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Abstract
This primer accompanies the release of BAGS, software developed to calculate 
sediment transport rate in gravel-bed rivers. BAGS and other programs facilitate 
calculation and can reduce some errors, but cannot ensure that calculations are 
accurate or relevant. This primer was written to help the software user define 
relevant and tractable problems, select appropriate input, and interpret and apply 
the results in a useful and reliable fashion. It presents general concepts, develops 
the fundamentals of transport modeling, and examines sources of error. It 
introduces the data needed and evaluates different options based on the available 
data. Advanced expertise is not required.
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profits, lost savings, or other incidental or consequential damages arising from the 
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Chapter 1—Introduction

Purpose and goals

This primer accompanies BAGS (Bedload Assessment in Gravel-bedded 
Streams) software written to facilitate computation of sediment transport rates in 
gravel-bed rivers. BAGS provides a choice of different formulas and supports a 
range of different input information. It offers the option of using measured trans-
port rates to calibrate a transport estimate. BAGS can calculate a transport rate 
for a single discharge or for a range of discharges. The “Manual for Computing 
Bed Load Transport Using BAGS (Bedload Assessment for Gravel-bed Streams) 
Software” (Pitlick and others 2009) provides a guide to the software, explaining 
the input, output, and operations step by step.

The purpose of this document is to provide background information to help 
you make intelligent use of sediment transport software and hopefully produce 
more accurate and useful estimates of transport rate. Although BAGS (or any 
other software) makes it easier to calculate transport rates, it cannot produce ac-
curate estimates on its own. It can improve accuracy (mostly by reducing the 
chance of computational error), but it cannot prevent inaccuracy. In fact, by mak-
ing the computations easier, BAGS and similar software makes it possible to 
produce inaccurate estimates (even wildly inaccurate estimates) very quickly and 
in great abundance.

Coming up with an accurate estimate of sediment transport rates in coarse-
bedded rivers is not easy. If one simply plugs numbers into a transport formula, 
the error in the estimate can be enormous. To avoid this unpleasant situation, 
you need some understanding of how such errors can come about. This means 
you need to know something about transport models—what they are made of, 
how they are built, and how they work. The material presented in this manual, 
although somewhat detailed, is not particularly complicated. In fact, much of it is 
rather intuitive. Maybe you don’t want to become an expert. But you should be-
come an informed user—asking the right questions, making intelligent choices, 
developing reasonable interpretations, and evaluating useful alternatives when 
(as is usually the case) the amount of information you have is less than optimal. 
Although the manual contains some relatively detailed information, it does not 
presume that the reader has any particular experience estimating transport rates 
in rivers or in the supporting math and science. The primer is not intended for 
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experts (although an expert may find useful material in it), but for practicing 
hydrologists, geomorphologists, ecologists, and engineers who have a need to 
estimate transport rates.

The remainder of Chapter 1 presents some general information, explaining 
sources of error in transport estimates, discussing the broader watershed con-
text, and enumerating the various applications of sediment transport estimates. 
Chapter 2 provides a mini-course in sediment transport models for gravel-bed 
rivers, discussing the flow, nature of transport models, role of different measures 
of incipient grain motion, and importance of grain size. Chapter 3 draws from this 
information to lay out specifically the factors that give rise to error in transport 
estimates. Some background on the particular transport models used in BAGS is 
presented in Chapter 4 in order to help you evaluate which model may be appro-
priate for your application. Field data are needed for accurate transport estimates 
and we give some guidelines for data collection in Chapter 5. In Chapter 6, we 
evaluate the different options for making a transport estimate in terms of the 
available data. Because any transport estimate will have error, Chapter 7 presents 
a basis for estimating the magnitude of that error and suggests some strategies for 
handling that error in subsequent calculations and decisions.

Perhaps you are eager to begin making transport estimates. Before you skip 
ahead to the user’s manual (or directly to the software itself), you should make 
sure that you are familiar with the general concepts described in the first section 
of Chapter 2 and the options available for estimating transport based on the data 
available, which are described in Chapter 6. If you work through the material in 
this primer, you can expect to understand why and how your transport estimate 
might be accurate or not, have some idea of the uncertainty in your estimate and 
what you might do to reduce it, and be able to consider alternative formulations 
that might better match the available information to the questions you are asking.

Caveat emptor. When calculating transport rates, it is very easy to be very 
wrong. Expertise in the transport business is only partly about understanding how 
to make reliable calculations. Another important part is recognizing situations in 
which the estimates are likely to be highly uncertain and figuring out how to re-
frame the question in a way that can be more reliably addressed. This primer will 
not make you an expert, but we hope that it can provide some context and answer 
key questions that will supplement your common sense and experience and help 
you pose and answer transport questions with some reliability. In some cases, 
an evaluation by someone with considerable experience and expertise would be 
advisable. In particular, these would include cases involving risk to highly val-
ued instream and riparian resources and those with a potentially large supply of 
sediment. The latter could include stream design in regions with large sediment 
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supply and potential channel adjustments below large sediment inputs from dam 
removal, reservoir sluicing, forest fire, land-use change, or hillslope failures.

Why it’s Hard to Accurately Estimate Transport Rate

There are three primary challenges when using a formula to estimate trans-
port rates. These will be discussed in detail in Chapter 3 after we have developed 
the basics of sediment transport modeling in Chapter 2. It will help to lay out the 
challenges at the beginning so you can keep the issues in mind as you go through 
the material. Here are the main culprits:

The flow. In many transport formulas, including those in BAGS, the flow 
is represented using the boundary shear stress τ, the flow force acting per unit 
area of stream bed. Stress is not something we measure directly. Rather, we es-
timate it from the water discharge and geometry and hydraulic roughness of the 
stream channel. It is difficult to estimate the correct value of τ because it varies 
across and along the channel and only part of the flow force acting on the stream 
bed actually produces transport. So, we are trying to find only that part of τ that 
produces transport (we call it the grain stress) and a single value of grain stress 
that represents the variable distribution actually found in the channel. Figure 1.1 
demonstrates the nature of this variability.

Figure 1.1. Henrieville Ck, 
Utah.
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The sediment. Transport rate depends strongly on grain size. If we specify 
the wrong size in a transport formula, our estimated transport rate will be way 
off. Several factors make it difficult to specify the grain size. The range of sizes in 
a gravel bed is typically very broad. Fortunately, considerable progress has been 
made over the past couple of decades to develop models of mixed-size sediment 
transport. But, this wide range of sizes tends not to occur in a well-mixed bed with 
a simple planar configuration. Rather, the bed has topography and the sediment 
is sorted spatially by size and with depth into the bed (fig. 1.1). Even if we could 
thoroughly and accurately describe “the” grain size of a reach, we may not have 
the correct value to use in a transport formula because the sediment transported 
through the reach can be considerably different from that in the bed. Reliable use of 
a transport formula requires an interpretation of the nature of the stream reach. Is it 
in an adjusted steady state with the flow and transport (in which case the transport 
should be predictable as a function of bed grain size), or is it partly or fully nonal-
luvial (meaning that part or all of the sediment transport is derived from upstream 
reaches and does not reside within the reach)?

The watershed. Because questions of sediment supply and alluvial adjustment 
intrude on the calculation of transport rates, an understanding of the dynamics and 
history of your watershed is needed in order to choose an appropriate study reach 
for analysis and to provide a basis for evaluating the results. Watershed factors are 
closely related to the sediment problem because they influence the sediment supply. 
Is it changing in time or along the channel? Is it substantially different from what 
is found in the stream bed? An example would be a stream reach downstream of 
a jam of large woody debris. Even a single tree fall can trap a large fraction of the 
sediment supply. This will change the transport and bed composition in the reach 
in which you are working.

