between irrigations 
is made on the basis of aDa value appropriate at 
the beginning of the interval. The winter drain
out period may be split into a few intervals, when 
the drains are near the barrier, in order to permit 
corrections to be made in the Da value even though 
no irrigation or precipitation may be applied. 

(6) The principle of superposition is not used. 
Each computation makes a new beginning. 

(7) Drain spacings are determined by cut-and
try procedure. By use of Formula (47), or from 
other considerations, a trial drain spacing is &e
lected. This is then checked by the computati~m 
procedure described above, carrying the computa
tions over a period of several years, if necessary, 
to evaluate the buildup of the ground-water mound 
by the contributions from previous irrigations. 
The drain spacing which will hold the rise of the 

Water table 
profile----\ 

X 3~ 1 
4X

1 
2X

4

) 

Yxo= 8Yco ( L-y+y--y 

Level of drains--. __ _ 
' I : 

t~:~------~-----~--:~-- --------------------1:-----.--- ---------------- ________ J 
Yet=---s 2::: (-1)2' 571' e-.-L-,-. 
Yeo 7r n=l, 3, 5,... n FIGURE 12.-Water table profile used as a basis for the 

Dumm, Tapp, and Moody procedure. .(52)·--- ~..,:r 
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water table within the prescribed limits at the end 
of the last of a succession of irrigation seasons is 
accepted. 

(8) When the drain is placed on or very near 
the barrier, Formula (41) as represented by Chart 
9 is used. The flow to the drain from one side is 
then taken as 

(54) 

(9) Where .. L :::;;o.1 the computations are 
Yeo 

made on the basis that the drain is on the barrier. 
(10) If the depth to the barrier is greater than 

L/4 the computations are made on the basis that 
d=L/4. 

A worked example is shown below. 

Example 

A field in need of drainage has a barrier 28 feet 
below the snrfaee of the ground. Drains are to 
be installed at a depth of 8 feet, and it is desired 
Ito keep the water table at least 4 feet below the 
ground surface at all times. The permeability of 
the soil is 5 inches per hour and the voids ratio 
~ppropriate for drainage is 0.15. Deep percola
tion f~om each irrigation is estimated to be 1 inch 
of water. An early season snowmelt will add a 

c.similar amount. It is assumed that increments 
of recharge will occur on the following dates: 

Dralnable Time Interval 
Source of recharge Date increment 

(inches) 
(days) (hours) 

--
Snowmelt .......... _ ........ _ .. Apr. 22 6. 67 
First irrigation .... _ .... _ .. June 6 6. 67 45 1, 080 
Second irrigation .... __ .. July 1 6. 67 25 600 
Third irrigation_ .. ___ .. July 21 6. 67 20 480 
Fourth irrigation _____ Aug. 4 6. 67 14 336 
Fifth irrigation_' __ .. __ .. Aug. 18 6. 67 14 336 
Sixth irrigation~~ _ .. _ .... Sept. 1 6. 67. 14 336 

--
Totals .......... _ ... - .. --------- 46. 69 132 3, 168 

Inch and hour units will be used as a basis for 
the computations to illustrate the use of con
sistent units. Then 

K = 5 inches per hour 

• A value consistent with Boussinesq' s development would be 
\1.7247)Kh~ 

q L · The formula with the Factor 2 bas an empltical basis but 

accords well witlr the available observations. It may be conceded that, In 
practice, the axis of the dr1•ln Is generally above the barrier. 

d=240 inches 
V=0.15 (dimensionless). 

The depth of ground water produced by each 

increment reaching the water table is 
0

.
1
15 =6.67 

inches. After the drainage system has been in 
operation for a period of years a proper drain 
spacing would permit the ground water to rise to 
the allowable limit at the time of the last irrigation 
of the season. By starting with such a ground
water position the computations can be limited to 
a single year. The following computation is made 
by the methods of Dumm, Tapp, and Moody. 

A trial spacing of 1,200 feet proves to be too 
short and a trial spacing of 1,600 feet proves to 
be too wide. By plotting the computed water
table levels on cross section paper and making a 
linear interpolation, it is indicated that a spacing of 
about 1,400 feet should be suitable. The compu
tation for this spacing is shown below. 1ne com
puted position of the water table after the Sep
tember 1 irrigation is found to be 49.37 inches. 
The desired value is 48 inches. 

L=16,800 inches (1,400 feet) 
£2=282,240,000 inches2 

K 
v=33.333. 

The computation for the 1 ,400-foot spacing will 
be checked by superposition to illustrate the opera
tion of this method, and to bring out certain 
limitations of these procedures. In the previous 
computation a new Da value was computed at each 
step and the computation proceeded one step at 
a time. In the computation to follow the Da value 
will be taken as 240 inches or 20 feet. The cor
responding a value will be 

(5)(240) 8 000 . 2jh 
0.15 , rn our. 

The effect contributed by each increment at the 
end of the irrigation season will be computed and 
the results added. The (h/H) values are read from 
Figure 7 for (x/L) =0.5. 

Check by superposition. 

L=16,800 inches=1,400 feet 
£2=282,240,000 
a=8,000 in.2 per hr 

a/ L2= (28.345) (10)-6• (1/hr) 
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j Time Added D.=( d+V;•) (KD,) (Y.) Time Interval Increment v .. .!!..!! V•• (hours) (Inches) (inches) 
(Inches) 

a= V 
7/ .. 

September 1, 1960------------··--- 5,592 -------- 48. 00 264 8, 800 0. 1744 0. 212 10. 17 
April 22, 1961_ _______________ , ___ 1, 080 6. 67 16. 84 248 8,281 0. 0317 0. 840 14. 14 
June 6, 196L ___ -- ___________ . ___ 600 6. 67 20. 82 250 8, 347 0. 0177 0. 934 19. 44 
July 1, 1961_ _________________ . ___ 480 6. 67 26. 11 253 8,435 0. 0143 0. 956 24. 96 
July 21, 1961_ ____________________ 336 6. 67 31. 63 256 8, 527 0. 0102 0. 980 31. 00 
August 4, 196L------------------ 336 6. 67 37. 66 259 8, 628 0. 0102 0. 980 36. 90 
August 18, 196L--------"-------- 336 6. 67 43. 58 262 8, 726 0. 0104 0. 980 42. 70 
September 1, 196L _______________ -------- 6. 67 49.37 ------------ ---------- -------- -------- --------

Totals _____________________ 8, 760 
I 

46. 69 -------- ------------ ---------- -------- -------- --------

Time 
Time Interval 

(hours) 

September 1, 1960 ______________ 8,760 
April 22, 196L _________________ 3, 168 
June 6, 196L __________________ 2, 088 
July 1, 196L __________________ 1,488 
July 21, 196 L _________________ 1, 008 
August 4, 1961 _________________ 672 
August 18, 196L _______________ 336 
September 1, 1961_ _____________ 0 

To taL __________________ 
----------

Comparison 

A comparison of these results indi~ates a differ
ence of 49.37-45.66=3.71 inehes in the computed 
height of the ground water at the end of the 
irrigation season. The analytical work for the 
superposition method is based upon the assump
tions that the added increments of ground water 
are uniform in depth over the drain spacing L and 
that the drain holds the water table to its own 
level at the drain. Since the superposition com
putation is based upon a saturated depth of only 
240 inches (20 feet) available for the flow of ground 
water and the 48-inch depth initial increment is 
treated as uniform over the width L between 
drains, the computed rise of 45.66 inches should 
be an overestimate unless some fault can be found 
with the assumptions upon which the method is 
based. The assumption of a uniform ground
water increment arising from deep percolation 
from an application of irrigation water seems 
reasonable enough but the boundary condition 
may be questioned on the basis that there may be, 
and generally is, a local resistance to flow near the 

(T,) (~) 
I H 

(Inches) h 

0.2483 0.120 48. 00 5.76 
0.0898 0. 530 6. 67 3.54 
0. 0592 0. 710 6. 67 4. 74 
0. 0422 0. 835 6.67 5.57 
0. 0286 0. 925 6. 67 6. 17 
0. 0190 0.980 6. 67 6.54 
0. 0095 1. 000 6. 67 6. 67 
0 1. 000 6. 67 6. 67 

---------- ---------- ---------- 45. 66 

drain which is not accounted for in the analytical 
development leading to Formula (34). This local 
resistance comes from the convergence of flow 
near the drain. On this basis it may be conceded 
that the computed rise is not necessarily too high. 

The Dumm, Tapp, and Moody procedure may 
introduce some errors because of difficulty with 
initial conditions. If the fourth-degree parabola 
does truly represent the ground-water profiles, 
then no trouble can actually arise from this source. 
But it is found that if the winter dr9.inout period 
is broken into a number of steps to permit a more 
accurate representation of the saturated depth, the 
computed depths increase with the number of 
steps. A moderate change of this sort should be 
expected but the magnitude of the computed in
crease indicates that another factor is present. 
The difficulty can be traced to the initial condi
tions. The curve of Yet versus time is fiat near t=O 
and it can be seen that if the number of steps in the 
winter drainout period were progressively in
creased, the computations would soon begin to in
dicate that there was no drainout at all. The 
process of starting over with each irrigation may 
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introduce a small error of this kind into each com
putation because of an imperfect representation of 
the initial conditions. Replacement of the fourth
degree parabola with a sinusoidal variation, as 
represented by the first term of the series of For
mula (34), could be expected to cure the trouble 
encountered in the winter drainout period but, 
if the computa.tioris were based upon the depth 
midway betwe£m drains the amount of irrigation 
water to be drained away would be underestimated 
and the computed rises would be too low. The 
fourth-degree parabola, therefore, appears as a 
compromise b1~tween conflicting requirements. 
Its general adequacy is supported by comparisons 
with field observations on the performance of 
operating drainage systems. The superposition 
procedure works well in this case, but it would run 
into difficulties if the drains were near the barrier. 

Canal Seepage: 

If a canal leaks at the rate q1 per unit length, 
the height h of the mound built up at the time t 
will be given by the expression: 

qlx -s"' e-"' 
h=27rKD ..j7r "' u2 du (55) 

~ 

where x represents the distance from the canal, 
which is assumed to have a straight alinement. 
At x=O this expression becomes indeterminate 
and is to be replaced by the relation: 

ho ql..f~. (56) 
'hrKD 

The leakage is assumed to flow away from the 

canal on both sides so that the flow (~1) goes each 

way. Formula {55) is a solution of Equation (3) 
and is subject to the limitations imposed by the 
simplification introduced in the development of 
this differential equation. 

The integral appearing in this equation can be 
expressed in terms of tabulated- functions in the 
form: 

~; - 2 du= f "' e-"' 

"' u 
..f4at 

(57) 

Values of the function are given on Table 4. 
When the canal is in a river valley, the leakage 

which reaches the water table may ultimately 
find its way back to the river. The pattern of 
the return flow will be given by Equation (66) 
since the leakage from each element of length of 
the canal can be considered as a source which 
would behave as a recharge well. This formula 
is appropriate if all of the leakage does return to 
the river. If the canal parallels the river for some 
distance L. then the total leakage in the reach 
will be Q=q1L.. This is the Q value to be used 
in Equation (66). 

Example 

A £anal leaks at the rate of 1-cubic-foot-per
second per mile of length and parallels a river at a 
distance of 2 miles. The aquifer properties are: 

K=0.0005 foot per second 
D=70 feet KD=0.035 
V=0.17 
a-KD 

- v-=0.206 foot2 per second. 

Estimate the height of the mound under the 
canal, the height at a distance of 1 mile from the 
canal, and the return flow to the river if the canal 
parallels the river for 15 miles and has been in 
operation for 6 months. 

1 
q1= 5 280

=0.0001894 ft2 per sec 
. ·'' 

Lc= (5,280) (15) =79,200 feet 
Q=q1 L.=(0.0001894)(79,200)=15 ft3 per sec 
t=15,768,000 seconds. 

At the canal, where x=O, 

ho ql~ (0.0001894)~47r(0.206)(15,768,000) 
'hrKD 'hr-(0.035)1.77245 

=5.51 feet. 

This is the rise at the center of the canal. At 
x=5,280 feet 

X 5,280 5,280 1.46 . .fkd .y'(4)(0.206)(15,768,000) 3,605 
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From Table 4 

and 

..fi f"' e-:2 

du==0.02168 J __ r_ U 
.,f4;.i 

h=2;~D (0.02168) 
(1)(5,280) (0.02168) 
(5,280) (2}n·(0.035) 

=0.098 feet. 

This is the rise of the water table 1 mile from 
the canal if the river is absent. 

The values computed in this way represent the 
heights of the mound if the aquifer e:x:tended to 
great distances on either side of the canal. The 
presence of the river can be accounted for by the 
use of an image. In this case it may be idealized 
as a pumped drain paralleling the river at a dis
tance of 2 miles on the side opposite to the canal 
and having an inflow rate equal to the seepage 
rate of the canal. With this arrangement, the 
level of the water table at the river will be repre
sented as unchanged. This will include in the 
computations a recognition of the ability of the 
river to control water-table levels along its course. 

The point 1 mile from the canal is 3 miles from 

the drain. Then for the image, ~= (3) (1.46) 
-y4at 

=4.38. A reference to Table 4 will show that 
the effect of the image will be negligibly small at 
this time. This will be true for the point under 
the canal also. The estimated heights therefore 
remain at 5.51 feet and 0.0~18 foot at the canal 
and 1 mile from the canal,. respectively. The 
return flow to the river is from Formula (66} on 
the basis that all of the leakage returns to the 
nver. 

Xt 

[ 
2 f.J4;l 2 J q=-Q 1-..fi Jo e-u du 

=- (15) (0.03895) = -0.584 ft3jsec. 

The minus sign indicates that the flow is toward 
the river. 

Bank Storage 

When a reservoir is filled there is a flow of 
water into the banks and when the reservoir is 
emptied some of the water stored in the banks 

returns again to the reservoir. Similar changes 
accompany rising and falling stream stages . 

A solution of Equation (3) subject to the 
conditions, 

when x=O h=O for t>O, 

when t=O h=H for x>O, is 

X 

h-H2 i.J4;t -"2d - r;; e u. 
v?r o 

(58) 

The integral which appears here is the tabulated 
"Probability Integral.". The notation is as shown 
on Figure 13. 

The flow F toward the reservoir at xis: 

x• 
2HKD e -4at 

F=----· '\r; .f4;t 
(59) 

The flow out of the bank at x=O at the time tis: 

(60) 

The total flow from the bank into the reservoir 
up to the time t is: 

(61) 

When the reservoir goes through a yearly 'cycle 
of filling and emptying, there is an amount of 
water which flows into the banks when the reser
voir level is high and returns again when the level 
is low. If a reservoir goes through a regular 
cycle of filling and emptying year after year the 

. .... 
~-. ;: : ·.: . -.-. 

.----·0 I d I eve I 

New level----, 

-._ .'• .. ·.-... · Permeability K 
Voids ratio V .:·. . . 