The underlying reason why uncertainty in transport estimates is so large is 
that the formulas (actually, the underlying physical mechanisms) are strongly non-
linear. The significance of this is that if you are off a little bit on the input, the 
calculated transport rates can be way off. If your input is off by 50 percent, your cal-
culated transport rate will be off by more (sometimes much more) than 50 percent. 
It is very easy to predict large transport rates when little transport actually occurs, 
or to predict no transport when the actual transport is quite large.

If the challenges involved in developing a reliable transport estimate seem 
a bit daunting, they should. They are. Even with data from a field visit where you 
conduct a cross-section survey, collect a pebble count, and estimate the channel 
slope, you cannot assume you will have a transport estimate of useable accuracy. 
BAGS will make it easier to estimate transport rates, but it won’t make the esti-
mates more accurate. That is up to you. There are a variety of things you can do 
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to improve the accuracy of your transport estimate and effectively accommodate 
uncertainty in addressing the broader questions that motivated you to estimate the 
transport rate in the first place. This is why we wrote this primer.

We also provide some guidance on choosing the location and data for mak-
ing reliable transport estimates. But your job is not finished when you type some 
input and get a transport estimate from BAGS. You have to critically evaluate the 
outcome, taking into account channel and watershed dynamics and making use of 
common sense observations. With a sound understanding of transport basics, you 
can assess the uncertainty in your estimated transport rate and decide whether it is 
acceptable or you need to take steps to improve the estimate or redefine the problem 
in a way that accommodates the uncertainty. The goal of this primer is to explain 
the tools needed for these tasks and make you a critical and effective user of the 
sediment transport software.

Watershed Context of Sediment Transport Problems

Every stream has a history. This history is likely to have a dominant and per-
sistent influence on the sediment transport rates. Every stream has a watershed, 
with hydrologic, geologic, and biologic components. The nature of the watershed, 
timing and location of any disturbances within the watershed, and time needed for 
these disturbances to work their way through the watershed will all have a domi-
nant influence on water and sediment supply, stream characteristics, and transport 
rates at the particular location where you would like to develop a transport estimate.

We can’t cover watershed hydrology and geomorphology or fluvial geomor-
phology in this primer, but we cannot ignore this essential topic. In most cases, it 
is hard to imagine that a transport estimate made in the absence of a sound under-
standing of watershed history and dynamics would be of much use at all. Often, the 
most accurate (if imprecise) estimate of transport rate—and certainly any estimate 
of the trends in transport rates—will be derived from a description of slope, dimen-
sion, runoff, and land use throughout the watershed. Together, these provide an 
indication of whether the transport in your reach may be increasing or decreasing, 
coarsening or fining. A sound understanding of watershed history and context is 
needed to develop and evaluate plausible estimates of sediment transport rate (Reid 
and Dunne 1996, 2003). Because a sediment transport estimate is usually just one 
component of a broader study, an understanding of the watershed is likely to be key 
in addressing the larger issues you are grappling with.

Although there may often be limited data available for a particular stream 
reach, useful information for assembling the story of your watershed can often be 
collected quite easily. Extensive flow records for comparable streams can often 
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be retrieved from the Internet (http://waterdata.usgs.gov/nwis) and aerial photo-
graph coverage extending back 70 to 80 years is now commonly available (http://
edc.usgs.gov/,http://www.archives.gov/publications/general-info-leaflets/26.
html#aerial2). County soil surveys can provide extensive and detailed information 
on the soils, geomorphology, and drainage of the watershed (http://soils.usda.gov/
survey/). State and county planning offices often have land-use records available 
on line. Previous watershed studies may be available from the U.S. Forest Service, 
TMDL studies, and the EPA Watershed Assessment Database (http://www.epa.
gov/waters). This information, combined with a broad understanding of histori-
cal channel adjustments can provide a sound context, with modest effort, for your 
transport estimate (for example, Gilvear and Bryant 2003; Jacobson and Coleman 
1986; Trimble 1998).

Historical records will not provide precise quantitative information on the 
historical supply of water and sediment to your reach, but an accurate assessment 
of the relative trends in water and sediment supply may be possible and sufficient to 
provide a useful assessment of past and future channel changes. A basis for making 
such assessments was suggested by Lane (1955), who proposed a simple balance 
between slope and the supply of water and sediment:

 Qs D ∼ QS (1.1)

where Qs is sediment supply, D is the grain size of the sediment, Q is water dis-
charge, and S is channel slope. This relation was illustrated by Borland (1960) in a 
form that memorably captures the interaction between water and sediment supply 
and channel aggradation/degradation (fig. 1.2). Although evocative, neither the fig-
ure nor Eq. 1.1 supports quantitative analysis because the nature of the function is 
not specified. As a result, it is also indeterminate in some important cases, such as 
when the sediment load increases and becomes finer-grained.

The stable channel balance can be quantified if appropriate relations for flow 
and transport are specified. A simple analysis by Henderson (1966) is useful, but 
has received surprisingly little attention. Henderson combined the Einstein-Brown 
transport formula with the Chezy flow resistance formula, and momentum and 
mass conservation for steady uniform flow, into a single proportionality:

 3 / 2 2( )sq D qS∝  (1.2)

where qs and q are sediment transport rate and water discharge per unit width. For 
the purpose of interpreting past or future channel change, Eq. 1.2 is more usefully 
solved for S:

 
3 / 4

sq D
S

q
∝  (1.3)
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Writing Eq. 1.3 twice, for the same reach at two different time periods, and 
taking the ratio:

 S1

S2 = q
s1

q
s2

e o

1/2

q
2

q
1

e o
D1

D2
b l

3/4

 (1.4)

Eq. 1.4 can be applied to the evaluation of channel change if D and qs are the grain 
size and rate of sediment supply to the reach and q to be the water supply to the 
reach. In this case, S in Eqs. 1.3 and 1.4 can be interpreted as the slope necessary to 
transport the sediment supplied (at rate qs) with the available flow q. An increase in 
S (S2/S1 > 1) is not likely to be associated with a large increase in bed slope (which 
would generally take a very long time), but rather indicates bed aggradation (as in 
fig. 1.2), or, more accurately, a tendency for the channel to accumulate sediment 
under the new regime. A decrease in S represents degradation, or a tendency for the 
channel to evacuate sediment under the new regime, thus linking back to Lane’s 
balance. In cases where little reliable information on water and sediment supply is 
available (for example, perhaps only the sign and approximate magnitude of chang-
es in q and qs are well known), Eq. 1.4 can nonetheless provide a useful estimate 
of the tendency of the channel to store or evacuate sediment. Such an estimate may 
be at least as reliable (and perhaps more reliable) as that provided by more detailed 
calculations based on highly uncertain boundary conditions. Certainly, any predic-
tions based on detailed calculations should be consistent with an estimate based 
on Eq. 1.4 and the accumulated knowledge about channel change in the region. 
Clark and Wilcock (2000) used this relation to evaluate channel adjustments in 

Figure 1.2. The Lane/Borland 
stable channel stability relation 
(Borland 1960).
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response to historical land use and sediment supply trends in Puerto Rico. Schmidt 
and Wilcock (2008) used it to evaluate downstream impacts of dams.