... .. --· -...... ..... . ·_-r: .. -

ttg~:r:tJ·:"-<':·;·.·. ~, .'. :.·.'.=:·:·.·: ..... ·x:o. 
:-_;_-::j_-_ • 

FIGURE 13.-Bank storage conditions. 
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f
. . 

e-d r 
TABLE 4.-Values of..[; - 2 du for given values of the parameter _1-u ~4~ 

r 

.Jj;i 

s· e-·· s· e-·· s· ..... f"' e-•' , 
"; r U2 du r ..(; 0 ttu , {; , ,..-au , {; 2 au 

..(i;i ../4at - ' u .../4at .../fat ' u 
v~ ~ v;;t vTai 

-----

0. 00010 17721. 4 0. 00062 2855. 7 0. 00240 735. 39 0. 00760 230. 09 
0. 00011 16110. 1 0. 00063 2810. 3 0. 00250 705. 84 0. 00770 227. 06 
0. 00012 14767. 3 0. 00064 2766. 3 0. 00260 678. 58 0. 00780 224. 11 
0. 00013 13631. 1 -0. 00065 2723. 7 0. 00270 653. 33 0. 00790 22.1. 23 
0. 00014 12657. 2 0. 00066 2682. 4 0. 00280 629. 88 0. 00800 218. 43 
0. 00015 11813. 2 0. 00067 2642. 3 0. 00290 608. 05 0. 00810 215. 69 
0. 00016 110'74. 7 0. 00068 2603. 4 0. 00300 587. 68 0. 00820 213. 03 
0. 00017 10423. 1 0. 00069 2565. 6 o. 00310 568. 62 0. 00830 210. 42 
0. 00018 98<13.8 0. 00070 2528. 9 0. 00320 550. 76 0. 00840 207. 88 
0. 00019 9325.6 0. 00071 2493. 3 0. 00330 533. 97 0. 00850 205. 40 
0. 00020 88ii9. 1 0. 00072 2458. 6 0. 00340 518. 17 0. 00860 202. 97 
0. 00021 8487. 1 0. 00073 2424. 9 0. 00350 503. 28 0. 00870 200. 60 
0. 00022 80ii3. 5 0. 00074 2392. 1 0. 00360 489. 21 0. 00880 198. 29 
0. 00023 7703. 2 0. 00075 2360. 1 0. 00370 475. 91 0. 00890 196. 03 
0. 00024 7382. 1 0. 00076 2329. 0 0. 00380 463. 30 0. 00900 193. 81 
0. 00025 7086. 7 0. 00077 2298. 7 0. 00390 451. 34 0. 009.10 191. 65 
0. 00026.. 6814. 0 0.00078 2269. 2 0. 00400 439. 98 0. 00920 189. 53 
0. 00027 6561. 5 0. 00079 2240. 5 0. 00410 429. 17 0. 00930 187.46 
0. 00028 632:7. 1 0. 00080 2212. 4 0. 00420 418. 88 0. 00940 185. 43 
0. 00029 6108. 8 0. 00081 2185. 1 0. 00430 409. 06 0. 00950 183. 45 
0. 00030 5905. 0 0. 00082 2158. 4 0. 00440 399. 70 0. 00960 181. 51 
0.00031 5714. 5 0.00083 2132. 3 0. 00450 390. 75 0. 00970 179. 60 
0. 00032 5535.8 0.00084 2106. 9 0. 00460 382. 18 0.00980 177.74 
0. 00033 5367. 9 0. 00085 2082. 1 0. 00470 373.98 0.00990 175. 91 
0. 00034 5210. 0 0.00086 2057. 9 0. 00480 366. 13 0. 01000 174. 12 
0. 00035 5061. 0 0.00087 2034. 2 o. 00490 358. 59 0. 01100 158. 010 
0. 00036 4920. 3 0.00088 2011. 0 o. 00500 351. 36 0. 01200 144. 584 
0. 00037 4787. 3 0. 00089 1988. 4 0. 00510 344. 41 0. 01300. 133. 224 
0. 00038 4661. 2 0. 00090 1966. 3 0. 00520 337.72 0. 01400 123.487 
0. 00039 4541. 6 0. 00091 1944. 6 0. 00530 331. 29 0. 01500 115. 049 
0. 00040 4428. 0 0. 00092 1923. 4 0. 00540 325. 10 0. 01600 107. 665 
0. 00041 431!}. 9 0. 00093 1902. 7 0. 00550 319. 13 0. 01,700 101. 151 
0. 00042 421~1. 0 0. 00094 1882.4 0. 00560 313. 38 0. 01800 95.360 
0. 00043 4118. 8 0. 00095 1862. 6 0. 00570 307. 83 0. 01900 90. 179 
0. 00044 4025. 2 0. 00096 1843. 2 0. 00580 302. 46 o. 02000 85. 517 
0. 00045 393ii. 6 0. 00097 1824. 1 0.00590 297. 28 0. 02100 81. 298 
0. 00046 3850. 0 0. 00098 1805. 5 0. 00600 292.28 0. 02200 77.463 
0. 00047 3768. 0 0. 00099 1787. 2 0. 00610 287. 44 o. 02300 73. 962 
0. 00048 368£1. 5 0. 00100 1769. 3 0. 00620 282. 75 0. 02400 70. 753 
0. 00049 36H.1 0. 00110 1608. 18 0. 00630 278. 21 0. 02500 67.801 
0. 00050 3541. 8 0. 00120 1473. 91 0. 00640 273. 82 o. 02600 65. 076 
0. 00051 3472. 3 0. 00130 1360. 29 0. 00650 269. 56 o. 02700 62. 553 
0. 00052 3405. 4 0. 00140 1262. 90 0. 00660 265.42 0. 02800 60.210 
0. 00053 3341. 1 0. 00150 1178. 50 o. 00670 261. 42 0. 02900 58. 029 
0. 00054 3279. 2 0. 00160 1104. 64 0. 00680 257. 53 0. 03000 55. 993 
0. 00055 3219. 5 0. 00170 1039.48 0. 00690 253. 75 0. 03100 54. 089 
0. 00056 3162. 0 0. 00180 981. 56 0. 00700 250.08 0. 03200 52. 304 
0. 00057 3106. 4 0.00190 929.73 0. 00710 246. 51 0. 03300 50. 628 
0. 00058 3052. 8 0. 00200 883. 09 0. 00720 243.05 0. 03400 49. 050 
0. 00059 3001. 0 0. 00210 840. 89 0. 00730 239. 67 0. 03500 47. 562 
0. 00060 2950. 9 0. 00220 802. 52 0. 00740 236.39 0. 03600 46. 157 
0. 00061 2902. 5 0. 00230 767. 49 0. 00750 233. 20 0. 03700 44. 828 
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0. 03800 43. 569 0. 09000 16. 712 0. 14200 9. 5913 o. 19400 6.3365 
0.03900 42. 375 0. 09100 16.497 0. 14300 9. 5058 0. 19500 6.2914 
0.04000 41. 241 0. 09200 16.287 0. 14400 9. 4215 0. 19600 6.2467 
0. 04100 40. 162 0. 09300 16. 082 0. 14500 9. 3383 . o. 19700 6.2026 
0.04200 39. 134 0. 09400 15. 881 0. 14600 9.2564 o. 19800 6. 1589 
0. 04300 38. 154 0. 09500 15. 684 0. 14700 9. 1755 0. 19900 6. 1156 
0.04400 37.219 0. 09600 15. 491 0. 14800 9. 0958 0.20000 6.0728 
0. 04500 36. 326 0. 09700 15. 303 0. 14900 9. 0172 0.20100 6.0305 
0. 04600 35.472 0. 09800 15. 118 0. 15000 8. 9396 0.20200 5.9886 
0. 04700 34. 653 0. 09900 14. 937 0. 15100 8. 8631 0.20300 5.9471 
0. 04800 33. 870 0. 10000 14. 760 0. 15200 8. 7877 0.20400 5.9060 
0.04900 33. 118 0. 10100 14. 5862 0. 15300 8. 7132 0.20500 5.8654 
0. 05000 32. 396 0. 10200 14. 4159 0. 15400 8. 6397 0.20600 5.8251 
0. 05100 31. 703 0. 10300 14. 2489 0. 15500 8. 5672 0.20700 5. 7853 
0. 05200 31. 036 0. 10400 14. 0852 0. 15600 8. 4957 0.20800 5.7459 
0. 05300 30. 395 0. 10500 13. 9247 0. 15700 8. 4251 0.20900 5. 7068 
0. 05400 29. 777 0. 10600 13. 7672 o. 15800 8. 3554 0.21000 5.6682 
0. 05500 29. 182 0. 10700 13. 6127 0. 15900 8. 2866 0. 21100 5.6299 
0. 05600 28. 609 0. 10800 13. 4611 0. 16000 8. 2186 0.21200 5.5920 
0. 05700 28. 055 0. 10900 13. 3123 0. 16100 8. 1516 0.21300 5.5545 
0. 05800 27.521 0. 11000 13. 1662 0. 16200 8.0854 0.21400 5.5173 
0. 05900 27. 005 0. 11100 13. 0228 o. 16300 8. 0200 0.21500 5.4805 
0. 06000 26. 506 0. 11200 12. 8820 0. 16400 7. 9554 0.21600 5.4441 
0. 06100 26. 023 0. 11300 12. 7437 0. 16500 7. 8917 0.21700 5.4080 
0. 06200 25. 556 0. 11400 12. 6079 0. 16600 7. 8287 0.21800 5.3723 
0. 06300 25. 104 0. 11500 12. 4744 0. 16700 7. 7665 0.21900 5.3369 
0. 06400 24. 666 0. 11600 12. 3433 0. 16800 7. 7051 0. 22000 5.3018 
0. 06500 24. 242 0. 11700 12. 2145 0. 16900 7. 6444 0.22100 5.2671 
0.06600 23.831 0. 11800 12. 0879 0. 17000 7. 5845 0.22200 5.2327 
0. 06700 23. 432 0. 11900 11. 9634 0. 17100 7. 5253 0.22300 5. 1986 
0. 06800 23. 044 0. 12000 11. 8410 0. 17200 7. 4667 0.22400 5. 1649 
0.06900 22. 668 0. 12100 11. 7207 0. 17300 7. 4089 0. 22500 5. 1315 
0. 07000 22. 303 0. 12200 11. 6024 0. 17400 7. 3518 0.22600 5.0983 
0. 07100 21. 948 0. 12300 11. 4861 0. 17500 7. 2953 0.22700 5.0655 
0. 07200 21. 603 0. 12400 11. 3716 0. 17600 7. 2395 0.22800 5.0330 
0. 07300 21. 268 0. 12500 11. 2590 0. 17700 7. 1844 0.22900 5.0008 
0. 07400 20. 942 0. 12600 fl. 1482 0. 17800 7. 1299 0.23000 4.9688 
0. 07500 20. 624 0. 12700 11. 0392 0.17900 7.0760 0.23100 4.9372 
0. 07600 20. 315 0. 12800 10. 9320 0. 18000 7.0227 0.23200 4.9059 
0. 07700 20. 014 0. 12900 10. 8264 o. 18100 6.9700 0.23300 4. 8748 
0. 07800 19. 720 0. 13000 10. 7224 0. 18200 6. 9180 0.23400 4.8440 
0. 07900 19. 434 0. 13100 10. 6201 0. 18300 6.8665 0.23500 4.8135 
0. 08000 19. 156 0. 13200 10. 5194 0. 18400 6.8156 0.23600 4. 7833 
0.08100 18. 884 0. 13300 10. 4202 0. 18500 6.7653 0.23700 4. 7533 
0. 08200 18. 619 0. 13400 10.'3225 o. 18600 6. 7155 0.23800 4.7236 
0. 08300 18. 360 0. 13500 10. 2263 0. 18700 6.6663 0.23900 4.6942 
0.08400 18. 108 0. 13600 10. 1315 o. 18800 6.6176 0.24000 4.6650 
0. 08500 17. 861 0. 13700 10. 0381 0. 18900 6,5695 0.24100 4.6361 
0. 08600 17. 621 0. 13800 9. 9461 o. 19000 6.5219 0.24200 4.6074 
0.08700 17. 385 0. 13900 9. 8555 o. 19100 6.4748 0.24300 4. 5790 
0. 08800 17. 156 0. 14000 9. 7661 0. 19200 6.4282 0.24400 4.5508 
0. 08900 16. 931 0. 14100 9. 6781 o. 19300 6.3821 0.24500 4.5229 
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0.24600 4.4952 0.29800 3.3267 0.35000 2.5306 0.40200 1. 9614 
0.24700 4.4677 0. 29900 3.3086 0.35100 2. 5178 0.40300 1. 9521 
0. 24800 4.4405 0.30000 3.2905 0.35200 2.5051 0.40400 1. 9429 
0. 24900 4.4135 0.30100 3.2725 0.35300 2.4925 0.40500 1. 9337 
0. 25000 4.3868 0.30200 3.2547 0.35400 2.4800 0.40600 1. 9245 
0.25100 4.3602 0.30300 3.2371 0.35500 2.4676 0.40700 1. 9154 
0.25200 4.3339 0.30400 3.2195 0.35600 2.4552 0.40800 1. 9064 
0. 25300 4.3079 0.30500 3.2021 0.35700 2.4429 0.40900 1. 8974 
0. 25400 4.2820 0.30600 3. 1848 0.35800 2.4307 0.41000 1. 8885 
0. 25500 4.2563 0.30700 3. 1676 0.35900 2.4186 0. 41100 1. 8796 
0.25600 4. 2309 0.30800 3. 1506 0.36000 2.4065 0.41200 1. 8708 
0.25700 4.2057 0.30900 3. 1336 0.36100 2.3946 0.41300 1. 8620 
0.25800 4. 1807 0.31000 3. 1168 0.36200 2.3827 0.41400 1. 8532 
0.25900 4. 1559 0. 31100 3. 1001 0. 36300 2.3708 0.41500 1.8445 
0.26000 4. 1313 0.31200 3.0836 0.36400 2.3591 0.41600 1. 8359 
0. 26100 ·!, 1068 0.31300 3. 0671 0.36500 2.3474 0.41700 1. 8273 
0. 26200 4.0826 0.31400 3.0507 0.36600 2.3358 0.41800 1. 8188 
0.26300 •t 0586 0.31500 3.0345 0.36700 2.3243 0.41900 1. 8103 
0. 26400 4.0348 0.31600 3.0184 0.36800 2.3128 0.42000 1. 8018 
0. 26500 4.0112 0.31700 3.0024 0.36900 2.3014 0.42100 1. 7934 
0. 26600 a.9878 0.31800 2.9865 0. 37000 2.2901 0.42200 1. 7851 
0.26700 B.9645 0.31900 2.9707 0. 37100 2.2788 0.42300 1. 7768 
0. 26800 8.9415 0.32000 2.9550 0.37200 2.2676 0.42400 1. 7685 
0.26900 a. 9186 0.32100 2.9395 0.37300 2.2565 0.42500 1. 7603 
0. 27000 ~:. 8959 0.32200 2.9240 0.37400 2.2455 0.42600 1. 7521 
0. 27100 ~:. 8734 0.32300 2.9086 0.37500 2.2345 0.42700 1. 7440 
0.27200 8.8510 0.32400 2.8934 0.37600 2.2236 0.42800 1. 7359 
0. 27300 3:.8289 0.32500 2.8782 0.37700 2.2127 0.42900 1. 7279 
0.27400 3.8069 0.32600 2.8632 0.37800 2.2019 0.43000 1. 7199 
0.27500 3.7851 0.32700 2.8482 0.37900 2. 1912 0.43100 1. 7120 
0.27600 3.7634 0.32800 2.8334 0.38000 2. 1805 0.43200 1. 7041 
0.27700 3.7419 0.32900 2. 8186 0.38100 2. 1699 0.43300 1. 6962 
0.27800 3. 7206. 0.33000 2.8040 0.38200 2. 1594 0.43400 1. 6884 
0.27900 3.6995 0.33100 2. 7895 0.38300 2, 1489 0.43500 1. 6806 
0.28000 3.6785 0.33200 2.7750 0.38400 2. 1385 0.43600 1. 6729 
0.28100 3. 6577 0.33300 2. 7606 0.38500 2. 1282 0.43700 1. 6652 
0.28200 3. 6370 0. 33400 2.7464 0.38600 2.1179 0.43800 1. 6575 
0.28300 3.6165 0.33500 2.7322 0. 38700 2. 1077 0.43900 1. 6499 
0.28400 3.5962 0.33600 2.7182 0.38800 2.0975 0.44000 1. 6424 
0.28500 3.5760 0.33700 2.7042 0.38900 2.0875 0.44100 1. 6348 
0.28600 35559 0. 33800 2.6903 0.39000 2. 0774 0.44200 1. 6274 
0.28700 35360 0.33900 2.6765 0.39100 2.0674 0.44300 1. 6199 
0.28800 3. 5163 0.34000 2.6628 0.39200 2.0575 0.44400 1. 6125 
0.28900 3. 4967 0. 34100 2.6492 0.39300 2.0476 0.44500 1. 6052 
0.29000 3.4772 0.34200 2.6357 0.39400 2.0378 0.44600 1. 5978 
0.29100 3.4579 0.34300 2.6222 0.39500 2.0281 0.44700 1. 5905 
0.29200 3.4388 0.34400 2.6089 0.39600 2.0184 0.44800 1. 5833 
0. 29300 3.4198 0.34500 2.5956 o. 39700 2.0088 0.44900 1. 5761 
0.29400 3.4009 0.34600 2. 5824 0.39800 1. 9992 0.45000 1. 5689 
0.29500 3. 3821 0.34700 2.5693 0.39900 1. 9897 0.45100 1. 5618 
0.29600 3.3635 0.34800 2.5563 0.40000 1. 9802 0.45200 1. 5547 
0. 29700 3.3451 0.34900 2. 5434 0. 40Hl0 1. 9708 0.45300 1. 5477 
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0.45400 1. 5406 0.50600 1. 2217 0.55800 0.97558 0.61000 0. 78289 
0.45500 1. 5337 0.50700 1. 2164 0.55900 0.97141 0. 61100 0. 77961 
0.45600 1. 5267 0.50800 1. 2111 0.56000 0.96727 0.61200 0.77635 
0.45700 1. 5198 0.50900 1. 2058 0.56100 0.96316 0.61300 0. 77310 
0.45800 1. 5129 0.51000 1. 2005 0.56200 0.95906 0.61400 0.76987 
0.45900 1. 5061 0. 51100 1. 1953 0.56300 0.95497 0.61500 0. 76665 
0.46000 1. 4993 0.51200 1. 1901 0.56400 0.95091 0.61600 0.76345 
0.46100 1. 4926 0.51300 1. 1849 0.56500 0.94687 0.61700 0.76026 
0.46200 1. 4858 0.51400 1. 1797 0.56600 0.94284 0.61800 0. 75709 
0.46300 1. 4791 0. 51500 1. 1746 0.56700 0.93883 0.61900 0.75393 
0.46400 1. 4725 0.51600 1. 1695 0.56800 0.93484 0.62000 0.75078 
0.46500 1. 4659 0.51700 1. 1644 0.56900 0.93087 0.62100 0.74765 
0.46600 1. 4593 o. 51800 1. 1593 0.57000 0.92692 0.62200 0. 74453 
0.46700 1. 4527 0.51900 1. 1543 0.57100 0.92299 0.62300 0. 74143 
0.46800 1. 4462 0. 52000 1. 1493 0.57200 0.91908 0.62400 0.73833 
0.46900 1. 4397 0.52100 1. 1443 0.57300 0.91518 0.62500 0.73526 
0.47000 1. 4333 0.52200 1. 1393 0. 57400 0. 91130 0.62600 0.73219 
0.47100 1.4269 0.52300 1. 1344 0.57500 0.90744 0.62700 0.72915 
0.47200 1. 4205 0.52400 1. 1294 0.57600 0.90360 0.62800 0. 72611 
0.47300 1. 4141 0.52500 1. 1245 0.57700 0.89977 0.62900 0. 72309 
0. 47400 1. 4078 0. 52600 1. 1197 0.57800 0.89596 0.63000 0.72007 
0.47500 1. 4015 0.52700 1. 1148 0.57900 0.89218 0.63100 0.7170S 
0.47600 1. 3953 0.52800 1. 1100 0. 58000 0. 88840 0.63200 0.71410 
0.47700 1. 3890 0.52900 1. 1052 0.58100 0.88465 0.63300 0. 71113 
0.47800 1. 3829 0.53000 1. 1004 0.58200 0.88091 0. 63400 0.70817 
0. 47900 1. 3767 0.53100 1. Olf57 0.58300 0. 87719 0.63500 0. 70523 
0.48000 1. 3706 0.53200 1. '0910 0.58400 0.87349 0.63600 0. 70230 
0.48100 l. 3645 0.53300 i. 0862 0.58500 0.86980 0.63700 0.69938 
0.48200 1. 3584 0. 53400 1. 0816 0.58600 0.86613 0.63800 0.69647 
0.48300 1.3524 0.53500 1. 0769 0.58700 0.86248 0.63900 0.69358 
0.48400 1. 3464 0. 53600 1. 0723 0.58800 0.85884 0.64000 0.69070 
0.48500 1. 3404 0. 53700 1.0676 0.58900 0.85522 0.64100 0.68784 
0.48600 1. 3345 0.53800 1. 0630 0.59000 0.85162 0.64200 0.68498 
0.48700 1. 3286 0.53900 1. 0585 0.59100 0.84803 0.64300 0.68214 
o. 48800 1. 3227 0.54000 1.0539 0.59200 0.84446 0. 64400 0.67931 
0.48900 1. 3168 0.54100 1. 0494 o:59300 0. 84091 0.64500 0. 67650 
0.49000 1.3110 0.54200 1. 0449 0.59400 0.83737 Oc64600 0.67369 
0.49100 1. 3052 0.54300 1. 0404 0.59500 0.83385 0.64700 0.67090 
0.49200 1. 2995 0. 54400 1. 0359 0.59600 0.83034 0.64800 0.66812 
0.49300 1. 2937 0.54500 1. 0315 0. 59700 0.82685 0.64900 0.66535 
0.49400 1. 2880 0. 54600 1. 0271 0. 59800 0.82337 0.65000 0.66260 
0.49500 1. 2823 0.54700 1.0227 0.59900 0.81991 0.65100 0.65985 
0.49600 1. 2767 0.54800 1. 0183 0.60000 0.81647 0.65200 0.65712 
0.49700 1. 2711 0. 54900 1. 0139 0.60100 0.81305 0;65300 0.65440 
0. 49800 1. 2655 0.55000 1. 0096 0.60200 0.80964 0.65400 0.65169 
0.49900 1. 2599 0. 55100 1.00525 0.60300 0.80624 0.65500 0.64900 
0.50000 1. 2544 0.55200 1. 00095 0.60400 0.80286 0.65600 0.64631 
0.50100 1. 2489 0.55300 0.99667 0.60500 0. 79949 0.65700 0.64364 
0. 50200 1. 2434 0.55400 0.99241 0.60600 0.79614 0.65800 0.64098 
0.50300 1. 2379 0. 55500 0:98817 0.60700 0. 79281 0.65900 0.63833 
0.50400 1. 2325 0.55600 0.98396 0.60800 0. 78949 0.66000 0.63569 
0.50500 1. 2271 0.55700 0.97976 0.60900 0.78618 0. 66100 0.63307 
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0. 66200 0.63045 0.71500 0. 50679 0. 76800 0.40798 0.82100 0.32865 
o. 66300 0. 62785 0. 71600 0.54072 0.76900 0.40632 0.82200 0. 32732 
0.66400 0. 62525 0. 71700 0.50265 0.77000 0.40466 0.82300 0.32598 
o. 66500 0. 62267 0. 71800 0.50060 0. 77100 0.40301 0.82400 0.32466 
0.66600 0. 62010 0. 71900 0.49855 0.77200 0.40137 0.82500 0.32333 
0.66700 (/. 617.54 0. 72000 0. 49651 0. 77300 0.39974 0.82600 0.32202 
o. 66800 0.61500 0. 72100 0.49447 0.77400 0. 39811 0.82700 0.32071 
0.66900 0. 61246 0.72200 0.49245 0. 77500 0. 39649 0.82800 0.31940 
0.67000 0. 60993 0.72300 0.49044 0.77600 0.39487 0.82900 0.31810 
o. 67100 0.60742 0.72400 0.48843 0.77700 0.39326 0.83000 0.31681 
0.67200 0.60492 0.72500 0.48643 0. 77800 0.39166 0.83100 0.31552 
0.67300 0. 60242 0.72600 0.48444 0.77900 0.39007 0.83200 0.31424 
o. 67400 0. 59994 0.72700 0.48247 0. 78000 0.38848 0.83300 0.31296 
o. 67500 0. 59747 0. 72800. 0.48049 0.78100 0.38690 0.83400 0. 31168 
0.67600 0. 59501 0. 72900 0.47853 0. 78200 0.38532 0.83500 0.31042 
0.67700 0.59255 0.73000 0.47657 0. 78300 0.38375 0.83600 0.30915 
0.67800 0. 59012 0.73100 0.47462 0.78400 0.38219 0.83700 0.30789 
0.67900 0. 58768 0. 73200 0.47268 0.78500 0.38063 0.83800 0.30664 
0.68000 0. 58527 0. 73300 0.47075 0. 78600 0.37908 0.83900 0.30539 
0.68100 0. 58286 0:73400 0.46883 0. 78700 0.37754 0.84000 0.30415 
0.68200 0.58046 0. 73500 0.46691 0.78800 0.37600 0.84100 0.30291 
0.68300 0. 57807 0. 73600 0.46500 0. 78900 0.37447 0.84200 0.30168 
o. 68400 0. 57569 0. 73700 0.46310 0.79000 0.37294 0.84300 0.30045 
0.68500 o. 57333 0. 73800 0.46121 . 0. 79100 0. 37143 0.84400 0.29923 
0.68600 0. 57097 0.73900 0.45933 0. 79200 0.36991 0.84500 0.29801 
0.68700 0. 56862 0.74000 0.45745 0.79300 0.36841 0.84600 0.29680 
0.68800 0.56628 0.74100 0.45559 0.79400 0.36691 0.84700 0.29559 
0.68900 0. 56396 0. 74200 0.45373 0. 79500 0.36541 0.84800 0.29439 
0.69000 0. 56164 0. 74300 0.45187 0.79600 0. 36393 0. 849.00 0.29319 
o. 69100 0. 55933 0. 74400 0.45003 0. 79700 0.36244 0.85000 0.29199 
0.69200 0.55703 0. 74500 0.44819 0.79800 0.36097 0.85100 0.29080 
0.69300 0. 55474 0.74600 0.44636 0.79900 0.35950 0.85200 0.28962 
0.69400 0. 55246 0. 74700 0.44454 0.80000 0.35804 0.85300 0.28844 
0.69500 0. 55020 0.74800 0.44273 0.80100 0.35658 0.85400 0.28727 
0.69600 0. 54794 0. 74900 0.44092 0.80200 0.35513 0.85500 0.28610 
o. 69700 0. 54569 0.75000 0.43912 0.80300 0. 35368 0.85600 0.28493 
0.69800 0.54345 0.75100 0.43733 0.80400 0.35224 0.85700 0.28377 
0.69900 0. 54122 0. 75200 0.43554 0.80500 0.35081 0.85800 0.28262 
0.70000 0. 53900 0.75300 0.43377 0.80600 0.34938 0.85900 0.28147 
0.70100 0. 53679 0. 75400 0.43200 0.80700 0.34796 0.86000 0.28032 
0.70200 0. 53459 0. 75500 0.43023 0.80800 0.34654 0.86100 0.27918 
0. 70300 0. 53239 0. 75600 0.42848 0.80900 0.34513 0.86200 0.27804 
0.70400 0. 53021 0. 75700 0.42673 0.81000 0.34373 0.86300 0.27691 
0. 70500 0 .. 52804 o. 75800 0.42499 0. 81100 0.34233 0.86400 0.27578 
0. 70600 0 .. 52587 0. 75900 0.42326 0.81200 0.34094 0.86500 0.27466 
0. 70700 0.52371 0. 76000 0.42153 0.81300 0.33955 0.86600 0.27354 
0. 70800 0 .. 52157 0. 76100 0.41982 0. 81400 0.33817 0.86700 0.27242 
0.70900 0 .. 51943 0. 76200 0. 41811 0.81500 0.33679 0.86800 0.27132 
0. 71000 0 .. 51730 0. 76300 0.41640 0.81600 0.33542 0.86900 0.27021 
0. 71100 0 .. 51518 0. 76400 0.41470 0.81700 0.33406 0.87000 0. 26911 
0.71200 0 .. 51307 0. 76500 0.41301 0.81800 0.33270 0.87100 0.26801 
0. 71300 0 .. 51097 0. 76600 0. 41133 0.81900 0.33134 0.87200 0.26692 
0. 71400 0.50888 0. 76700 0.40965 0.82000 0.32999 0.87300 0.26583 
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f "' e-•' r 
TABLE 4.-Y alues of-{; U2 du for given values of the parameter ...; 4at -Continued 

r 

v'l.rl 

----

I r··-·· f"e-•' f'..-·• f'"r•' r ..(; 2 du r ..[; ,d .. r ..[; 2 ttu r ..[; .,..tt .. 
·bat ' .. ../4ot ' .. .,;-;;;i ' .. ~ 

. .. 
Vkt ~~ y"i;, '\IT."• 

0.87400 0.26475 0.92600 0.21404 0.97800 o. 17288 1. 03000 0.13945 
0. 87500 0.26367 0.92700 0.21316 0.97900 o. 17216 1. 03100 0. 13887 
0.87600 0.26260 0.92800 0.21229 0.98000 0.17146 1.03200 0.13829 
0.87700 0.26153 0.92900 0.21142 0.98100 o. 17075 1. 03300 0. 13772 
0. 87800 0. 26046 0. 93000 0. 21056 0.98200 o. 17005 1. 03400 0.13715 
0.87900 0.25940 0.93100 0.20970 0.98300 0.16935 1. 03500 0.13658 
0. 88000 0.25834 0.93200 0. 20884 0.98400 0.16865 1. 03600 o. 13602 
0.88100 0.25729 0.93300 0.20798 0.98500 0. 16796 1. 03700 0. 13546 
0.88200 0.25624 0.93400 0.20713 0.98600 o. 16727 1. 03800 0. 13489 
0.88300 0.25520 0.93500 0.20629 0.98700 0.16658 1. 03900 o. 13433 
0.88400 0.25416 0.93600 0. 20544 0.98800 o. 16590 I. 04000 o. 13378 
0.88500 0.25312 0.93700 0.20460 0. 98900 o. 16521 1. 04100 0. 13322 
0.88600 0. 25209 0.93800 0. 20376 0.99000 o. 16453 1. 04200 0. 13267 
0.88700 0.25106 0.03900 0. 20293 0.99100 0.16386 1. 04300 o. 13212 
0. 88800 0. 25004 0.94000 0. 20210 0.99200 0. 16318 1. 04400 0. 13157 
0.88900 0.24902 0.94100 0.20127 0.99300 0. 16251 1. 04500 0. 13103 
0.89000 0.24800 0.94200 0.20045 0.99400 0. 16184 1. 04600 0. 13048 
0.89100 0. 24699 0. 94300 0. 19963 0. 99500 0.16117 1. 04700 0. 12994 
0.89200 0.24598 0.94400 0. 19881 0.99600 o. 16051 1. 04800 0. 12940 
0.89300 0.24498 0.94500 0. 19799 0.99700 0. 15985 1. 04900 0. 12887 

i 
0.89400 0.24398 0.94600 0.19718 0. 99800 o. 15919 1. 05000 0. 12833 

I 
0.89500 0.24298 0.94700 0. 19638 0.99900 0.15853 1. 05100 0. 12780 

I 
0.89600 0. 24199 0.94800 0. 19557 1. 00000 o. 15788 1. 05200 0. 12727 

II 

0.89700 0.24101 0.94900 0.19477 1. 00100 0.15723 1. 05300 0.12674 
0.89800 0. 24002 0.95000 0. 19397 1. 00200 0. 15658 1. 05400 0. 12621 
0.89900 0.23904 0.95100 0. 19318 1. 00300 

I 
0. 15593 1. 05500 0. 12569 

1 
0.90000 0. 23807 0.95200 0. 19239 I 1. 00400 0. 15529 1. 05600 0. 12517 
0.90100 0. 23710 0.95300 0. 19160 I I. 00500 o. 15465 1. 05700 0. 12465 
0.90200 0. 23613 0. 95400 

I 
0. 19081 1. 00600 o. 15401 I 1. 05800 0. 12413 

0.90300 0.23517 0. 95500 0. 19003 1. 00700 0. 15338 1. 05900 0. 12361 
0. 90400 0.23421 0.95600 ' 0. 18925 1. 00800 0. 15275 1. 06000 0.12310 
0.90500 0.23325 0.95700 0. 18847 1. 00900 o. 15212 1. 06100 0. 12259 
0.90600 0.23230 0.95800 0. 18770 I. 01000 o. 15149 1. 06200 0. 12208 
0.90700 0.23135 0.95900 .o. 18693 1. 01100 0. 15086 1. 06300 0. 12157 
0. 90800 0.23040 0.96000 0. 18616 1. 01200 0. 15024 1. 06400 0.12106 
0. 90900 0.22946 0.96100 0. 18540 1. 01300 o. 14962 1. 06500 0. 12056 
0.91000 0. 22853 0.96200 0. 18464 1. 01400 0. 14900 1. 06600 0. 12006 
0. 91100 0. 22759 0.96300 0. 18388 1. 01500 0. 14839 1. 06700 0. 11956 
0. 91200 0.22667 0.96400 0. 18313 1. 01600 o. 14777 1. 06800 0. 11906 
0.91300 0.22574 0.96500 0. 18238 1. 01700 0.14716 1. 06900 0. 11857 
0.91400 0.22482 0.96600 0. 18163 1. 01800 o. 14656 1. 07000 0.11807 