Sediment Transport Applications

Transport problems can be divided into two broad classes, each with different 
applications and methods. One is the incipient motion problem, which is concerned 
with identifying the flow at which sediment begins moving or identifying which 
sediment sizes are in motion at a given flow. The other is the transport rate prob-
lem, which is concerned with determining the rate at which sediment is transported 
past a certain point, usually a cross-section. If a flow is sufficient to move sediment 
in a stream, it is termed competent. The rate at which the stream moves sediment at 
a given flow is termed transport capacity.

Sediment transport estimates are rarely an end in themselves, but instead are 
part of a suite of calculations used to address a larger problem. A sound under-
standing of the objectives and alternatives of the broader problem can help guide 
decisions about approaches and the effort appropriate for a transport analysis. 
This is particularly important because sediment transport estimates generally have 
considerable uncertainty and, by placing the transport estimate within its broader 
context, it may be possible to find ways to reframe the question to best match the 
available data. For example, if you are interested in the future condition of a stream 
reach, the difference between the transport capacity today and in the future, and 
the difference between that transport capacity and the rate of sediment supply to 
the reach are of more importance than the actual rate of transport. This is because 
the difference determines the amount of sediment that will be stored or evacuated 
from the reach, producing channel change. Often, a difference can be calculated 
with more accuracy than the individual values themselves. This will be discussed 
further in Chapter 6.

Incipient Motion Problems

One incipient motion problem is to determine the flow at which any grains on 
the bed and banks of a stream will be transported. If a channel is intended to remain 
static at a design flow, the designer is interested in finding the dimensions and grain 
size of a channel that are as efficient as possible (minimizing the amount of excava-
tion) without entraining any grains from the bed or banks (for example, Henderson 
1966). These ideas are also applied in urban stream design and to channels below 
dams because, in both cases, there may be little or no sediment supply available 
to replace any grains that are entrained. Thus, any transport will lead to channel 
enlargement and a static or threshold channel is sought.
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A related incipient motion problem is determining the frequency with which 
bed or bank sediment is mobilized, given the flood frequency and channel proper-
ties. This can be useful for defining the ecologic regime of a channel, particularly the 
frequency and timing of benthic disturbance (Haschenburger and Wilcock 2003).

A more detailed incipient motion problem concerns the proportion of the 
stream bed that is entrained at a particular discharge. Some floods may produce 
transport for only a portion of the grains on the bed, a condition termed partial 
transport (Wilcock and McArdell 1997). The proportion of the bed entrained is 
relevant for defining the extent of benthic disturbance and the effectiveness of flows 
in accessing the bed substrate needed for flushing fine sediment from spawning and 
rearing gravels.

Estimating Sediment Loads

Estimates of sediment transport rate are needed to determine the annual sedi-
ment load, calculate sediment budgets, and estimate quantities of gravel extraction 
or augmentation. These estimates are also needed to assess stream response to 
changes in water and sediment supply (for example, from fires, landslides, for-
est harvest, urbanization, or reservoir flushing) and determine the impact of these 
changes on receiving waters (for example, reservoir filling and downstream water 
quality impacts).

We also need to know rates of sediment transport in order to predict channel 
change. As Eq. 1.1 indicates, stream channel change depends on both water and 
sediment supply. Changes in sediment transport rate along a channel are balanced 
by bed aggradation/degradation and bank erosion. Anticipating these changes and 
designing channels that will successfully convey the supplied sediment load with 
the available water is the goal of stable channel design.

Identifying the Correct Sediment Transport Problem

It is common for the wrong sediment transport principle—incipient motion 
versus transport rate—to be applied to a problem. For example, calculation of trans-
port rates is inappropriate if the problem concerns determining the dimensions of 
a threshold channel (a channel in which none of the bed and bank sediment should 
move). It is also inappropriate if the question concerns simply the frequency of bed 
disturbance. Although a transport calculation includes an estimate of incipient mo-
tion (because this defines the intercept in a transport relation) and thus can indicate 
whether sediment moves or not at a given flow, what is of greater concern in a 
threshold channel analysis is the degree to which the flow falls below the threshold 
of motion. This difference indicates the extent to which a channel design can be 
changed, perhaps at considerable savings, while still meeting design requirements. 
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For existing channels, there are simple and inexpensive field methods for determin-
ing the discharge producing incipient motion (for example, placing painted rocks 
on the stream bed and observing if they were displaced by different discharges).

More serious problems can ensue if a transport rate problem is mistaken for 
an incipient motion problem. Commonly, a stream is assumed to be capable of 
transporting its sediment supply if its bankfull discharge can be shown to be com-
petent (that is, the bankfull discharge is calculated to exceed the critical discharge 
for incipient motion of grains on the bed). Channel change is determined by the 
balance of sediment supply and the transport capacity of the reach. A reach may be 
competent at bankfull flow, but its transport capacity may be smaller than the rate at 
which sediment is supplied. In this case, sediment will deposit in the reach, which 
may be expected to lead to the growth and migration of gravel bars and associated 
erosion of channel banks. Conversely, a reach may be competent at bankfull flow, 
but its transport capacity may be larger than the rate at which sediment is supplied. 
In this case, sediment will be evacuated from the reach, which may be expected to 
lead to bed incision and armoring.

Two Constraints

Two overarching constraints bound any approach to estimating transport rates 
in gravel-bed rivers. These are the spatial and temporal variability of the transport 
process itself and the sparse information that is typically available for developing 
an estimate of bed-material transport. The transport of bed material in gravel-bed 
rivers is driven by strongly nonlinear relations controlled by local values of flow 
velocity and bed material grain size. For the purpose of developing a transport es-
timate from field observations, the large variability requires a dense array of long 
duration samples for adequate accuracy. For the purpose of developing estimates 
from a transport formula, the large variability, combined with the steep nonlinear 
relations governing transport, make predictions based on spatial and temporal av-
erages inaccurate. The second constraint—sparse information—is directly related 
to the first. If there were little variability in the transport, only a few observations 
would provide a representative sample. Sparse information strongly affects our abil-
ity to estimate transport from a formula. Models that are sensitive to local details of 
flow and bed material (for example, mixed-size transport models using many size 
fractions) require abundant local information for accurate predictions. This infor-
mation is seldom available for an existing channel and can be specified for a design 
reach only at the time of construction. Transport and sediment supply in subsequent 
transport events will alter the composition and topography of the stream bed.
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Chapter 2—Introduction to Transport Modeling

general Concepts

Grain Size

In sediment transport, size matters in two ways. First, larger grains are hard-
er to transport than smaller grains. It takes less flow to move a sand grain than a 
boulder. We can call this an absolute size effect. Second, smaller grains within a 
mixture of sizes tend to be harder to move than they would be in a uni-size bed, 
and larger grains tend to be easier to move when in a mixture of sizes. We can 
call this a relative size effect. Relative size matters in gravel-bed rivers because 
the bed usually contains a wide range of sizes.

We need some nomenclature for describing grain size. Because of the wide 
range of sizes, we use a geometric scale rather than an arithmetic scale. (You 
might think of a 102-mm grain as about the same size as a 101-mm grain, and a 
2-mm grain as much bigger than 1-mm grain. If so, you are thinking geometri-
cally. On an arithmetic scale, the difference in size is the same in both cases 
[1-mm]. On a geometric scale, the 2-mm grain is twice as big as the 1-mm grain.) 
The geometric scale we use for grain size is based on powers of two. Although 
originally defined as the Φ (phi) scale, where grain size D in mm is D = 2-Φ, in 
gravel-bed rivers the ψ (psi) scale is used, where ψ = -Φ, or D = 2ψ . Table 2.1 
presents common names for different grain size classes.

Table 2.1. Common grain size classes.

 (mm) Size class

 – to <0.002 clay
 0.002 to 0.004 vf silt
 0.004 to 0.008 f silt
 0.008 to 0.016 m silt
 0.016 to 0.031 c silt
 0.031 to 0.063 vc silt
 0.063 to 0.125 vf sand
 0.125 to 0.25 f sand
 0.25 to 0.5 m sand
 0.5 to 1 c sand
 1 to 2 vc sand
 2 to 4 vf gravel
 4 to 8 f gravel
 8 to 16 m gravel
 16 to 32 c gravel
 32 to 64 vc gravel
 64 to 128 f cobble
 128 to 256 c cobble
  >256  boulder

(vf: very fine; f: fine; m: medium; c: coarse; vc: very coarse).
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Even a cursory examination of real streams demonstrates that the range 
of sizes in the bed is typically very large. Although a standard nomenclature for 
mixtures of sizes in gravel beds is not well developed (as it is for soils, for exam-
ple), a simple means of describing a size mixture is to use the name (for example, 
gravel or cobble) representing the size class containing the largest proportion 
of the mixture and to modify this name using another size class containing a 
substantial amount of sediment (for example, a sandy gravel or a cobbly gravel). 
Buffington and Montgomery (1999a) provide more information on classifying 
fluvial sediment.

Grain-size distributions are commonly plotted as cumulative curves, giving 
percent finer versus grain size. The sediment shown in figure 2.1 has 10 per-
cent finer than 4 mm, 30 percent finer than 8 mm, 50 percent finer than 16 mm, 
70 percent finer than 32 mm, and 90 percent finer than 64 mm, all by weight (or 
volume). We use “percent finer” to describe characteristic grain sizes, usually 
presented as Dxx with xx being an integer between 1 and 99, such that xx percent 
of the sediment (by weight or volume) is finer than Dxx. For example, D90 repre-
sents that 90 percent of the sediment is finer than D90 and D50 is the median grain 
size. D50 and D90 values are 16 mm and 64 mm, respectively, in the grain size 
distribution shown in figure 2.1. The hydraulic roughness of a stream bed is often 
represented using a coarser grain size (for example, D90 or D84) and the transport 
rate is often calculated relative to its median size D50.

To calculate the transport rate of different sizes within a mixture, we use the 
proportion in different size fractions. Let D1, D2, …, DN+1 be the grain sizes with 
associated percent finer values of Pf 1, Pf 2, …, Pf N+1. Thus, N size ranges between 

Figure 2.1. Example of a cumulative 
grain-size distribution curve.
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D1 and D2, D2 and D3, …, DN and DN+1, will have associated volumetric fractions 
F1, F2, …, and FN. The mean size of each group and the associated volumetric 
fraction are calculated as:

D i = D i D i + 1 , W i =
2

W i + W i + 1 , Fi =
100

P f i+ 1 - P f i  (2.1 a,b,c)

In addition to the median grain size, we represent the center of a size distri-
bution using the mean:

 W = R
i = 1

N
W iFi , Dg = 2W  (2.2 a,b)

where ψ  is the arithmetic mean in the y scale and Dg is the geometric mean. The 
spread of the size distribution is represented by the standard deviation:

 v
W

= R
i = 1

N
W i - W` j

2
Fi , vg = 2vW  (2.3 c,d)

where sy is the arithmetic standard deviation in the y scale and sg is the geometric 
standard deviation in mm. For the example, in figure 2.1, W  = 4, Dg = 16 mm, 
s = 2.25, and sg = 4.76. Although this example has identical Dg and D50 values, 
they are generally different from each other. Note that the range of sizes within 
one standard deviation of the mean is found arithmetically on the y scale as W  
± s (from y = 1.75 to y = 6.25) and geometrically on the D scale (from Dg/s = 
3.36 mm to Dgs = 76.1 mm).

One more descriptor of gravel beds is useful. We can think of a gravel bed 
as being formed by a three-dimensional framework of grains. The pore spaces 
between these grains may be empty, or they may contain finer sediments, par-
ticularly sand. As long as the proportion of sand is smaller than about 25 percent, 
nearly all of the bed is composed of gravel grains in contact with each other. 
We call this a framework-supported bed. If the proportion of sand increases fur-
ther, some of the gravel grains are no longer fully supported by contacts with 
other gravel grains. With enough sand (more than roughly 40 percent), few gravel 
grains remain in contact. Rather, they are supported by a matrix of finer sediment 
and we refer to this as a matrix-supported bed. As we will discuss later, gravel in 
a matrix-supported bed tends to be transported at much higher rates.

Surface or Subsurface?

In addition to sorting by grain size across and along the streambed sur-
face, gravel beds tend to also exhibit vertical sorting, wherein the surface of 
the streambed is coarser than the underlying material. This is referred to as bed 
armoring (Parker and Sutherland 1990). In the transport literature, the material 
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below the bed surface is referred to as both subsurface and substrate (as distinct 
from using the term substrate to refer to the channel bottom more generally). 
Vertical size sorting introduces a problem: should we use surface or subsurface 
grain size in a transport formula?

A variety of studies have shown that the transported load, integrated over 
a range of flows, will be finer than the surface and closer in size to the bed 
substrate (Church and Hassan 2002; Lisle 1995). Many transport formulas are 
based on flume experiments and have been developed using the grain size of 
the bulk sediment mix. Because the bulk mix approximates the substrate, not 
the surface, a substrate grain size is most appropriate when using these formu-
las. Unfortunately, this approach poses a serious problem. The transport at any 
moment must depend on the sizes available for transport on the bed surface. 
But the composition of the bed surface will depend on the history of flow and 
the sediment supply. Different streams have different histories and two streams 
with the same substrate grain size are not likely to have the same surface grain 
size. But a substrate-based transport formula would predict the same transport 
rates in each case.

If the transport is predicted in terms of the bed substrate grain size, the 
connection between the bed and transport is made through the bed surface, 
whose composition depends not only on the immediate physical processes of 
transport, but also on the sediment supply and the preexisting bed structure and 
composition. It seems unreasonable to expect a transport formula to account 
for bed sorting in response to variable initial and boundary conditions. The ap-
propriate approach is to define the transport relative to the composition of the 
bed surface. It is the absence of coupled surface and transport observations that 
requires transport models to be referenced to the substrate or bulk size distribu-
tion of the bed. Recent laboratory experiments have now provided such data 
(Wilcock and others 2001) and surface-based transport formulas can now be 
tested against data.

Transport formulas for mixed-size sediments predict larger transport rates 
for finer fractions—the predictions are size-selective. Thus, the observation 
that transport through a reach is finer than the bed surface does not necessarily 
indicate that the reach is out of equilibrium.

What Transport Looks Like

The sediment in gravel beds is immobile most of the time. Flows suffi-
cient to move sediment generally occur during only a small fraction of the year 
and many of these transport only sand over a bed of immobile gravel. Active 
transport of the framework grains occurs in larger flows, which might occur 
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a few times per year or less. Even when these grains are actively transported, 
most of the grains on the bed surface are not moving most of the time. Grains 
are observed to rock back and forth and occasionally individual coarse grains 
will roll, slide, or hop along the bed. Bed load transport in gravel-bed streams 
is an intermittent, spatially variable, and stochastic process. This is nicely il-
lustrated in video of transport in gravel-bed streams (for example, “Viewing 
Bedload Movement in a Mountain Gravel-bed Stream” at http://www.stream.
fs.fed.us/publications/videos.html; see also video available at http://www.pub-
lic.asu.edu/~mschmeec/).