0.91500 0. 22390 0.96700 0. 18088 1. 01900 0. 14595 1. 07100 0. 11758 
0.91600 0.22298 0.96800 0. 18014 1. 02000 o. 14535 1. 07200 0. 11709 
o. 91700 0.22207 0.96900 I 0. 17940 1. 02100 0.14475 1. 07300 0. 11660 
0.91800 0. 22117 0.97000 0. 17866 1. 02200 0.14415 1. 07400 0. 11612 
0.91900 0.22026 0. 97100 0. 17793 1. 02300 0. 14355 1. 07500 0. 11563 
0.92000 0. 21936 0.97200 0. 17720 1. 02400 0. 14296 1. 07600 

I 
0. 11515 

0. 92100 0.21847 0.97300 0.17647 1. 02500 o. 14237 1. 07700 0. 11467 
0.92200 0.21757 0.97400 0. 17575 1. 02600 o. 14178 1. 07800 0. 11419 
o. 92300 0.21668 0.97500 0.17502 1. 02700 0.14119 1. 07900 

I 
0. 11372 

0.92400 0.21580 0.97600 0. 17430 
I 

1. 02800 o. 14061 1. 08000 0. 11324 
0.92500 0.21492 0. 97700 0. 17359 1. 02900 o. 14003 1. 08100 0. 11277 
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TABLE 4.-Values of ...r;f"' e-~' du for given values of the parameter .I r -Continued 
, u v~t 

vTai 

r· .... · f'" ·-·' -rf'" e:-•' . 
I f"' e:-•' ,. ..,r; 2 au r ..;; --,au r ,.. -au r ..;; --, du 

~ 
• u ..ff;;t ' IS ..ff;;t • u• ..ji;i • IS 

~It;; ..;r;;, V7;t ~ 

1. 08200 0. 11230 1. 13400 0.09026 1. 18600 0.07240 1. 23800 0.05793 

1. 08300 0.11183 1.13500 0.08988 1.18700 0.07209 1. 23900 0.05768 

L 08400 1). 11136 1.13600 0.08951 1. 18800 0.07178 1. 24000 0.05743 I 
1. 08500 o. 11090 1.13700 0.08913 1. 18900 0.07148 1. 24100 0.05718 

I 
1.08600 0.11044 ' 1.13800 0.08875 1. 19000 0. 07117 1. 24200 0.05694 

1. 08700 0.10997 1. 13900 0.08838 1. 19100 0.07087 1. 24300 0.05669 

1. 08800 0.10951 1. 14000 0.08801 1. 19200 0.07057 1. 24400 0.05645 

I 1. 08900 (). 10906 1. 14100 0.08763 1. 19300 0.07027 1. 24500 0.05621 

1. 09000 (). 10860 1.14200 0.08727 1. 19400 0.06997 1. 24600 0.05596 

I I 
1. 09100 (). 10815 1. 14300 0.08690 1. 19500 0.06967 1. 24700 0.05572 

1. 09200 o. 10770 1.14400 0.08653 l. 19600 0.06937 1. 24800 0.05548 

1. 09300 0.10725 1. 14500 0.08617 1. 19700 0.06908 I 1. 24900 0.05524 I 
1. 09400 0.10680 1; 14600 0.08580 1. 19800 0.06878 1. 25000 0.05500 I 

1.09500 0.10635 1. 14700 0. 08544 1. 19900 0.06849 
I 

1. 25100 I 0.05471 I 
1. 09600 0.10591 1. 14800 0.08508 1. 20000 0.06820 1. 25200 I 0.05453 

' 1. 09700 

I 
I 0.05430 0. 10546 1. 14900 0.08472 1. 20100 0.06790 1. 25300 

1.09800 o. 10502 1. 15000 0.08436 1. 20200 0.06761 1. 25400 0.05406 

1.09900 0.10458 1. 15100 0.08401 I l. 20300 0.06733 1. 25500 0.05383 

1. 10000 o. 10415 

I 
1. 15200 0.08365 1. 20400 0.06704 1. 25600 0.05360 

' 1. 10100 o. 10371 1. 15300 0.08330 1. 20500 0.06675 1. 25700 0.05336 

1. 10200 o. 10327 1. 15400 0.08294 1. 20600 0.06647 1. 25800 0.05313 

1. 10300 o. 10284 

I, 

1. 15500 0.08259 1. 20700 0.06618 1. 25900 0.05290 

1. 10400 o. 10241 1. 15600 0.08224 l. 20800 0.06590 1. 26000 0.05267 

1. 10500 o. 10198 1. 15700 0.08190 1. 20900 0.06562 1. 26100 0.05245 I 
I 

1. 10600 o. 10156 

I 
1. 15800 0.08155 1. 21000 0.06534 1. 26200 0.05222 

1. 10700 o. 10113 l. 15900 0.08120 1. 21100 0.06506 1. 26300 0. 05199 

1. 10800 0 .. 10071 1. 16000 0.08086 1. 21200 0.06478 1. 26400 0.05177 

I 
1. 10900 o. 10028 1. 16100 0.08052 1. 21300 0.06450 

I 
1. 26500 0.05155 

1. 11000 o. 09986 1. 16200 0. 08018 1. 21400 0.06423 1. 26600 0.05132 

1.11100 0.09944 l. 16300 0.07984 1. 21500 0.06395 1. 26700. 0. 05110 

1. 11200 0.09903 1. 16400 0.07950 1. 21600 0.06368 1. 26800 0.05088 

1. 11300 0.09861 1. 16500 0 .. 07916 1. 21700 0.06341 1. 26900 0.05066 

1. 11400 0.09820 1. 16600 0. 07883 1. 21800 0.06313 1. 27000 0.05044 

1. 11500 0.09779 1. 16700 0.07849 1.21900 0.06286 I 1. 27100 0.05022 

1. 11600 0.09738 

I 
1. 16800 0.07816 1. 22000 0.06259 1. 27200 0.05000 

1. 11700 0.09697 1. 16900 0.07783 1. 22100 0. 06233 1. 27300 0.0497!) 

1. 11800 o. 09656 1. 17000 0.07750 1. 22200 0.06206 1. 27400 0.04957 

1. 11900 0.09615 I 1. 17100 0.07717 1. 22300 0.06179 1. 27500 0.04935 

1.12000 o. 09575 1. 17200 0.07684 1. 22400 0. 06153 1. 27600 0.04914 

1. 12100 0.09535 1. 17300 0.07652 1. 22500 0.06126 1. 27700 0.04893 

1. 12200 0.09495 1. 17400 0.07619 1. 2.2600 0. 06100 1. 27800 0.04871 

1. 12300 0.09455 1. 17500 0.07587 1. 22700 0.06074 1. 27900 0.04850 

1.12400 0.09415 1. 17600 0.07555 1. 22800 0.06048 1. 28000 0.04829 

1. 12500 0.09376 1. 17700 0.07523 1. 22900 0.06022 1. 28100 0.04808 

1. 12600 0. 09336 1. 17800 0.07491 1. 23000 0.05996 1. 28200 0. 04787 

1.12700 0.09297 1. 17900 0.07459 1.23100 0.05970 1. 28300 0.04767 

1.12800 0.09258 1. 18000 I 
0.07427 1. 23200 0.05945 1.28400 0.04745 

1. 12900 0.09219 1. 18100 0.07396 1. 23300 0.05919 1. 28500 0.04725 

I 
1. 13000 0.09180 l. 18200 0.07364 1. 23400 0.05894 1. 28600 0.04705 

1. 13100 0.09141 

I 
1. 18300 0.07333 1. 23500 0.05868 

I 1. 28700 0.04684 

1. 13200 0.09103 1. 18400 0.07302 1. 23600 0. 05843 
II 

1. 28800 0.04664 

t.iaaoo 0.09065 l. 18500 0.07271 1. 23700 0.05818 1. 28900 ' 0.04644 I 
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f "' e-u2 r 
TABLE 4.-Vo1lues of-{; -. du for given values of the parameter . r:;-:;:-Continued 

r u v4at 
~ 

T J"'r•• T f"' e-·• J"' e·•• J'"r•• ,(; , --;;) du ,(; -, du T ,(; -, du T ,(; --;-du 
. -J4at .,;4cJ ' u ..p;;i ' u ..p;;i ' u 

y'i;i ..;.-;;;. ~ y'i;i 

1. 29000 0. 04623 1. 34200 0. 03680 1. 39400 0.02920 1. 44600 0. 02311 
1. 29100 0.04603 1. 34300 0.03664 1. 39500 0.02907 1. 44700 0.02300 
1. 29200 0. 04583 1. 34400 0.03647 1. 39600 0. 02894 1. 44800 0. 02290 
1. 29300 0. 04563 1. 34500 0.03631 1. 39700 0.02882 1. 44900 0.02280 
1. 29400 0.04543 1. 3

1
4600 0.03615 1. 39800 0.02869 ( 45000 0.02269 

1. 29500 0. 04524 1. 34700 0. 03599 1. 39900 0. 02856 1. 45100 0.02259 
1. 29600 0.04504 1. 34800 0.03584 1. 40000 0.02843 1. 45200 0.02249 
1. 29700 0. 04484 1. 34900 0.03568 1. 40100 0.02830 1. 45300 0.02239 
1. 29800 0.04465 1. 35000 0.03552 1. 40200 0.02818 1. 45400 0.02228 
1. 29900 0. 04445 1. 35100 0.03536 1. 40300 0. 02805 1. 45500 0. 02218 
1. 30000 0.04426 1. 35200 0.03521 1. 40400 0.02793 1. 45600 0. 02208 
1. 30100 0.04406 1. 35300 0.03505 1. 40500 0.02780 1. 45700 0.02198 
1.30200 0. 04387 1. 35400 0.03490 1. 40600 0.02768 1. 45800 0.02188 
1. 30300 0. 04368 1. 35500 0.03474 1. 40700 0.02755 1. 45900 0. 02178 
1. 30400 0. 04349 1. 35600 0.03459 1. 40800 0. 02743 1. 46000 0.02168 
1. 30500 0. 04330 1. 35700 0.03444 1. 40900 0.02731 1. 46100 0.02159 
1. 30600 0. 04311 1. 35800 0.03428 1. 41000 0. 02718 1. 46200 0. 02149 
1. 30700 0.04292 1. 35900 0.03413 1. 41100 0. 02706 1. 46300 0. 02139 
1. 30800 0.04274 1. 36000 0.03398 1. 41200 0. 02694 1. 46400 0.02129 
1. 30900 0. 04255 1. 36100 0. 03383 1. 41300 0. 02682 1. 46500 0.02120 
1. 31000 0. 04236 1. 36200 0.03368 1. 41400 0.02670 1. 46600 0. 02110 
1. 31100 0.04218 1. 36300 0.03353 1. 41500 0. 02658 1. 46700 0.02100 
1. 31200 0. 04199 1. 36400 0.03338 1. 41600 0.02646 1. 46800 0.02091 
1. 31300 0. 04181 1. 36500 0. 03323 1. 41700 0. 02634 1. 46900 0.02081 
1. 31400 0.04163 1. 36600 0.03309 1. 41800 0. 02622 1.47000 0.02072 
1. 31500 0. 04144 1. 36700 0.03294 1. 41900 0. 02611 1. 47100 0.02062 
1. 31600 0. 04126 1. 36800 0.03279 1. 42000 0.02599 1. 47200 0. 02053 
1.31700 0. 04108 L. 36900 0.03265 1. 42100 0.02587 1. 47300 0.02044 
1. 31800 0. 04090 1. 37000 0.03250 1. 42200 0. 02575 1. 47400 0. 02034 
1. 31900 0.04072 l. 37100 0.03236 1. 42300 0.02564 1. 47500 0.02025 I 
1. 32000 0. 04054 1. 37200 0.03222 1. 42400 0. 02552 1. 47600 0.02016 
1. 32100 0.04037 1. 37300 0. 03207 1. 42500 0. 02541 1. 47700 0. 02007 
1. 32200 0. 04019 1. 37400 0. 03193 1. 42600 0. 02529 1. 47800 0.01998 
1. 32300 0. 04001 1.37500 0. 03179 1. 42700 0.02518 1. 47900 0.01988 
1. 32400 0. 03984 Jl.. 37600 0.03165 1. 42800 0. 02507 1. 48000 0. 01979 
1. 32500 0. 03966 l. 37700 0.03151 1. 42900 0. 02495 1. 48100 o. 01970 
1. 32600 0. 03949 l. 37800 0.03137 1. 43000 0.02484 1. 48200 0.01961 
1. 32700 0. 03931 l. 37900 0.03123 1. 43100 0. 02473 1. 48300 0.01952 
1. 32800 0.03914 1' 38000 0.03109 1. 43200 0. 02462 1. 48400 0. 01943 
1. 32900 0. 03897 l. 38100 0. 03095 1. 43300 0.02451 1. 48500 0.01935 
1. 33000 0. 03880 1.38200 0.03081 1. 43400 0. 02440 1. 48600" 0. 01926 
1. 33100 0. 03863 1.38300 0.03068 . 1. 43500 0. 02429 1. 48700 0. 01917 
1. 33200 0. 03846 1.38400 0.03054 1. 43600 0.02418 1. 48800 0.01908 
1. 33300 0.03829 1. 38500 0.03040 1. 43700 0.02407 1. 48900 0.01899 
1. 33400 0. 03812 1.38600 0.03027 1. 43800 0.02396 1. 49000 o. 01891 
1. 33500 0.03795 1. 38700 0.03013 1. 43900 0. 02385 l. 49100 0. 01882 
1. 33600 0. 03779 1. 38800 0. 03000 1. 44000 0. 02374 1. 49200 0.01873 
1. 33700 0. 03762 1. 38900 0.02986 1. 44100 0.02364 1. 49300 0.01865 
1. 33800 0. 03745 1.39000 0. 02973 1. 44200 0.02353 1. 49400 0.01856 
1. 33900 0. 03729 1. 39100 0.02960 1. 44300 0. 02342 1. 49500 0.01848 
1.34000 0. 03713 1. 39200 0.02947 1. 44400 0.02332 1. 49600 0.01839 
1. 34100 0. 03696 1. 39300 0.02934 1. 44500 0. 02321 1. 49700 0.01831 
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T J'BLE 4.-Values of ...;;_._112 du for given values of the parame!er .,; 4at-Continued 

~ 

I 

J"' f"' .. f"' .-•• f"' .-•• ..... r ..[; ----,- du r {; " :z du 
r ..[; ' u;- du 

r ..[; ---,du 

~ ... ~ {4;1 ~ . .. 
"'14";' "\/Tal .v;;-, v'i'al 

1. 49800 0.01823 1. 55000 0.01433 1. 60200 0. 01123 1. 65400 0.00877 
1. 49900 0.01814 1. 55100 0.01426 1. 60300 0. 01117 1. 65500 0.00872 
1. 50000 0.01806 1. 55200 0.01420 1. 60400 0. 01112 1. 65600 0.00868 
1. 50100 0.01798 1. 55300 0.01413 1. 60500 0. 01107 1. 65700 0.00864 
1. 50200 0.01789 1. 55400 0.01406 1. 60600 0. 01102 1. 65800 0.00860 
1. 50300 0.01781 1. 55500 0.01400 1. 60700 0.01096 1. 65900 0.00856 
1. 50400 0.01773 1. 55600 0. 01393 1. 60800 0.01091 1. 66000 0.00852 
1. 50500 0.01765 1. 55700 0.01387 1. 60900 0. 01086 1. 66100 0.00848 
1. 50600 0.01757 1. 55800 0.01380 1. 61000 0.01081 1. 66200 0.00844 
1. 50700 0.01749 1. 55900 0.01374 1. 61100 0.01076 1. 66300 0.00839 
1. 50800 0.01741 1. 56000 0. 01368 1. 61200 0,01071 1. 66400 0.00835 
1. 50900 0.01733 1. 56100 0.01361 1. 61300 0.01066 1. 66500 0.00831 
1. 51000 0>. 01725 1. 56200 0.01355 1. 61400 0.01061 1. 66600 0. 00827 
1. 51100 0.01717 1. 56300 0. 01348 1. 61500 0.01056 1. 66700 0. 00823 
1. 51200 0.01709 1. 56400 0.01342 1. 61600 0.01051 1. 66800 0. 00820 
1. 51300 0.01701 1. 56500 0.01336 1. 61700 0.01046 1. 66900 0.00816 
1. 51400 0.01693 1. 56600 0.01330 1. 61800 0. 01041 1. 67000 0. 00812 
1. 51500 0.01685 1. 56700 0.01323 1. 61900 0. 01036 1. 67100 0. 00808 
1. 51600 0.01678 1. 56800 0.01317 1. 62000 0.01031 1. 67200 0. 00804 
1. 51700 0. 01670 1. 56900 0. 01311 1. 62100 0.01026 1. 67300 0.00800 
1. 51800 0.01662 1. 57000 0.01305 1. 62200 0.01021 1. 67400 0.00796 
.1. 51900 0.01654 1. 57100 0.01299 1. 62300 0.01016 1. 67500 0. 00792 
1.52000 0.01647 1. 57200 0.01293 1. 62400 0. 01011 1. 67600 0. 00789 
1. 52100 0.01639 1. 57300 0.01287 1. 62500 0.01007 1. 67700 0. 00785 
l. 52200 0.01632 1. 57400 0.01281 1. 62600 0.01002 1. 67800 0. 00781 
1 52300 0.01624 1. 57500 0.01275 1. 62700 0.00997 1. 67900 0. 00777 
l. 52400 0.01617 1. 57600 0.01269 1. 62800 0.00992 1. 68000 0. 00773 
1. 52500 0.01609 1. 57700 0.01263 1. 62900 0.00988 1. 68100 0. 00770 
1. 52600 0 .. 01602 1. 57800 0.01257 1. 63000 0.00983 1. 68200 0. 00766 
1. 52700 0 .. 01594 1.57900 0.01251 1. 63100 0.00978 1. 68300 0. 00762 
1. 52800 0. 01587 1. 58000 0.01245 1. 63200 0.00974 1. 68400 0. 00759 
1. 52900 0. 01580 1. 58100 0. 01239 1. 63300 0. 00969 1. 68500 0. 00755 
1. 53000 0. 01572 1. 58200 0. 01234 1. 63400 0. 00964 1. 68600 0. 00751 
1. 53100 0. 01565 1. 58300 0.01228 1. 63500 0.00960 1. 68700 0. 00748 
1. 53200 0.01558 1. 58400 0.01222 1. 63600 0.00955 1. 68800 0. 00744 
1. 53300 0.01551 1. 58500 0.01216 1. 63700 0.00951 1. 68900 0. 00741 
1. 53400 0.01543 1. 58600 0. 01211 1. 63800 0.00946 1. 69000 0. 00737 
1. 53500 o. 01536 1. 58700 0.01205 1. 63900 0.00942 1. 69100 0. 00733 
1. 53600 0.01529 1. 58800 0. 01199 1. 64000 0.00937 1. 69200 0. 00730 
1. 53700 0.01522 1. 58900 0. 01194 1. 64100 0.00933 1. 69300 0. 00726 

1. 53800 0.01515 1. 59000 0.01188 1. 64200 0.00928 1. 69400 0. 00723 

1. 53900 0.01508 1. 59100 0. 01182 1. 64300 0.00924 1. 69500 0. 00719 

1.54000 0.01501 1. 59200 0. 01177 1. 64400 0.00919 1. 69600 0. 00716 

1. 54100 0.01494 1. 59300 0. 01171 1. 64500 0.00915 1. 69700 0. 00712 

1. 54200 0. 01487 1. 59400 0. 01166 1. 64600 0. 00911 1. 69800 0. 00709 
1. 54300 o. 01480 1. 59500 0. 01160 1. 64700 0.00906 1. 69900 0. 00706 

1. 54400 0.01473 1. 59600 0. 01155 1. 64800 0. 00902 1. 70000 0. 00702 

1.54500 0. 01467 1. 59700 0. 01149 1. 64900 0. 00898 1. 70100 0. 00699 

1. 54600 0.01460 1. 59800 0. 01144 1. 65000 0.00893 1. 70200 0. 00695 

1. 54700 0.01453 1. 59900 0. 01139 1. 65100 0.00889 1. 70300 0. 00692 

1.54800 0. 01446 1. 60000 0. 01133 1. 65200 0.00885 1. 70400 0. 00689 

1. 54900 0. 01440 1. 60100 0. 01128 1. 65300 0.00881 1. 70500 0. 00685 
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-vrat 
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1. 70600 0. 00682 1. 75900 0. 00526 1. 81200 o. 00404 1. 86500 0. 00309 

1. 70700 0. 00679 1. 76000 0. 00523 1. 81300 0. 00402 1. 86600 0. 00308 

1. 70800 0. 00675 1. 76100 0. 00521 1. 81400 0. 00400 1. 86700 0. 00306 

I 1. 70900 0. 00672 1. 76200 0. 00518 1. 81500 0. 00398 1. 86800 0. 00305 

I 
1. 71000 0. 00669 1. 76300 0.00516 1. 81600 0. 00396 1; 86900 0.00303 

1. 71100 0. 00666 1. 76400 0. 00513 1. 81700 0. 00394 1. 87000 0.00302 

1. 71200 0. 00662 1. 76500 0. 00511 1. 81800 o. 00392 1. 87100 0.00300 

1. 71300 0.00659 1. 76600 0.00508 1. 81900 0. 00390 1. 87200 0.00299 

1. 71400 0.00656 I. 76700 0. 00506 1. 82000 o. 00388 1. 87300 0. 00297 

1. 71500 0. 00653 1. 76800 0. 00503 1. 82100 0. 00386 1. 87400 0. 00296 

1. 71600 0. 00650 1. 76900 0. 00501 1. 82200 G. 00384 1. 87500 0. 00294 

1. 71700 0. 00646 1. 77000 o. 00498 1. 82300 0.00382 1. 87600 0.00293 

1. 71800 0. 00643 1. 77100 0. 00496 1. 82400 0. 00381 1. 87700 0. 00291 

I 1. 71900 0. 00640 1. 77200 0. 00493 1. 82500 0. 0037g 1. 87800 0.00290 

I 
1. 72000 0. 00637 1. 77300 0. 0041)1 1. 82600 0. 00377 1. 87900 0. 00288 

l. 72100 0. 00634 L 77400 0.00488 1. 82700 0.00375 1. 88000 0.00287 

1. 72200 0. 00631 l. 77500 0. 00486 1. 82800 0. 00373 1. 88100 0.00285 

1. 72300 0. 00628 1. 77600 0. 00484 1. 82900 0. 00371 1. 88200 0. 00284 

1. 72400 0. 00625 1. 77700 0. 00481 1. 83000 0. 00369 1. 88300 0. 00282 

1. 72500 0. 00622 1. 77800 0. 00479 1. 83100 0. 00367 1. 88400 0. 00281 

1. 72600 0. 00619 Jl. 77900 0. 00476 l. 83200 0. 00366 1. 88500 0. 00279 

1. 72700 0. 00616 L 78000 0. 00474 1. 83300 0.00364 1. 88600 0. 00278 

1. 72800 0. 00613 l. 78100 0. 00472 1. 83400 0.00362 1. 88700 0. 00277 

1. 72900 0. 00610 1. 78200 0. 00469 1. 83500 0. 00360 1. 88800 0. 00275 

1. 73000 0. 00607 1. 78300 0. 00467 1. 83600 I 0. 00358 1. 88900 0. 00274 

l. 73100 0. 00604 1. 78400 0. 00465 1. 83700 0. 00356 1. 89000 0. 00272 

l. 73200 0. 00601 I. 78500 0. 00462 1. 83800 0. 00355 1. 89100 0. 00271 

1. 73300 0. 00598 I I. 78600 0. 00460 1. 83900 0. 00353 1. 89200 0. 00270 

1. 73400 0.00595 1. 78700 0. (\0458 1. 84000 0. 00351 1. 89300 0. 00268 

l. 73500 0.00592 1. 78800 0. 00456 1. 84100 0. 00349 1. 89400 0. 00267 

1. 73600 0. 00589 1. 78900 0.00453 1. 34200 0.00348 1. 89500 0. 00265 

1. 73700 0. 00586 1. 79000 0. 00451 1. 84300 0.00346 1. 89600 0. 00264 

1. 73800 0. 00583 L 79100 0. 00449 1. 84400 0.00344 1. 89700 0. 00263 

1. 73900 0. 00580 L 79200 0. 00447 1. 84500 
I 

0. 00342 1. 89800 0. 00261 

1. 74000 0. 00578 1. 79300 0. 00444 1. 84600 I 
0. 00341 1. 89900 0. 00260 

1. '74100 0. 00575 1. 79400 0. 00442 I. 84700 0. 00339 1. 90000 0. 00259 

1. 74200 0. 00572 1. 79500 0. 00440 1. 84800 0. 00337 1. 90100 0. 00257 

I. 74300 0. 00569 1. 79600 0. 00438 1. 84900 0. 00336 1. 90200 0. 00256 

1. 74400 0. 00566 1. 79700 0. 00436 1. 85000 0. 00334 l. 90300 0. 00255 

I. 74500 0. 00564 1. 79800 0. 00433 

I 

1. 85100 0. 00332 I. 90400 0. 00253 

1. 74600 0. 00561 1. 79900 0. 00431 l. 85200 0. 00330 1. 90500 0. 00252 

1. 74700 0. 00558 1. 80000 0. 00429 1. 85300 0. 00329 1. 90600 0. 00251 

1. 74800 0. 00555 1. 80100 0. 00427 l. 85400 0. 00327 1. 90700 0. 00250 

1. 74900 0. 00553 I 
1. 80200 0. 00425 1. 85500 0. 00325 1. 90800 0. 00248 

1. 75000 0. 00550 1. 80300 0. 00423 1. 85600 0. 00324 1. 90900 0. 00247 

1. 75100 0. 00547 1. 80400 0. 00421 1. 85700 0. 00322 1. 91000 0. 00246 

1. 75200 0. 00545 1. 80500 0. 00419 1. 85800 

I 
0. 00321 . 1. 91100 0. 00244 

1. 75300 0. 00542 l. 80600 0. 00417 1. 85900 0. 00319 1. 91200 0. 00243 

1. 75400 0. 00539 L 80700 0. 00414 1. 86000 I 0. 00317 1. 91300 0. 00242 

1. 75500 0. 00537 1. 80800 0. 00412 1. 86100 0. 00316 1. 91400 0. 00241 

1. 75600 0. 00534 1. 80900 0. 00410 1. 86200 0. 00314 1. 91500 0. 00240 

1. 75700 0. 00531 1. 81000 0. 00408 1. 86300 0. 00313 1. 91600 0.00238 

1. 75800 0. 00529 1. 81100 0. 00406 1. 86400 0. 00311 1. 91700 0. 00237 
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1. 91800 0. 00236 1. 97100 0. 00179 2. 02400 0. 00135 ! 2.07700 0.00102 
1. 91900 0.00235 1. 97200 0. 00178 2. 02500 0. 00135 2.07800 0.00101 
1. 92000 0. 00233 1. 97300 0. 00177 2. 02600 0. 00134 2.07900 I 0. 00101 
1. 92100 0. 00232 1. 97400 0. 00176 2. 02700 0. 00133 2.08000 0.00100 
1. 92200 0.00231 1. 97500 0. 00175 2. 02800 0. 00133 2.08100 0. 00100 
1. 92300 0. 00230 1. 97600 0. 00174 2. 02900 0. 00132 2.08200 0. OOG!Hl 
1. 92400 0. 00229 1. 97700 0. 00173 2. 03000 0. 00131 2.08300 0.00099 
1. 92500 0.00227 1. 97800 0. 00173 2. 03100 0. 00130 2.08400 0.00098 
1. 92600 0.00226 1. 97900 0. 00172 2. 03200 0. 00130 2.08500 0. 00098 
1. 92700 0. 00225 1. 98000 0. 00171 2. 03300 0. 00129 2.08600 0. 00097 
1. 92800 0. 00224 1. 98100 0. 00170 2. 03400 0. 00128 2.08700 0.00097 
1. 92900 0. 00223 1. 98200 0. 00169 2. 03500 0. 00128 2. 08800 0.00096 
1. 93000 0. 00222 1. 98300 0. 00168 2. 03600 0. 00127 2.08900 0.00095 
1. 93100 0. 00220 1. 98400 0. 00167 

I 
2. 03700 0. 00126 2.09000 0.00095 

1. 93200 0. 00219 1. 98500 0. 00166 2.03800 0.00126 2. 09100 0.00094 
1. 93300 0. 00218 1. 98600 0. 00165 2. 03900 0.00125 2.09200 0.00094 
1. 93400 0. 00217 1. 98700 0. 00165 2.04000 0.00124 2.09300 0.00093 
1. 93500 0. 00216 1..98800 0. 00164 2.04100 0.00124 2. 09•:!00 0.00093 
1. 93600 0. 00215 1. 98900 0. 00163 2.04200 0.00123 2. 09500 0. 00092 
1. 93700 o. 00214 1. 99000 0. 00162 2.04300 0.00122 2.09600 0.00092 
1. 93800 0.00213 1. 99100 0. 00161 2.04400 0.00122 2,09700 0. 00091 
1. 93900 0. 00212 1. 99200 0.00160 ·2.04500 0.00121 2.09800 0.00091 
1. 94000 o. 00210 1. 99300 0. 00159 2.04600 0. 00120 2.09900 0. 00090 
1. 94100 o. 00209 1. 99400 0.00159 2.04700 0.00120 2. 10000 0.00090 
1. 94200 0. 00208 1. 99500 0. 00158 2.04800 

I 
0. 00119 2. 10100 0. 00089 

1. 94300 0. 00207 1. 99600 0. 00157 2.04900 0.00118 2. 10200 0.00089 
1. 94400 0.00206 1. 99700 0. 00156 2.05000 0.00118 2. 10300 0.0008!i 
1. 94500 0. 00205 1. 99800 0. 00155 I 2.05100 0. 00117 2. 10400 0.00088 
1. 94600 0. 00204 1. 99900 0. 00155 I 2.05200 0. 00117 2. 10.500 0.00088 
1. 94700 0. 00203 2.00000 0. 00154 2.05300 0. 00116 2. 10600 0.00087 
1. 94800 o. 00202 2. 00100 0. 00153 2.05400 0. 00115 2. 10700 0.00087 I 

I 
1. 94900 0. 00201 I 2.00200 0. 00152 2. 05500 0. 00115 2. 10800 0.00086 

I 1. 95000 0.00200 2.00300 0.00151 2.05600 0. 00114 2. 10900 0.00086 
1. 95100 0. 00199 2. 00400 0. 00150 2.05700 0. 00113 2.11000 0.00085 I 

1. 95200 0. 00198 2. 00500 0. 00150 2.05800 
I 

0.00113 2. 11100 0.00085 
1. 95300 0. 00197 2. 00600 0. 00149 2. 05900 0. 00112 2.11200 0.00084 
1. 95400 0. 00196 2. 00700 0. 00148 2.06000 0. 00112 2. 11300 0.00084 

i 
1. 95500 0. 00195 2.00800 0. 00147 2.06100 0. 00111 2. 11400 0.00083 

I 1. 95600 0. 00194 2. 00900 0. 00147 2.06200 0. 00110 2. 11500 0. 0008-3 
1. 95700 0. 00193 2. 01000 0. 00146 2.06300 0. 00110 2.11600 0.00082 I 
1. 95800 0. 00192 2. 01100 0. 00145 2.06400 0.00109 2. 11700 0.00082 