Additionally, after floods that move considerable amounts of sediment, 
there may be parts of a gravel bed that remain at least partly undisturbed. For 
example, one can measure large transport rates that include all sizes found in 
the bed, but still find that some grains on the bed surface never moved. Recall 
that we defined this as partial transport—the condition in which some grain 
move and others do not (Wilcock and McArdell 1993, 1997). The occurrence 
of partial transport can sometimes be easily observed in the field if the ex-
posed parts of bed-surface grains develop a chemical or biological stain during 
low flow periods. After a transporting event, partial transport will be evident 
in regions of the bed showing few fresh surfaces. The flow at which all the 
grains of a particular size are moved is larger for larger grains, and the mag-
nitude of a flood producing complete mobilization of the bed surface may be 
very large, exceeding a five- or 10-year recurrence interval (Church and Hassan 
2002; Haschenburger and Wilcock 2003). The proportion of a size fraction that 
remains inactive over a flood will have an influence on transport rates and is 
immediately important for estimating exposure of the bed substrate to the flush-
ing action of high flows.

Transport Mechanisms and Sources

Sediment transport is often separated into two classes based on the mech-
anism by which grains move: (1) bed load, wherein grains move along or near 
the bed by sliding, rolling, or hopping and (2) suspended load, wherein grains 
are picked up off the bed and move through the water column in generally wavy 
paths defined by turbulent eddies in the flow. In many streams, grains smaller 
than about 1/8 mm tend to always travel in suspension, grains coarser than 
about 8 mm tend to always travel as bed load, and grains in between these sizes 
travel as either bed load or suspended load, depending on the strength of the 
flow (fig. 2.2). We divide transport into these categories because the distinction 
helps to develop an understanding of how transport works and what controls it.



16 USDA Forest Service RMRS-GTR-226.  2009.

Figure 2.2. Grain sizes 
associated with bed load, 
bed-material load, suspended 
load, and wash load.

Sediment transport can be organized in another way based on the source 
of the grains: (1) bed material load, which is composed of grains found in the 
stream bed; and (2) wash load, which is composed of finer grains found in only 
small (less than a percent or two) amounts in the bed. The sources of wash load 
grains are either the channel banks or the drainage area contributing runoff to the 
stream. Wash load grains tend to be very small (clays and silts and sometimes 
fine sands) and, hence, have a small settling velocity. Once introduced into the 
channel, wash-load grains are kept in suspension by the flow turbulence and es-
sentially pass straight through the stream with negligible deposition or interaction 
with the bed.

The boundary between bed load and suspended load is not sharp and de-
pends on the flow strength. Consider a stream with a mixed bed material of sand 
and gravel. At moderate flows, the sand in the bed may travel as bed load. As 
flow increases, the sand may begin moving partly or entirely in suspension. Even 
when traveling in suspension, much of this sediment (particularly the coarse 
sand) may travel very close to the bed, down among the coarser gravel grains 
in the bed. That makes it very difficult to sample the suspended load in these 
streams or, for that matter, to even distinguish between bed load and suspended 
load. This difficulty is one reason why we focus in this manual on bed material 
load rather than bed load and suspended load. Another reason is one of simplic-
ity: the bed material in a stream can be defined and measured. We are interested in 
its transport rate and should invoke the alternative classification—based on trans-
port mechanisms—only if it helps us reach our goal of estimating transport rates.

When we use a transport formula, we attempt to predict the transport rate 
in terms of the channel hydraulics and the bed grain size. We don’t try that with 
wash load because its transport rate depends on the rate at which these fine sedi-
ments are supplied to the stream rather than properties of the flow and stream bed. 
Now, it turns out that bed material can behave at least partially like wash load in 
the sense that the sediment passing through a reach may be entrained from the 
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bed somewhere upstream. The reach may function more like a pipe that simply 
passes the upstream sediment supply versus a stream bed that actively exchanges 
sediment between the bed and the transport. If we apply a transport formula to a 
pipe-like reach, we will calculate negligible transport, even though there might 
be a lot of sediment passing through it. Detecting such situations is essential for 
accurate transport estimates from formulas. Using measured transport rates to 
calibrate a transport formula goes a long way toward addressing this problem. 
We discuss this problem in the next section and return to it in Chapter 3—The 
Sediment Problem.

An important concept regarding bed material load is the effect of sediment 
supply on transport rates. If the supply of wash load range is increased, we will 
observe an increase in the wash load, but the transport rates of the coarser grain 
sizes—comprising the bed material—will remain unchanged (unless we add so 
much wash load material that the flow turns into a thick slurry resembling pea 
soup). In contrast, if the supply of bed material is changed, we expect that the 
bed composition will change as well and, therefore, the transport rates of the bed 
material will also change. For example, if the supply of coarse sand to a gravel-
bed stream were increased (as from land clearing or a forest fire), then we would 
expect the amount of sand in the bed to increase. By increasing the sand content 
and thereby reducing the gravel content of the bed, we might expect that sand 
transport rates would increase and gravel transport rates would decrease. It turns 
out that increasing the sand content increases the transport rate of both sand and 
gravel (Wilcock and others 2001). The important distinction here is that altering 
the supply of sediment in one size range of the bed material will alter the bed 
composition and the transport rates, whereas altering the supply of sediment in 
the size range of wash load will have negligible effect on the bed composition 
and bed material load. This distinction may seem picky at this point, but it is 
important in understanding transport rates and channel change in response to 
changes in sediment supply to a stream channel.

It is useful to distinguish between different sizes of bed material. Fine bed 
material load typically consists of medium to coarse sand and, in many cases, pea 
gravel, which can move as either bed load or suspended load. When in suspension, 
the grain trajectory is typically within a near-bed region where the flow is locally 
disturbed by wakes shed from the larger grains in the bed. Fine bed material 
exists in the interstices of the bed and in stripes and low dunes at larger concen-
trations. The near-bed suspension of the fine bed material cannot be sampled with 
conventional suspended sediment samplers and models for predicting its rate of 
transport are incomplete. Coarse bed material forms the framework of the river 
bed. Its motion is almost exclusively as bed load. Displacements of individual 
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grains are typically rare and difficult to sample with conventional methods. In 
some streams, we can distinguish another, yet coarser fraction, typically in the 
boulder size class, which is immobile at typical high flows. Although not contrib-
uting to the transport, these grains do contribute to the hydraulic roughness of the 
channel. Their effect must be included in any flow calculation.

Bed material transport is the basic engine of fluvial geomorphology. The 
balance between its supply and rate of transport in a stream channel governs bed 
scour and aggradation, channel topography and flow patterns, and the subsequent 
erosion and construction of bars, bends, banks, and floodplains.

Sediment Supply Versus Transport Capacity

The transport rate in a channel—the quantity calculated by BAGS—is 
termed the transport capacity. Any imbalance between the transport capacity and 
the sediment supply rate determines the amount of sediment deposited or eroded 
in the channel and the associated channel change. It can take time to produce 
channel change, particularly if the rates of transport are small. Different types of 
channel adjustment require the transport of different amounts of sediment and 
thus can be anticipated as occurring in a given order. Changes may be expected 
first in the grain size of the stream bed, followed by construction or removal of 
in-channel bars, streambed incision or aggradation, and bank erosion. Changes 
in stream planform and, finally, channel slope require the rearrangement of large 
quantities of sediment and take much longer (Parker 1990a).

The distinction between sediment supply and transport capacity highlights 
two important problems with estimating transport rates. The first is more relevant 
to estimating transport rates from field measurements and the second to calcu-
lating transport rates from a formula. First, minor changes in sediment storage 
(slight aggradation or degradation) may strongly influence transport rates in a 
reach. For example, a fallen tree may trap all of the sediment transport in a stream 
with relatively small transport rates. Somebody unfortunate enough to measure 
transport rates downstream of the tree fall would observe little or no transport, 
producing a very misleading record. Although this case is rather obvious, small 
amounts of bed aggradation or degradation upstream or within a sampling reach 
could result in the trapping or release of a large fraction of the sediment supply. 
It is always a useful exercise to compare measured or predicted transport rates 
against the amount of aggradation or deposition those rates could produce. For 
example, if one calculated an annual sediment load for a reach, it could be useful 
to determine the change in bed thickness that would result if a large fraction of 
this sediment were evenly deposited over the reach. If the change in elevation is 
small, it is inadvisable to presume much precision in the estimated transport rates.
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A second problem concerns the grain size to be used in a transport formula. 
If a reach is fully alluvial and at equilibrium, such that the channel is formed of 
the material the stream is transporting and the transport rates in and out of the 
reach are balanced over periods of a storm or longer, one could reasonably mea-
sure the grain size in a reach and insert this into a transport formula. If, however, 
the reach is not fully alluvial or in equilibrium, the sediment in transport may be 
substantially different in size from that in the channel bed. An extreme example 
would be a coarse, armored stream below a dam, in a reach just below a tributary 
supplying finer grain sediment. If there is sufficient flow to transport the finer 
sediment in the mainstem, the grain size of the transport may be entirely different 
from that of the coarse armored bed. Thus, it would not be possible to predict the 
transport rate using the grain size of the bed. Although this is an extreme case, 
it does illustrate that one cannot presume to predict the transport rate using the 
grain size of the bed. It must be established that the bed material has adjusted to 
be in a steady state with the sediment supply.

The nature of the sediment supply problem will vary with location in a 
watershed. In headwater reaches, stream channels are generally more closely 
coupled with the adjacent hillslopes. A larger fraction of the bed material may 
have been introduced via local hillslope processes than would be the case lower 
in the watershed. If some of this material is very coarse and effectively immobile, 
the transport capacity estimated from a measurement of bed material grain size 
may be in error.

Sediment Rating Curves

Most practical sediment transport problems require definition of the sedi-
ment transport rate Qs as a function of water discharge, Q. A relation giving Qs 
as a function of Q is called a sediment rating curve. A sediment rating curve is 
often represented as a power function:

 Qs = aQb (2.4)

where, in the United States, Qs is in units of tons per day and Q is in units of ft3/s, 
or cfs. Preferable units would be kg/hr or Mg/day and m3/s.

An essential part of developing a transport model is developing a basis for 
scaling or representing the discharge Q. Because most applications require a pre-
diction of transport as a function of discharge, the obvious step is to try to develop 
a model based directly on Q. This model is not likely to be general. It is quite 
unlikely that, say, 100 cfs would produce the same transport rate in a small creek 
compared to a very large river (a km wide or more). Thus, the coefficient a in 
Eq. 2.4 may be expected to vary quite widely among different rivers. Further, 
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differences in channel size, shape, slope, roughness, and bed material will cause 
the rate at which Qs varies with Q to differ widely, indicating that the exponent b 
in Eq. 2.4 would also take a wide range of values for different rivers.

A dimensionless sediment rating curve has been proposed in which Qs and 
Q are divided by their values measured at flows close to bankfull (Rosgen 2007). 
Assuming that the coefficient a does not vary with Q, this has the desirable effect 
of eliminating it from the relation, leaving only the exponent b to be specified. 
Unfortunately, the exponent b varies widely from one river to another so the 
model is not predictive. Use of a single value of b (a value of 2.2 is suggested 
by Rosgen 2007) will lead to large errors in predicted transport rate and cannot 
be recommended. Barry and others (2004, 2005) explore the variation of a and b 
using a large field data set.

The Flow

A measure of flow strength that has been found to provide a generalized 
description of transport rate is the bed shear stress, τ. Stress is a force per area: 
in this case, the shear force exerted by the flowing water on an area of the bed. 
Reasonably, the transport should depend on the fluid force applied to the bed, but 
estimating τ is difficult.

Non-Uniform and Unsteady Flow

Flow that does not vary in time is described as steady. Flow that does not 
vary alongstream is termed uniform. For steady, uniform flow, the stress acting 
on the bed is:

 τ0 = ρgRS (2.5)

where R is the hydraulic radius, given by ratio of flow area A to wetted perimeter 
P, and S is the bed slope. We use rise over run, or tana, where a is the bed slope 
angle used to calculate bed slope. (Strictly, the correct value of slope to use in Eq. 
2.5 is sina, but for the slopes typical of rivers, sina nearly equals tana.) Although 
Eq. 2.5 uses R, it is often referred to as the depth-slope product. In channels with 
a ratio of width to depth (B/h) greater than about 20, R ≈ h within 10 percent.

No natural flow is perfectly uniform or steady. For the more complex but 
realistic case in which the flow can accelerate in both time (discharge changes) 
and in space (flow is non-uniform), the boundary stress is given by the one- 
dimensional St. Venant equation:

 x0 = tgR S - 2x
2h

- g
U

2x
2U

- g
1
2t
2U

d n (2.6)
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where U is flow velocity, x is the streamwise direction, and τ is time. Although 
we will not use this relation, an interpretation of it helps to illustrate one of the 
difficulties in estimating transport rates. To start, we note that if the flow were 
steady and uniform (meaning that all the derivatives in Eq. 2.6 equal zero), we 
recover our depth-slope product in Eq. 2.5. The first two terms after S on the 
right side of Eq. 2.6 are the non-uniform flow terms, representing changes in the 
streamwise, or x, direction. The last term represents changes in time. The more 
rapidly the flow changes over x (for example, flow through a bend, over a change 
in roughness or bed slope) or t, the larger will be the non-uniform and unsteady 
terms in Eq. 2.6.

The unsteady term (∂ U/∂ t) in Eq. 2.6 is typically important only with very 
rapidly changing flow, as with a dam break or surge. Dropping this term from Eq. 
2.6, we get:

 x0 = tgR S - 2x
2h

- g
U

2x
2U

d n = tgRS f  (2.7)

where Sf is the slope of the energy grade line—the imaginary surface connecting 
all points at an elevation representing the total mechanical energy in the flow—
and is given by:

 S f =
dx
d

zb + h +
2g
U2

d n (2.8)

where zb is bed elevation and U 2/2g is the velocity head (S = –∂ zb /∂ x). Sf is eas-
ily calculated in open channel flow models such as HEC-RAS (http://www.hec.
usace.army.mil/software/hec-ras/).