I 
1. 95900 0. 00191 2. 01200 0. 00144 2. 06500 0.00109 2. 11800 0. 00082 
1. 96000 0. 00190 2. 01300 0. 00143 2.06600 0. 00108 2. 11900 0.00081 
1. 96100 0. 00189 2. 01400 0. 00143 2.06700 0.00108 2. 12000 0.00081 
1. 96200 0. 00188 2. 01500 0. 00142 2.06800 0.00107 2. 12100 0.00080 
1. 96300 0. 00187 2. 01600 0. 00141 2.06900 0.00106 2. 12200 0.00080 
1. 96400 0. 00186 2. 01700 0. 00140 2.07000 0.00106 2. 12300 0.00079 
1. 96500 o. 00185 2. 01800 0. 00140 2.07100 0. 00105 2. 12400 0.00079 
1. 96600 0. 00184 2. 01900 0. 00139 2.07200 0.00105 2. 12500 0.00078 
1. 96700 0. 00183 2. 02000 0. 00138 2.07300 0.00104 2. 12600 0.00078 
1. 96800 0. 00182 2. 02100 0. 00138 2.07400 0.00104 2. 12700 0.00078 
1. 96900 0. 00181 2. 02200 0. 00137 2.07500 0.00103 2: 12800 

I 
0.00077 

1. 97000 0. 00180 2. 02300 0. 00136 2.07600. 0.00102 2. 12900 0.00077 
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2. 13000 0. 00076 2. 18300 0.00057 2. 23600 0. 00042 2.28900 0.00031 
2. 13100 o. 00076 2. 18400 0.00057 2.23700 0.00042 2.29000 0.00031 
2. 13200 0. 00076 2. 18500 0.00056 2.23800 0. 00042 2.29100 0. 00031 
2. 13300 0.00075 2. 18600 0.00056 2. 23900 0.00042 2.29200 0.00031 
2. 13400 0.00075 2. 18700 0. 00056 2.24000 0.00041 2.29300 0.00031 
2. 13500 0.00074 2. 18800 0.00055 2.24100 0.00041 2.29400 0.00030 
2. 13600 0.00074 2. 18900 0.00055 2.24200 0.00041 2.29500 0.00030 
2. 13700 0. 00073 2. 19000 0.00055 2.24300 0.00041 2.29600 0.00030 
2. 13800 0.00073 2. 19100 0.00055 2.24400 0.00040 2.29700 0. 00030 
2. 13900 0. 00073 2. 19200 0.00054 2.24500 0.00040 2.29800 0.00030 
2. 14000 0.00072 2. 19300 0.00054 2.24600 0.00040 2.29900 0.00030 
2. 14100 0.00072 2. 19400 0.00054 2.24700 0.00040 2.30000 0.00029 
2. 14200 0.00072 2. 19500 0.00053 2.24800 0.00040 2.30100 0.00029 
2. 14300 0. 00071 2. 19600 0.00053 2.24900 0.00039 2.30200 0. 00029 
2. 14400 0. 00071 2. 19700 0.00053 2.25000 0.00039 2.30300 0.00029 
2. 14500 0. 00070 2. 19800 0.00052 2.25100 0.00039 2.30400 0.00029 
2. 14600 0.00070 2. 19900 0.00052 2.25200 0.00039 2.30500 0. 00029 
2. 14700 0. 00070 2.20000 0.00052 2.25300 0.00038 2.30600 0.00028 
2. 14800 0. 00069 2. 20100 0.00052 2.25400 0.00038 2.30700 0.00028 
2. 14900 0. 00069 2.20200 0.00051 2.25500 0.00038 2.30800 0.00028 
2. 15000 0.00068 2. 20300 0.00051 2.25600 0.00038 2.30900 0.00028 
2. 15100 0. 00068 2. 20400 0.00051 2.25700 0.00038 2.31000 0.00028 
2. 15200 0.00068 2.20500 0.00050 2.25800 0.00037 2. 31100 o. 00028 
2. 15300 0.00067 2.20600 0.00050 2.25900 0.00037 2.31200 O.OOQ27 
2. 15400 0. 00067 2. 20700 0.00050 2.26000 0.00037 2.31300 0.00027 
2. 15500 0.00067 2.20800 0.00050 2.26100 0.00037 2. 31400 0.00027 
2. 15600 0.00066 2. 20900 

I 
0.00049 2.26200 0.00037 2.31500 0.00027 

2. 15700 0. 00066 2. 21000 0.00049 2.26300 0.00036 2.31600 o. 00027 
2.15800 0.00065 2. 21100 0.00049 2.2HOO 0.00036 2.31700 Q.QQ027 

I 2. 15900 0.00065 2. 21200 0.00048 2.26500 0.00036 2.31800 0.00026 
2.16000 0.00065 2.21300 0.00048 2.26600 0.00036 2.31900 0.00026 
2.16100 0.00064 2. 21400 0.00048 2.26700 0. 00036 2.32000 0.00026 
2.16200 0. 00064 2.21500 0.00048 2.26800 0.00035 2.32100 0.00026 
2. 16300 0.00064 2. 21600 0.00047 2.26900 0.00035 2.32200 0.00026 
2.16400 0.00063 2. 21700 0.00047 2.27000 0.00035 2.32300 0.00026 
2. 16500 0.00063 2. 21800 0.00047 2.27100 0. 00035 2.32400 0.00026 
2. 16600 0.00063 2.21900 0.00047 2. 27200 0.00035 2.32500 0.00025 
2. 16700 0.00062 2. 22000 0.00046 2. 27300 0.00034 2.32600 0.00025 
2. 16800 0.00062 2. 22100 0.00046 2.27400 0.00034 2.32700 0.00025 
2.16900 0.00062 2.22200 0.00046 2.27500 0.00034 2.32800 0.00025 

2. 17000 0.00061 2. 22300 0.00046 2.27600 0. 00034 2.32900 0.00025 
2.17100 0.00061 2.22400 0.00045 2.27700 0.00034 2.33000 0.00025 

2.17200 0.00061 2.22500 0. 00045 2.27800 0.00033 2.33100 0. 00025 
2. 17300 0.00060 2. 22600 0.00045 2. 27900 0.00033 2.33200 0.00024 

2.17400 0.00060 2. 22700 0.00045 2.28000 0.00033 2.33300 0.00024 

2.17500 0.00060 2. 22800 0.00044 2. 28100 0. 00033 2.33400 0.00024 
2. 17600 0.00059 2. 22900 0.00044 2.28200 0. 00033 2.33500 0.00024 

2. 17700 0.00059 2.23000 0.00044 2.28300 0.00032 2.33600 0. 00024 
2.17800 0.00059 2. 23100 0.00044 2.28400 0.00032 2.33700 0.00024 

2. 17900 0.00058 2;23200 0.00043 2. 28500 0.00032 2.33800 0.00024 
2. 18000 b.00058 2.23300 0.00043 2. 28600 0.00032 2.33900 0.00023 

2. 18100 "0:;.0~.058 2. 23400 0. 00043 2.28700 0.00032 2.34000 0.00023 
2. 18200 0.00057 2. 23500 0.00043 2.28800 0.00031 2.34100 0.00023 
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2.34200 0.00023 2.39500 0.00017 2.44800 0. 00012 2. 50100 0. 00009 
2.34300 0.00023 2.39600 0.00017 2.44900 0. 00012 i 2. 50200 0. 00009 
2. 34400 0.00023 2.39700 0.00017 2.45000 0. 00012 2. 50300 0. 00009 
2.34500 0.00023 2.39800 0.00017 2.45100 0. 00012 2. 50400 0. 00009 
2.34600 0.00023 2.39900 0.00016 2.45200 0. 00012 2. 50500 0. 00009 
2.34700 0.00022 2. 40000 0.00016 2.45300 o. 00012 2. 50600 .0. 00009 
2.34800 0.00022 2.40100 0.00016 2.45400 0. 00012 2. 50700 0. 00009. 
2.34900 0.00022 2. 40200 0.00016 2.45500 0. 00012 2. 50800 0. 00009 
2.35000 0.00022 2.40300 0.00016 2.45600 0. 00012 2. 50900 o. 00008 
2.35100 0.00022 2.40400 0.00016 .2. 45700 0. 00012 2. 51000 0. 00008 
2.35200 0.00022 2.40500 0.00016 2.45800 0.00012 2. 51100 0. 00008 
2.35300 0.00022 2.40600 0.00016 2. 45900 0. 00011 2. 51200 0. 00008 I 

2.35400 0.00021 2.40700 0.00016 2.46000 0. 00011 2. 51300 0. 00008 I 

2.35500 0.00021 2.40800 0.00016 2. 46100 0. 00011 2. 51400 0.00008 
2.35600 0.00021 2. 40900 0.00016 2.46200 0. 00011 2. 51500 0. 00008 
2.35700 0.00021 2. 41000 0. 00015 2. 46300 0. 00011 2.51600 0.00008 
2.35800 0. 00021 2. 41100 0. 00015 2. 46400 0. 00011 2. 51700 0. 00008 
2.35900 0.00021 2. 41200 0. 00015 2. 46500 0. 00011 2.51800 0.00008 
2.36000 0.00021 2. 41300 0. 00015 2. 46600 0. 00011 2. 51\:lOO 0.00008 
2.36100 0.00()21 2. 41400 0.00015 2.46700 0. 00011 2. 52000 0.00008 
2.36200 0.00020 2. 41500 0. 00015 2. 46800 0. 00011 2.52100 0.00008 
2.36300 0.00020 2. 41000 0.00015 2. 46900 0. 00011 2.52200 0.00008 
2.36400 0.00020 2. 41700 0. 00015 2.47000 0. 00011 2. 52300 0. 00008 
2.36500 0.00020 2. 41800 0. 00015 2. 47100 0. 00011 2. 52400 0. 00008 

I 2. 36600 0.00020 2. 41900 0. 00015 2. 47200 0. 00011 2. 52500 0.00008 
2. 36700 . 0. 00020 i 2.42000 0. 00015 2. 47300 0. 00011 2. 52600 0. 00008 
2.36800 0.00020 I 2. 42100 0. 00014 2.47400 0. 00010 2. 52700 o. 00008 
2.36900 0.00020 2. 42200 0. 00014 2. 47500 0.00010 2. 52800 0. 00008 
2.37000 0.00020 2.42300 0. 00014 2. 47600 o. 00010 z. 52900 0. 00007 
2. 37100 0.00019 2. 42400 ! 0. 00014 2, 47700 0. 00010 2. 53000 . 0. 00007 
2. 37200 . 0.00019 2. 42500 0. 00014 2. 47800 0. 00010 2. 53100 0. 00007 
2.37300 0.00019 2. 42600 0. 00014 2. 47900 0. 00010 2. 53200 0. 00007 
2.37400 0.00019 2. 42700 0. 00014 2. 48000 0. 00010 2. 53300 0.00007 
2.37500 0.00019 2.42800 0. 00014 z. 48100 0. 00010 2. 53400 0. 00007 
2.37600 0.00019 2. 42900 0. 00014 2. 48200 o. 00010 2. 53500 o. 00007 
2.37700 0.00019 2. 43000 0. 00014 2.48300 ! 0. 00010 2. 53600 0. 00007 
2.37800 0.00019 2. 43100 0. 00014 2.48400 0. 00010 2.53700 0.00007 
2.37900 0.00019 2. 43200 0. 00014 2. 48500 0. 00010 2. 53800 0.00007 
2.38000 0.00018 2.43300 0.00013 2.48600 0.00010 '2. 53900 0.00007 
2.38100 0.00018 2. 43400 0. 00013 2. 48700 0. 00010 2. 54000 0. 00007 
2.38200 0.00018 2. 43500 0. 00013 I 2.48800 0. 00010 2. 54:100 0.00007 
2.38300 0.00018 2.43600 0. 00013 2.48900 0. 00010 2. 54200 0. 00007 
2. 38400 

I 
0.00018 2.43700 0. 00013 2.49000 0. 00010 I 2. 54300 0. 00007 

2. 38500 0.00018 2. 43800 0. 00013 2.49100 0.00009 2.54400 0. 00007 
2.38600 0.00018 2. 43900 0. 00013 2. 49200 0. 00009 2. 54500 0. 00007 
2.38700 0. 00018 2.44000 0. 00013 2. 49300 0. 00009 2. 54600 0. 00007 
2.38800 0.00018 2. 44100 0. 00013 2. 49400 0. 00009 2. 54700 0. 00007 
2.38900 0.00017 2.44200 0. 00013 2. 49500 0. 00009 2. 54800 0. 00007 
2.39000 0. 00017 2.44300 0. 00013 2.49600 0.00009 2. 54900 0. 00007 
2. 39100 0.00017 2.44400 0. 00013 2. 49700 0. 00009 2. 55000 0. 00007 
2. 39200 0.00017 2. 44500 0. 00013 2.49800 0. 00009 

I 
2. 55100 0. 00007 

2.39300 0.00017 2. 44600 0. 00012' 2.49900 0. 00009 2. 55200 0. 00006 
2.39400 0.00017 2. 44700 0. 00012 2.50000 0.00009 2. 55300 0. 00006 
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TABLE 4.-Va,!ues of.[; - 2 du for given values of the parameter . 1--Continued 
• u v~t 

../4at 

f"' .... 
I 

F'.-·· f'e-•' r f"' .... 
r -F r -;2 d.1L 

r ..;; . 'd!J, r ..;; ' -;;;- d!J, ..;; ----;-d!J, 

.J4;i ..jM ' !J, ..jM ~ ' u 
y,-;t v;,;, ~~ y;;, 

I. 

2.55400 0. 00006 2. 60700 0. 00005 2. 66000 0.00003 2. 71300 0.00002 
2. 55500 0. 00006 2. 60800 0. 00005 2. 66100 0. 00003 2. 71400 0.00002 
2.55600 0. 00006 2. 60900 0. 00005 2. 66200 0. 00003 2. 71500 0.00002 

~-J 2.55700 0. 00006 2.61000 0. 00004 2.66300 0. 00003 2.71600 0.00002 
2.55800 0. 00006 2. 61100 0. 00004 2. 66400 0. 00003 2. 71700 0. 00002 
2. 55900 0. 00006 2. 61200 0. 00004 2. 66500 0. 00003 2. 71800 0. 00002 
2.56000 0. 00006 2. 61300 0. 00004 2. 66600 0. 00003 2. 71900 0. 00002 
2. 56100 0. 00006 2. 61400 0. 00004 2. 66700 0. 00003 2. 72000 0.00002 
2.56200 0. 00006 2. 61500 0. 00004 2. 66800 0. 00003 2. 72100 0. 00002 
2. 56300 0. 00006 2. 61600 0. 00004 2. 66900 0. 00003 2. 72200 0. 00002 
2.56400 0. 00006 2. 61700 0. 00004 2. 67000 0. 00003 2. 72300 0. 00002 
2. 56500 0. 00006 2. 61800 0. 00004 2. 67100 0. 00003 2. 72400 0.00002 
2. 56600 0. 00006 2. 61900 0. 00004 2. 67200 0. 00003 2. 72500 0. 00002 
2. 56700 0. 00006 2. 62000 0. 00004 2. 67300 0. 00003 2. 72600 0. 00002 
2.56800 0.00006 2. 62100 0. 00004 2. 67400 0. 00003 2. 72700 0. 00002 
2. 56900 0. 00006 2. 62200 0. 00004 2. 67500 0. 00003 2. 72800 0. 00002 
2. 57000 0. 00006 2. 62300 0. 00004 2. 67600 0. 00003 2. 72900 0. 00002 
2. 57100 0.00006 2. 62400 0. 00004 2. 67700 0. 00003 2. 73000 0. 00002 
2. 57200 0.00006 :2. 62500 0. 00004 2. 67800 0. 00003 2. 73100 0. 00002 
2. 57300 0. 00006 2. 62600 0. 00004 2. 67900 0. 00003 2.73200 0.00002 

2. 57400 0. 00006 :2. 62700 0. 00004 2. 68000 0. 00003 2. 73300 0. 00002 
2. 57500 0. 00006 :2. 62800 o. 00004 2. 68100 0.00003 2. 73400 0. 00002 

2. 57600 0.00006 2. 62900 0. 00004 2.68200 0.00003 2. 73500 0. 00002 
2. 57700 0. 00006 :~. 63000 0. 00004 2.68300 0. 00003 2. 73600 0. 00002 

2.57800 0.00006 2. 63100 0. 00004 2.68400 0. 00003 2. 73700 0.00002 

2. 57900 0. 00005 !~. 63200 0. 00004 2.68500 0. 00003 2. 73800 0. 00002 
2. 58000 0. 00005 :!. 63300 0. 00004 2.68600 0. 00003 2. 73900 0. 00002 