In many cases, a flow model allowing computation of Sf is unavailable and 
one is tempted to assume that the non-uniform flow terms are small, allowing use 
of Eq. 2.5 in determining τ0. You could assume that these derivative terms are 
small. This is sometimes true and sometimes incorrect. How would you know? If 
flow is changing rapidly (for example, due to a change in flow over time, through 
a constriction, or a change in slope or roughness), Eq. 2.6 indicates that the depth-
slope product may produce a τ0 much different from the actual. Remember, small 
error in τ0 can produce large error in estimated transport rate. If the stage is known 
at several cross-sections for a specific discharge, values of the change in depth 
(Δh) and velocity (ΔU) over the downstream distance (Δx) may be determined 
and used to estimate the magnitude of the terms in Eq. 2.7. If the estimated values 
of the non-uniform terms are much smaller than S, use of the depth-slope product 
is justified. This raises the very important distinction between an approximation 
(which can be evaluated quantitatively) and an assumption (which cannot).
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The Drag Partition

So far, we have discussed how to estimate the total boundary stress τ0 in a 
stream reach. This gives us the total force acting on the wetted boundary of bed 
and banks. Some of this force acts on the movable grains on the stream bed and 
thus drives the transport, but some of it also acts on other things: woody and other 
debris in the channel, bridge piers, channel bends, and so forth. To estimate the 
sediment transport rate, we need to partition total stress τ0 into that part that acts 
only on the sediment grains. We’ll call this the grain stress τ′ (this is also called 
the skin friction). We have no direct way to estimate τ′, although there are some 
useful approximate approaches. We will develop one approach here, based on the 
Manning Equation:

 U = n
SR2/3

 (2.9)

where n is the Manning roughness. Eq. 2.9 is correct when U and R are expressed 
in m/s and m. If ft are used instead of m, then the right side of Eq. 2.9 must be 
multiplied by factor of 1.49. Typical values of n for natural streams are in the 
range 0.025 to 0.08, although larger values are observed for very rough channels, 
particularly when they are clogged with vegetation.

A number of factors contribute to the boundary roughness and, therefore, to 
the magnitude of n. One source of roughness (the one we are interested in) is the 
bed grain size. You might reason (correctly) that larger grains would be hydrauli-
cally rougher than smaller grains. Using Eq. 2.9 this means that for the same U 
and S, a bed with coarser sediment, and thus a larger n, will have a larger depth. 
An approximate relation between n and a characteristic grain size of the bed ma-
terial, often referred to as the Strickler relation, is:

 nD = 0.040D1/6 (2.10)

for D in m, or

 nD = 0.013D1/6 (2.11)

for D in mm. Figure 2.3 shows the variation of nD with D, along with the typical 
range of n in gravel-bed rivers. The difference between the Manning-Strickler nD 
(given by Eqs. 2.10 or 2.11) and the actual n indicates the effect of other factors 
increasing the bed roughness.
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Figure 2.3. The Manning-
Strickler n relative to 
typical range of n.

Notice that Manning’s equation contains both R and S, suggesting we can 
solve it for τ0 via the depth-slope product (in fact, that is just what flow resistance 
equations are all about: a relation between velocity, flow geometry, boundary 
roughness, and τ0). If we multiply Eq. 2.9 by (ρg)2/3S1/6 and rearrange, we get:

 (tg)2/3S1/6nU = (tgRS)2/3 (2.12)

Raising all this to the 3/2 power gives:

 tgS1/4(nU)3/2 = x0  (2.13)

Now, suppose we insert the Strickler definition of n into Eq. 2.13. Recalling 
that other factors also contribute to n, the Manning-Strickler nD should be smaller 
than the total n for the channel. By using the Manning-Strickler nD in Eq. 2.13, 
we are essentially calculating the shear stress due to the bed grains only, which 
is the approximation of τ′ that we are after. Using Eq. 2.11 in Eq. 2.13, we get:

 tg(0.013)3/2(SD)1/4U3/2 = lx  (2.14)

Now, we have to choose a grain size D that represents the bed roughness. 
Hopefully, the larger sizes in the bed would tend to dominate the roughness. For 
example, D90 and D84 are often used because they are the grain sizes for which 90 
percent or 84 percent of the bed material is finer. We will use 2D65, based on field 
and lab observations, although it is difficult to make a strong case for any particu-
lar value of D. Fortunately, the choice does not make a big difference because D 
is found in Eq. 2.14 raised to the power ¼. Substituting D=2D65 in Eq. 2.14 and 
using r = 1000 kg/m3 and g = 9.81 m/s2, we get:

 lx = 17(SD65)
1/4U3/2 (2.15)
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for τ′ in Pa, D65 in mm, and U in m/s. We see that τ′ depends mostly on the flow 
velocity (meaning that it depends on Q and all the factors—channel size, shape, 
and slope—that determine flow depth and relate Q and U) and, to a lesser extent, 
on S and D65.

Transport Rate

Dimensional Analysis

Bed-material transport rates are conveniently treated as a flux per unit 
width. We define transport rate per unit width, qs, as the volume of sediment, ∀s, 
transported per unit time and width [L2T-1]. To understand the constituents of a 
general transport model, it is useful to do a dimensional analysis. We can imagine 
that qs will depend on a number of variables representing the strength of the flow, 
fluid, and sediment. We use τ to represent the flow strength. We also include flow 
depth, h, in the list, arguing that interactions between the bed and water surfaces 
might alter the relation between qs and τ for shallower flows. We represent the 
sediment using grain size, D, and sediment density, ρs. Both of these control how 
heavy a grain is and D also controls the grain area exposed to the flow and there-
by the drag force acting on it. The balance between resistance to motion (which 
depends on grain weight) and flow force (which depends on grain area) should 
influence the transport rate. For now, we will pretend that the sediment contains 
only one size (a later section presents the difficult problem of representing grain 
size when you have a mixture of a wide range of sizes). We represent the fluid 
using water density, ρ, and water viscosity, µ. Density, ρ, is the fluid mass per vol-
ume and governs the interaction between forces and accelerations in the fluid. For 
example, for the same τ and D, you can imagine that transport rates in air, which 
has very low density, would be different than transport rates in water). Viscosity 
µ describes the resistance of a fluid to deformation (for example, for the same τ 

and D, you can imagine that transport rates in a viscous motor oil would be differ-
ent than transport rates in water or, more practically, that smaller grains with less 
mass might have a harder time moving through a viscous fluid than larger grains. 
Finally, we need to include the acceleration of gravity, g, which influences the 
movement of both the water and the sediment grains. Our list of variables is then:

 qs = f (τ, h, D, ρs , ρ, µ, g) (2.16)

Our list has eight variables and these variables include the three fundamen-
tal dimensions of mass, length, and time. The rules of dimensional analysis tell us 
that we can reduce the list of eight variables by three (the number of fundamental 
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dimensions), giving five dimensionless variables that represent all of the physical 
relations among the original eight variables. Although there are some strict rules 
governing dimensional analysis, there is no unique set of dimensionless vari-
ables that is the correct result of the analysis. Thus, there is some art and much 
practicality in the choice of dimensionless variables used. We do not present a 
complete dimensional analysis here, but accessible discussions can be found in 
Middleton and Southard (1984) and Middleton and Wilcock (1994). A common 
and useful set of dimensionless variables is:

 q* = f x*,S*,s,D/h` j (2.17)

where

 

q* =
s - 1` jgD3

qs , x* =
s - 1` jtgD

x

S* =
n/t

s - 1` jgD3

and s = t
ts

 (2.18 a, b, c, d)

We have a dimensionless transport rate, q* (also known as the Einstein 
transport parameter), a dimensionless shear stress, τ* (widely known as the 
Shields Number and sometimes given the symbol θ), a dimensionless viscosity, 
S*, relative grain density, s, and relative depth D/h. From the rules of dimensional 
analysis, we know that the relation among the five variables in Eq. 2.17 contains 
all the information in the relation among the eight variables in Eq. 2.16. If we 
are only concerned with quartz density grains in water (most sediment is close to 
quartz density, but we are excluding transport in air), we can drop s from further 
consideration because it will be a constant. If we constrain ourselves to flow 
depths greater than a few times the grain size, D, we can argue that the relative 
flow depth, D/h, will have negligible effect. By this, we mean that the relation 
between q*, τ*, and S* will not depend strongly on D/h. This will have to be con-
firmed with data and we can expect that the assumption might break down when 
shallow flows are diverted around, or tumbling over, coarse grains. Similarly, 
we know that if grains are coarser than one mm or so, the effects of viscosity on 
transport relations are relatively small, indicating that we might neglect S* for 
gravel transport.