2. 58100 0. 00005 2. 63400 0. 00004 2. 68700 0. 00003 2.74000 0. 00002 

2. 58200 0. 00005 2. 63500 0. 00004 2.68800 0. 00003 2. 74100 0. 00002 
2. 58300 0. 00005 ~:. 63600 0. 00004 2.68900 0. 00003 2. 74200 0. 00002 
2. 58400 0. 00005 ~:. 63700 0. 00004 2.69000 0. 00003 2. 74300 0. 00002 
2. 58500 0. 00005 ~:. 63800 0. 00004 2. 69100 0. 00003 2. 74400 0. 00002 
2. 58600 0. 00005 2:. 63900 0. 00004 2. 69200 0. 00003 2. 74500 0. 00002 
2. 58700 0. 00005 2:. 64000 0. 00004 2. 69300 0.00003 2.74600 0.00002 
2. 58800 0. 00005 2. 64100 0. 00004 2. 69400 0. 00003 2. 74700 0. 00002 

2. 58900 0. 00005 2. 64200 0. 00004 2.69500 0.00003 2. 74800 0. 00002 
2. 59000 0. 00005 2. 64300 0. 00004 2. 69600 0.00003 2. 74900 0. 00002 
2. 59100 0. 00005 2. 64400 0. 00004 2.69700 0.00003 2. 75000 0. 00002 
2. 59200 0. 00005 2. 64500 0. 00004 2. 69800 0.00003 2. 75100 0. 00002 

2. 59300 0. 00005 2. 64600 0. 00004 2. 69900 0.00003 2. 75200 0. 00002 
2. 59400 0. 00005 2. 64700 0. 00004 2.70000 0. 00003 2. 75300 0. 00002 
2. 59500 0. 00005 2. 64800 0. 00004 2. 70100 0. 00002 2. 75400 0. 00002 
2. 59600 0. 00005 2. 64900 0. 00004 2. 70200 0.00002 2. 75500 0. 00002 

2. 59700 0. 00005 2. 65000 0. 00003 2. 70300 0. 00002 2. 75690 0. 00002 

2. 59800 0. 00005 2. 65100 0. 00003 2. 70400 0.00002 2.75700 0. 00002 

2.59900 0.00005 2 65200 0. 00003 2. 70500 0. 00002 2.75800 0.00002 

2. 60000 0. 00005 2. 65300 0. 00003 2. 70600 0.00002 2. 75900 0. 00002 
2. 60100 0. 00005 2. 65400 0. 00003 2. 70700 0.00002 2. 76000 0. 00002 
2. 60200 0. 00005 2. 65500 0. 00003 2. 70800 0. 00002 2. 76100 0. 00002 

2. 60300 0. 00005 2. 65600 0. 00003 2. 70900 0.00002 2. 76200 0. 00002 

2.60400 0. 00005 2. 65700 0. 00003 2. 71000 0. 00002 2. 76300 0. 00002 
2. 60500 0. 00005 2. 65800 0. 00003 2. 71l00 0. 00002 2. 76400 0. 00002 

2.60600 0. 00005 2. 65900 0. OQ003 2. 71200 0. 00002 2. 76500 0. 00002 
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2. 76600 0. 00002 2. 81900 0. 00001 2. 87200 0. 00001 2.92500 0. 00001 
2. 76700 0. 00002 2. 82000 0. 00001 2. 87300 0. 00001 2. 92600 o. 00001 
2. 76800 0. 00002 2.82100 0. 00001 2. 87400 0. 00001 2. 92700 0.00001 
2. 76900 0. 00002 2. 82200 0. 00001 2.87500 0. 00001 2. 92800 0. 00001 
2. 77000 0. 00002 2. 82300 0. 00001 2.87600 0. 00001 2. 92900 o. 00001 
2. 77100 0. 00002 2. 82400 0.00001 2. 87700 0. 00001 2. 93000 0. 00001 
2. 77200 0. 00002 2. 82500 0.00001 2. 87800 0. 00001 2.93100 0. 00001 
2. 77300 0. 00002 2. 82600 0. 00001 2. 87900 0. 00001 2.93200 0. 00000 
2. 77400 0. 00002 2. 82700 0.00001 2.88000 0.00001 2.93300 0. 00000 
2. 77500 0. 00002 2. 82800 0. 00001 2. 88100 0. 00001 2.93400 0.00000 
2. 77600 0. 00002 2. 82900 0. 00001 2. 88200 0. 00001 2. 93500 0. 00000 
2. 77700 0. 00001 2. 83000 0.00001 2. 88300 0. 00001 2. 93600 0.00000 
2. 77800 0. 00001 2. 83100 0. 00001 2. 88400 0. 00001 2. 93700 0. 00000 
2. 77900 0. 00001 2. 83200 0. 00001 2. 88500 0. 00001 2. 93800 0. 00000 
2. 78000 0. 00001 2. 83300 0. 00001 2. 88600 0. 00001 2. 93900 0. 00000 
2. 78100 0. 00001 2. 83400 0.00001 2. 88700 0.00001 2. 94000 0. 00000 
2. 78200 0. 00001 2. 83500 0. 00001 2. 88800 0. 00001 2. 94100 0. 00000 
2. 78300 0.00001 2.·83600 0. 00001 2.88900 0. 00001 2. 94200 0. 00000 
2. 78400 0. 00001 2. 83700 0. 00001 2. 89000 0. 00001 2. 94300 0. 00000 

2. 78500 0. 00001 2. 83800 0. 00001 2. 89100 0. 00001 2. 94400 0. 00000 

2. 78600 0. 00001 2. 83900 o. 00001 2. 89200 0. 00001 2. 94500 0. 00000 

2. 78700 0. 00001 2.84000 0.00001 2.89300 0.00001 2.94600 0.00000 

2. 78800 0. 00001 2. 84100 0.00001 2. 89400 0.00001 2. 94700 0. 00000 

2. 78900 0. 00001 2. 84200 0. 00001 2. 89500 0.00001 2. 94800 0.00000 

2. 79000 0. 00001 2. 84300 0. 00001 2. 89600 0.00001 2. 94900 0. 00000 

2. 79100 0. 00001 2. 84400 0. 00001 2. 89700 0. 00001 2. 95000 0.00000 

2. 79200 0. 00001 2. 84500 0. 00001 2. 89800 0. 00001 2. 95100 0. 00000 

2. 79300 0. 00001 2. 84600 0. 00001 2. 89900 0. 00001 2. 95200 0. 00000 

2. 79400 0. 00001 2.84700 0. 00001 2.90000 0. 00001 2. 95300 0. 00000 

2. 79500 0. 00001 2. 84800 0. 00001 2. 90100 0. 00001 2. 95400 0. 00000 

2. 79600 0. 00001 2. 84900 0. 00001 2. 90200 0. 00001 2. 95500 0. 00000 

2. 79700 0.00001 2.85000 0. 00001 2. 90300 0. 00001 2. 95600 0.00000 

2. 79800 0.00001 2. 85100 o. 00001 2. 90400 0. 00001 2. 95700 0. 00000 

2. 79900 0.00001 2. 85200 0. 00001 2. 90500 0. 00001 2. 95800 0.00000 

2. 80000 0. OD001 2.85300 0. 00001 2. 90600 0. 00001 2. 95900 0. 00000 

2. 80100 0.00001 2. 85400 0.00001 2. 90700 0. 00001 2. 96000 0.00000 
2. 80200 0.00001 2. 85500 0. 00001 2.90800 0. 00001 2. 96100 0. 00000 

2. 80300 0.00001 2.85600 0. 00001 2.90900 0. 00001 2. 96200 0. 00000 

2. 80400 0. 00001 2.85700 o. 00001 2. 91000 0.00001 2. 96300 0.00000 
2. 80500 0. 00001 2.85800 o. 00001 2. 91100 0. 00001 2. 96400 0.00000 

2. 80600 0.00001 2.85900 0. 00001 2. 91200 0. 00001 2.96500 0.00000 

2. 80700 0.00001 2. 86000 0. 00001 2. 91300 0. 00001 2. 96600 0. 00000 

2. 80800 0. (10001 2. 86100 0. 00001 2. 91400 0. 00001 2. 96700 0. 00000 

2. 80900 0 . .00001 2. 86200 0. 00001 2. 91500 0. 00001 2. 96800 0. 00000 

2. 81000 0. 00001 2. 86300 0. 00001 2. 91600 0. 00001 2. 96900 0. 00000 

2. 81100 0.00001 2. 86400 0. 00001 2. 91700 0. 00001 2. 97000 0. 00000 

2. 81200 0.00001 2. 86500 0. 00001 2. 91800 0. 00001 2. 97100 0. 00000 

2. 81300 0.00001 2. 86600 0. 00001 2.91900 0. 00001 2. 97200 0. 00000 

2. '81400 0.00001 2. 86700 0. 00001 2.92000 0. 00001 2. 97300 0. 00000 

2. 81500 0.00001 2. 86800 0. 00001 2.92100 0. 00001 2.97400 0. 00000 

2. 81600 0.00001 2.86900 0. 00001 2.92200 0. 00001 2. 97500 0. 00000: 

2. 81700 0.00001 2. 87000 0. 00001 2. 92300 0. 00001 2. 97600 o. ooooq 
2. 81800 0.00001 2. 87100 0. 00001 2. 92400 0. 00001 2.97700 0. 00000 
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2. 97800 0. 00000 2. 98400 0. 00000 
2. 97900 0. 00000 2. 98500 0. 00000 
2. 98000 0. 00000 2. 98600 0. 00000 
2. 98100 0. 00000 2. 98700 0. 00000 
2. 98200 0. 00000 2. 98800 0. 00000 
2. 98300 0. 00000 

I 
2.98900 0. 00000 

bank storage and return will contribute to the 
storage capacity of the reservoir. The bank 
storage capacity can be e~stirnated by idealizing 
the rise and fall of t.he reservoir surface as sinus
oidal with a period T. 

Fluctuation of reservoir level. If the instan
taneous departure of the reservoir surface from 
the mean level is h. and the maximum departure 
from the mean H., then it is assumed that: 

(62) 
where 

(63) 

A solution of Equation (3) which reduces to the 
above variation when x=O is: 

h.=H.e -x-Y~ sin ( wt-x~} (64) 

The total volume of water stored, per unit 
length of bank, as the reservoir is filled and then 
returned as the reservoir is drained is: 

S=2K.Dl~. 
~ 

(65) 

The total amount stored would be obtained by 
multiplying this quantity by the perimeter of the 
reservoir. 

Since the cycles of filling and emptying of 
reservoirs are generally irregular, Formula (65) 
can only serve as a means of estimating the 
increase of reservoir capacity provided by the 
bank storage. If the reservoir has only recently 
been placed in service or the operation is irregular, 

r f"' ..... r f"' ·-·· I .,;; 0 du .,;; 2 du 
..j4c;i ' u ~ ' 1l 

~t ~I 

2.99000 0. 00000 2.99600 0. 00000 
2.99100 0. 00000 2. 99700 0. 00000 
2. 99200 0. 00000 2. 99800 0. 00000 
2. 99300 0. 00000 2. 99900 0. 00000 
2. 99400 0. 00000 3. 00000 0. 00000 
2. 99500 0. 00000 

the contribution of bank storage ca'n be approxi
mated by a stepwise application of Formula (61) 
to increments of reservoir rise or fall corresponding 
to suitably chosen uniform increments of time. 
The total flow would be obtained as a summation 
of the flows originating in the individual incre
ments. In the case of a reservoir recently placed 
in service, the flows will generally be moving 
outward to build up the ground-water mound 
which will ultimately be created- by the surface 
reservoir. 

A few words of explanation concerning the 
nature ofFormula (65) may be helpful. 

This formula represents an ultimate stable
regimen which would prevail after all of the 
starting transients had died out. A solution 
containing the starting transients wouid be quite 
complicated and would not add much in the way 
of useful results. It will be worthwhile to 
remember that Formulas (64) and (65) become 
applicable only after the reservoir has been 
through several cycles of filling and emptying. 

Example 

A reservoir is to -be constructed in a valley filled 
to considerable depths with alluvial and wind
blown sands. The visible storage, with a depth of 
80 feet, will be 25,000 acre-feet. The transmissi
bility of the material adjacent to the reservoir is 
0.220 ft2 per sec. The yield on drawdown is 
1'=0.15. The res~oir will have a shoreline, 
when filled, of about 75,000 feet. A yearly 
fluctuation of 40 feet is expected. At the mean 
water surface, corresponding to a 60-foot depth, 
the shoreline will be about 56,000 feet. Estimate 
the rate of flow into the banks after the reservoir 
has been filled 1 year, the total bank storage at 
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the end of 1 year and the effective increase in 
capacity due to the bank storage and return. 

KD 0.220 
a=y=o:w=1.47 feet2/second. 

The average depth of water applied to the banks 
is 80/2=40 feet. Then H=40 feet. One year is 
31,536,000 seconds. 

From Formula (60) the flow into the banks is: 

-Fn HKD (40)(0.220) 
..;:;;t .J1r(l.47) (31,536,000) 

or 
Ul 8.80 

-.L' o= 12 070 
l 

cubic-feet-per-second per foot of bank. The total 
outflow is obtained by multiplying this figure by 
the length of the bank. Then the total flow into 
the banks at the end of a year would be estimated 
as: 

(8.80) (7 5,000) =55 
12,070 

cubic feet per second. The total flow into the 
banks in the first year would be, by Formula (61), 

-R=HV ~=(40)(0. 1fi)~(4)(1.47):1,536,000 

=(6.0)(7,680)=46,000 

cubic feet per foot of bank. Then the total bank 
storage accumulated in the first year is estimated 
to be 

( 46•000) (75•000) =79 200 acre-feet 
43,560 l • 

The increase in effeetive capacity of the reser
. voir due to bank storage would be, by Formula 

(65), 

The amplitude of the yearly fluctuation is 
40/2=20. Also with a period of 1 year, or 
31,536,000 seconds, 

2,r 6.2832 
w= T 31,536,000 (0.1992)(10)-6=(1/sec) 

then 

..J~=-v' (0.293) (10) 6=0.000541 (ft/sec) 

s (2) (0.220) (20) 16,270 
0.000541 

cubic feet per foot of bank. The total capacity 
increase would be, for the 56,000 feet of bank at 
the mean level, 

(16,270)(56,000) 20 900 -f t 
43 560 , acre ee . 

' 
The conditions chosen for this example repre

sent an unusually permeable bank material. They 
are such conditions as might be found in a sand.:. 
dune area and the seepage losses and reservoir 
capacity increases are correspondingly high. In 

· such an area there would be a leakage around 
the dam and the volume of the ground-water 
mound would be limited to the volume it could 
attain under ultimate steady state conditions. 
An electric analogy tray is a useful device for 
finding the ultimate size and shape of the ground
water mound. 

Use of Images 

The usefulness of the formulas for ascertaining 
the drawdown that can be attributed to well pump
ing in indefinitely extended aquifers may be ex
tended by the use of images. Suppose, for 
example, that a well, drawing water from an un
confined aquifer, is located near a stream and it is 
decided to compute the pattern of drawdown 
around the well at some given time after pumping 
begins. If the stream were absent there would be 
a drawdown along the line where the near bank of 
the stream is located, but so long as the stream is 
there, no drawdown can occur along this line. 
This fact can be accounted for by assuming that 
the stream is absent and introducing an image well 
at the point where the pumped well would be 
imaged by the line representing the location of the 
near bank of the stream. Since the condition 
maintained by the stream is one of zero draw
down, the image well is a recharge well which is 
supplied with the same flow as is being taken from 
the pumped well. Since both wells are at the same 
distance from the line representing the near bank 
of the stream and produce drawdowns of equal 
magnitude but of opposite sign, the net result will 
be to keep the drawdown along this line zero. 
Then the mathematical procedure for computing 
the drawdowns around the pumped well will be to 
assume the aquifer is infinite in extent to assume 
that the stream is absent, to introduce the image 
well, and to compute the drawdowns from the two 
wells. 
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Variations of this expedient can be used to 
account for an impermeable boundary, for the case 
of a well in a corner between a stream and a · 
tributary which comes in at a right angle, for the 
case of a well between two streams, and for other 
similar cases. 

In some cases, a succession of imagings will be 
needed to meet the appropriate boundary condi
tions. This process often leads to an infinite 
series of terms, but the series generally converges 
rapidly. 

As an example of the use of this process it will 
be used to estimate the depletion of a stream due to 
pumping a well at the rate Q at the distance x1 
from the stream. It is assumed that the well 
draws water from alluvial sediments and that the 
stream runs over the surface of these sediments 
and is in contact with the ground water in them. 
The course of the stream will be idealized as a 
straight line. 

In an infinitely extended aquifer, as postulated 
in the development of Formula (9), a drawdown 
would develop along the course of the stream. 
The stream, however, will maintain the water
table elevation along its course. The condition 
of no drawdown along the course of the stream 
can be met by introducing a recharge well of 
strength Q located at the distance :IIJ from the 
stream at a point directly opposite the pumped 
well. 

The flow of ground wat.er across the stream 
boundary, due to pumping the well, can be found 
by introducing a rectangular coordinate system 
with the coordinate y measured along the course 
of the stream and the coordinate x measured to
ward the well from the poi:nt y=O. In this sys
tem, the radius, drawn from the well, is: 

The gradient across the stream is found by dif
ferentiating Expression 9 with respect to x. The 
flow per unit length along the axis of y is found by 
multiplying this gradient by the transmissivity KD. 
And the total flow q across the y axis is found 
by integrating this unit flo"r along the axis of y. 
This procedure is described in detail in Reference 
(10). The result, including t<he effect of the image 
well, is: 

The integral which appears here is the tabulated 
"Probability Integral." 

Analogs 
The treatment of ground .. water movement has 

proceeded along analytical l.ines in the preceding 
sections of this monograph. Analogs, however, 
provide. an alternative approach, which becomes 
particularly valuable when the conditions to be 
dealt with are complex. Analog procedures a.:re 
basically experimental in nature. If time and 
funds permitted, it would be possible, in many 
cases to develop needed information by direct ex
per~entation in the field. Such an approach is 
seldom permissible, however, because of the large 
expenditures which would be needed to support 
such investigatiqns. Experimentation. becomes 
feasible if the field phenomena can be replaced by 
analogous phenomena of such nature that it be
comes possible to bring the problem into the 
laboratory. 

Electrical phenomena provide such a possibility. 
They are, in addition, easily controlled and 
measured and also are capable of tremendous 
speeds of operation. Analogous quantities in the 
prototype and its electrical representation are the 
following:· 

Analogous quantities 

Hydraulic prototype Electric. analog 

Flow of ground water 
Water-table elevation 
Transmissivity 
Storage 

Current 
Voltage 
Conductance 
Capacitance 

The procedure for establishing correlations 
among the prototype and analog quantiti~s ~s 
explained in detail in Reference (12) but 1t 1s 
essentially the following: . 

a. Write a system of equations expressmg 
the prototype relationships 

b. Write a similar set of equations for the 
analog 

c. Write a set of correlation equations ex
pressing the prototype quantities in 
terms of the analog quantities. 

The last set of equations will contain a set of 
constants. Several trials will generally be neces
sary before a satisfactory relationship can be 
worked out, but these constants will fix the size 
of the analog components and its speed of opera
tion. 

• 
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Highly developed electrical and experimental 
and analytical skills are needed if economical and 
expeditious analog procedures are to be realized. 
A few wrong choices can bog the whole operation 
down in a morass of unnecessary construction and 
operational difficulties. A combination of analog 
and analytical procedures is often effective. 

Comparisons of Observed and Computed 
Ouantities 

The formulas presented herein have been de
veloped on bases which include certain simplifying 
assumptions. These simplifications were intro
duced to make the ca.ses analytically tractable but 
they do impose some limitations on the ra.nge of 
validity. It will be worthwhile, therefore, to 
compare some computed and observed quantities 
to learn how important these limitations are. 
Comparisons are made for a pumped well operating 
under water-table conditions, for a leaky aquifer 
case, and for the return flows originating in an 
irrigated area. Sitmplifying assumptions often 
must be used in engineering work and it is gen
erally recognized that formulas derived on such 
a basis must be used with a knowledge of the 
limitations these simplifications impose. The 
comparisons shown here indicate that these for
mulas, when so used, can be expected to serve as 
well as those having a longer history of use in the 
practice of engineering. 

Pumping test in an uncorifined aquifer. This 
test was made on. a gravel-packed well installed 
to a depth of 90 feet. The well casing was 8 
inches in diameter. The pump column was set 
at 88 feet. The well penetrated the entire thick-

ness of the aquifer which extended from 24 to 90 
feet. The depth of water was 60 feet, leaving 6 
feet of unsaturated material at the top of the 
aquifer. The pump was operated continuously 
for 5 days with a flow of 150 gallons per minute. 
Depth to water was measured in the pumped well 
a.nd in six observation wells installed to a. depth 
of 45 feet. These were perforated from 20 feet 
down and sealed to 20 feet. Based upon the 
performance of the well, the aquifer properties 
were determined to be: 

K=0.0020 ft per sec 
D=60 (feet) 
V=O.I54 (dimensionless) 

=0.78 ft2 per sec. 

The theory for such cases, as described in the 
development leading to Formula (9), indicates 
that it should be possible to draw a type curve, as 
shown by the solid line on Figure 14, and that all 
drawdown observations at all radii and at all 
times should fall on this curve if they are plotted. 
in terms of the dimensionless parameters 

rf...}4at and s /('hr~} 

The test of the validity of the theoretica;l 
development is here made to depend upon con
formity with the observed pattern of drawdowns. 
If the observations do plot on the type curve, then 
the pattern derived from the theoretical con
sideration is acceptable, otherwise not. A list of 
observed drawdowns is shown in the following 
table: 

TABLE 5.-0bserved drawdowns due to pumping from an unconfined aquifier 

I 
Dist~>nce from 

Well pumped well 
July 16 July 16 I July 16 (feet) 
9:15-l/2 9:3.i I 22:30 

~-2-35 ___________________ 
100~ 0 0.10 0.50 

~-4-48------------------- 200~ 0 0. 03 0. 24 
~-6-50 ___________________ 

400~ 0 0. 00 0. 09 
W-2-50 ______ ------ --- 101W 0 0. 10 0.47 
W-4-50 __ ,. ___ -- ... ---------- 201W 0 0. 04 0.24 
W-6-48------------------- 403W 0 0.00 0. 08 

The following computations are based upon these observations: 
_r 

Values of r;-; 
v4at 

Dre.wdown (feet) 

I July 17 I July 18 July 1ll July 20 July 21 

I 12:00 12:00 12:00 12:30 8:30 

0. 67 0. 78 0. 86 0. 91 0. 97 
0.35 0. 48 0. 59 0. 60 0. 67 
0. 15 0. 24 0. 29 0. 32 0 39 
0. 62 0.75 0. 81 0. 85 0. 93 

.0.36 0.47 0. 53 0. 56 0. 64 
0. 15 0. 22 0. 28 0.30 0.36 
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TABLE 5.-0bs~lrved drawdowns due to pumping from an unconfined aquifier-Continued 

July 16 July 16 July 16 July 17 July 18 July 19 July 20 July 21 
Well Radius (feet) 9:15-1/2 9:35 22:30 12:00 12:00 12:00 12:30 8:30 

0 sec 1, 170 sec 47,670 96, 270 182,670 269,070 357, 270 429,270 

~-2-35 ___________________ 100 co 1. 65 0. 259 0. 182 0. 132 0. 109 0. 095 0. 086 
~-4-48------~------------ 200 CD 3. 30 0. 519 0. 365 0. 265 o .. 218 0. 189 0. 173 
~-6-50 ___________________ 400 CD 6. 62 1. 037 0. 730 0. 530 0.436 0. 379. 0. 346 
VV-2-50------------------- 101 "" 1. 67 0. 262 0. 184 0. 134 o. 110 0. 096 0.087 VV-4-50 ___________________ 201 "" 3. 33 0. 521 0. 367 0. 266 0. 219 0. 190 0. 174 VV-6-48 ___________________ 403 "" 6. 67 1. 045 0. 735 0. 534 0. 440 0. 382 0. 348 

a=0.78 ft2 per sec 4a=3.12 ftl per sec 

A type curve and the eorresponding values 
obtained from the pumping test are shown on 
Figure 14. 

A scrutiny of Figure 14 will show that, while 
the observations exhibit some scatter, they do fol
low substantially the theoretical type curve. It 
is concluded that the validity of the theory is con
firmed by this test. 

A leaky roof aquifer case. The test described 
here was made in an area of previous glaciation. 
As the glaciers receded, they first deposited a bed 
of sand and later covered the sand with a thick 
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deposit of glacial till. The permeability of the 
till is very low compared to that of the sand. In 
the area of the test, the water table is in the till. 
When a well casing is installed and perforated 
through the thickness of the sand bed, removal of 
water by a pump will reduce the pressure at the 
base of the till and induce a vertical movement of 
water in the till. The situation is amenable to 
treatment by an analysis of the type described 
under the heading, "Aquifer with a Semipermeable 
Upper Confining Bed." 

The present case differs fundamentally from the 

WELL RADIUS- FT. DIRECTION SYMBOL 
N-2-35 100 N . 
N-4-48 200 N / 

.r 
N-6-50 400 N '• ' 
W-2-50 101 w I -i-
W-4-50 201 w "' W-ii-48 403 w m 

Q= 0.3342 ft~/sec. (150 G.P.M.l 
K = o. 0020 ft./sec. 
D= 60 ft. 
v=O.I54 
a= o. 78 ft~ /sec. 

~ 
~ 

T!J' / 

!"'.. 
~ •-!-

f-.- t' 
1.0 10 

FIGURE 14.-Comparison of obS(lrved and computed performance. Well drawing water from an unconfined aquifer. 

-
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one previously described since the drawdowns, 
represented in this instance by a pressure reduc
tion, ultimately reach a steady state where the 
leakage from the upper confining bed will supply 
the flow from the well. In the unconfined case 
no ultimate st€:ady state is ever reached. An 
attempt to apply the analysis for an unconfined 

aquifer does not produce correlation, as is indicated 
on Figure 15, even though the transmissibility of 
the aquifer and its specific yield may be well 
defined. If the analysis appropirate for an 
aquifer with a semipermeable confining bed is 
applied, a good correlation is obtained, as is shown 
on Figure 16. 

CJ. """"'= 1~, .l -
~c.r/ ,I -~ r- t - f-
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1- ~ r--- D 
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/'" 'r--... w / 1 

r-:r~os 1 ........ 
LL. / l -"1_ 
I 4~ 1-

-';£J'1Js z !---"'"' I-- J. f- '--

r--.../ir J 3 r .A' 
,/ r-o..· 0 5.01 

I 224 0 · r"-- Cl 6 / t ~ 3 -r~r-e_o Sec (J ~ <:( / 6 ---0:: 6.0 
!---"'"' r-'-~o.o 1'1, a ..... 

'KJ 7. 
1/ ...... 

...... 
t'-.. / v 
~ 8.0 v 

D 

w,o Ws w4 Wz s? ~4 s6 ;;)8 

1692 400 300 200 100 0 100 200 300 400 790 
DISTANCE FROM PUMP WELL- FEET 

FIGURE 15. ·-Drawdown cHrves as computed from Equation 9 with physical constants K and V based on measured drawdowns 
at maximum time shown. Circled points represent corresponding measured drawdowns. Observation wells are designated 
S2, W 0, etc. 

Values c,f s 

Cz1r~D) 
Well July 16 

I 
July 16 July 16 July17 July 18 July 19 July 20 July 21 

9:15~ 9:35 22:30 12:00 12:00 12:00 12:30 8:30 

N-2-35 ________________ 0 0.23 1. 15 1. 54 1. 79 1. 97 2.08 2.22 
N-4-48 ________________ 0 0. 07 0.55 0.80 1. 10 1. 35 1. 37 1.54 
N -6-50. _______________ 0 0. 00 0.21 0.34 0.55 0.66 0.73 0.89 
W-2-50 _______________ 0 0.23 1. 08 1. 42 1. 72 1. 86 1. 95 2. 13 
W-4-50 _______________ 0 0.09 0.55 0.82 1. 08 1. 21 1. 28 1. 47 

W-6-48--------------- 0 0.00 0. 18 0.34 0.50 0.64 0.69 0.82 

21rKD= (6.2832) (0.122) =0.766 

Q = 0.3342 ft3 per sec 
Q 

(21rKD) =0.4363. 

(0.4~63)~2.2916 
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FIGURE 16.-Drawdown curves as computed by use of the idealization of Figure 4 which includes the effect of leakage through a 
bed of permeability p overlying the aquifer. Circled points represent corresponding measured drawdown observations. 
Wells are designated S2, W2, etc. 

It can be concluded in this case also that the 
validity of the analyses is confirmed by the test. 

Comparisons of Obser't'ed and Computed 
Return Flows 

A comparison of observed and computed return 
flows in the Mesilla Valley in New Mexico is 
given in detail in Bureau Technical Memorandum 
No. 660 (Hurley, Reference 15). 

This study covers a 12-year period terminating 
in 1945. No significant amount of pumping 
was being done at this time. The Mesilla Valley 
is an irrigated area served by the Rio Grande 
Project, covering a long narrow strip bordering 
the Rio Grande in southern New Mexico. It is 
about 50 miles in length and 5 miles wide. The 
gross area is about 180.7 square miles and is 
served by about 152 miles o:f drains. From these 
figtrres an average drain spaeing of 1.19 miles was 
obtained. The surrounding area is desert which 
contributes little or no in1low. Diversions are 
made at the Leasburg and Mesilla Diversion 
Dams. Project operation was quite consistent 
and without major construetion changes during 
the period of the study. The irrigated area in 
the valley is about 70,000 acres. 

Records for diversions and return flows are 

available for the period. The analysis was based 
upon the use of the chart of Figure 8. The 
computations were based upon a time interval 
of 1 month. The results are shown on the follow
ing six figures. (Figures 17, 18, 19, 20, 21, and 
22.) 

A close correlation is obtained for 10 of the 12 
years of the study period. The author states that 
"The differences in 1935 and 1945 can be ex-.. 
plained by unusual situations during these years." 
He concludes that "Considering the quantity of 
water dealt with and all the variables and assump
tions, the results obtained are remarkably good. 
This seems to indicate that the theory and the 
the method are valid, at least in the range of 
accuracy anticipated." 
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FIGURE 17.-Comparisan of observed and computed drain flows. 
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-Ret. Flow 184,3'00 (calculated) 

1937 YEARLY TOTALS 

Percolation 178,700 acre -feet 
--- Drains 180, 300 (observed l 
-Ret. Flow 184,100 (calculated) 

FIGURE lB.-Comparison of observed and computed drain flows. 
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GRAPH No. 3 

19 38 YEARLY TOTALS 

Percolation 185,500 acre- feet 
--- Drain 185,900 (observed l 
--Ret. Flow 182,600 (calculated) 

Remarks; 
Picked as o typical year for 
other comparisons 

1939 YEARLY TOTALS 

Percolation 222,200 acre-feet 
--- Dra1ns 217,400 (observed) 
-Ret. Flow 218,000 (calculated) 

FIGURE 19.-Comparison of observed and computed drain ftows. 
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GRAPH No. 4 

1940 YEARLY TOTALS 

Percolation 214,600 acre- feet 
--- Drain 225,500 (observed) 
--Ret. Flow 215,800 (calculated) 

1941 YEARLY TOTALS 

Percolation 223,400 acre- feet 
---Drain 215,700 (observed) 
-Ret. Flow 220,000 rcolculoted) 

Remarks; 
7.35 ln. of rain during Sept 

FIGURE: 20.-Comparison of observed and computed drain flows. 
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GRAPH No. 5 

1942 YEARLY TOTALS 

Percolation 235,100 acre- feel 
---Drain 235,800 (observed) 
--Ret. Flow 229,900 (calculated) 

1943 YEARLY TOTALS 

Percolation 266,700 acre- feel 
---Drain 256,800 (observed) 
-Ret. Flow 265,900 (calculated) 

FIGURE 21.-Comparison of observed and computed drain flows. 
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1944 YEARLY TOTALS 

Percolation 264,900 acre -feet 
--- Drains 262,400 (observed) 
--Ret. Flow 263,700 (calculated) 

1945 YEARLY TOTALS 

Percolation 280,800 acre- feet 
--- Drain 225,300 (observed) 
--Ret. Flow 276,700 (calculated) 

FIGURE 22.-Comparison of observed and computed drain flows. 
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