Dimensional analysis has allowed us to identify two dimensionless vari-
ables governing transport rate and define conditions under which this short list 
of variables is likely to hold. For quartz density sediment coarser than about 1 
mm, transported in water of depth more than a few times D, we propose that we 
can neglect the last three variables in Eq. 2.17, leaving only q* and τ*. Each has 
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a nice physical interpretation. The transport variable, q*, can be shown to repre-
sent the ratio of the volumetric transport rate, qs, to the product (wD), where w is 
the grain fall velocity. Thus, qs is scaled by the size and weight of the grain. The 
Shields Number, τ*, represents a ratio of the shear stress (flow force per area) 
acting on the bed to the grain weight per area.

Transport Function for Uni-Size Sediment

Dropping S*, D/h, and s from the list in Eq. 2.17, we are left with:

 q* = f (τ*) (2.19)

which says, in essence, that the rate of transport (relative to grain size and fall ve-
locity) will depend on the flow shear force (relative to the grain weight). Transport 
functions often take a power form such as:

 q* = c x* - xc
*

` j
d  (2.20)

where

 xc
* =

s - 1` jtgD

xc  (2.21)

and τc is the critical value of τ necessary for initiating transport. The quantity 
(x* - xc

*) is an expression for the “excess” shear above critical (another is 

x*/xc
*). For example, a well known empirical bed-load function is the Meyer-

Peter and Müller (M-PM; Meyer-Peter and Müller 1948) formula:

 q* = 8 x* - xc
*

` j
3/2  (2.22)

Because it is quite simple and widely known, we will use M-PM to illustrate 
various aspects of sediment transport functions. Recent work (Wong and Parker 
2006) suggests that the correct constant in M-PM should be 4 rather than 8. The 
actual choice of constant does not alter the principles we will illustrate and the 
use of M-PM in applications has been largely superceded by more recent formu-
las of somewhat different form, including the formulas implemented in BAGS.

In a later section, we will explain that the critical shear stress, τ, is difficult 
to both define and measure for uni-size sediment and nearly impossible to mea-
sure for mixed-size sediments. For the purpose of estimating transport rates, it is 
both reasonable and useful to define a surrogate for τc, the reference shear stress, 
τr, which is the shear stress that produces a small, constant, and agreed-upon 
reference transport rate. By its definition, τ should be close to, but slightly larger 
than τc. First, we define a new dimensionless transport parameter:

 W* =
x*` j

3/2

q*

=
x/t` j

3/2

s - 1` jgqs  (2.23)
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We use W* because it does not contain the grain size, D, which we will see 
later is an essential feature when developing a general model for the transport 
rates of sediments of different size or for different size fractions within the same 
mixture. The reference transport used is W* = 0.002. For example, let’s recast 
the M-PM formula using a reference transport rate. First, we divide Eq. 2.22 by 
(τ* )3/2 to get:

 W* = 8 1 -
x*
xc

*

e o

3/2

 (2.24)

Now, we solve Eq. 2.24 for the reference value of τ* (in other words, 

x* = xr
* for W* = Wr

* = 0.002). Dividing by 8 and raising both sides to the 2/3 
power produces:

 0.004 = 1 -
xr

*

xc
*

 (2.25)

from which we see that xc
*  Thus, xr

*  is slightly larger than xc
* , as desired. Using 

this value to replace xc
*  in Eq. 2.24, we get:

 W* = 8 1 - 0.996
x*
xr

*

e o

3/2

 (2.26)

which gives the M-PM formula in terms of W* and the reference shear stress.

Transport Function for Mixed-Size Sediment

All gravel-bed rivers contain a range of sizes, so the work of the preceding 
section must somehow account for the range of sizes available for transport. The 
simplest approach is to assume that the function defined for uni-size sediment can 
be applied to a characteristic grain size for each mixture. In this case, the problem 
is to specify the characteristic grain size, for example, the median size D50. This 
approach does not permit calculation of changes in transport grain size and, in 
fact, includes an implicit assumption that the transport grain size does not vary 
with transport rate, an assumption not consistent with observation.

The transport rate of individual size fractions, qsi, will depend on the grain 
size of each fraction Di, and its proportion in the bed, fi. A characteristic grain size 
for the overall mixture, Dm, is needed to determine the transport rate of the entire 
mixture and to define the relative size of fraction, Di. Our list of dimensional 
variables is:

 qs = f (τ, h, Di, Dm, fi, ρs, ρ, μ, g) (2.27)
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Having added two variables to the list of dimensional variables for the uni-
size case, we also add two to the list of dimensionless variables:

 q* = f (τ*, S*, s, Dm / h, Di / Dm, fi ) (2.28)

The hypothesis used as the basis of many mixed-size transport models, in-
cluding those in BAGS, is that the fractional transport rate, when scaled by the 
proportion of each fraction in the bed, will be a function of the Shields Number 
and critical Shields Number for each fraction:

 qi
* = f (xi

* , xci
* ) (2.29)

where

q
i

* =
fi s - 1` jgDi

3

q
si , x

i
* =

s - 1` jtgDi

x
, xci

* =
s - 1` jtgDi

xci  (2.30 a, b, c)

The essential assumptions behind Eq. 2.29, to be tested against transport 
observations in developing the transport models, are:

(i) The proportion in each fraction, fi , affects transport only as it determines 
how much of each fraction is available for transport. For example, changes 
in fi for one fraction are not assumed to influence the fractional transport 
rates of other fractions. Note that, for uni-size sediment, fi = 1 and Eq. 2.30a 
reduces to Eq. 2.18a.

(ii) The effect on transport of S*, s, and Dm/h are assumed to be negligible or 
contained in the critical Shields Number, xci

* .

(iii) The same functional relation in Eq. 2.29 holds for each size fraction in the 
mix.

The transport formulas in BAGS use the alternative dimensionless transport:

 Wi
* =

f
i
x/t` j

3/2

s - 1` jgqsi  (2.31)

The absence of Di in Wi
* facilitates the development of a transport function 

that holds for all sizes, as explained in the next section.

How a Transport Model is Built

The transport models in BAGS were constructed using a similarity analy-
sis. They begin with the hypothesis that the same transport function—a relation 
between Wi

* and τ/τri, where τri is the reference shear stress for size fraction, 
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i—applies to all fractions in all sediments. A “similarity collapse” is performed 
on the data, which means that all the transport data are plotted as Wi

*  versus 
τ/τri  and the data are seen to collapse reasonably well about a common trend. The 
key feature of this pair of dimensionless variables is that neither contains grain 
size and, thus, the trends displayed by the data are not affected by the grain size 
of different fractions. We have not eliminated grain size from the problem, just 
from the transport function. In fact, what we have done is to isolate the influence 
of grain size (along with most other factors) to the reference shear stress, τri. 
Put another way, the similarity hypothesis states that, if we can determine τri by 
whatever means, then we can predict the dimensionless transport rate Wi

*

  using 
a single, general function of τ/τri.

The process of building a transport model is clearer when illustrated with 
an example. Figure 2.4 shows fractional transport rates of a mixed sand-gravel 
sediment (part of the data used to produce the Wilcock-Crowe [2003] formula). 
Panel (a) shows Wi

* as a function of τ. The transport rates of the coarser frac-
tions are considerably smaller than those of the finer fractions. The values of τri 
selected for each size fraction are shown as “x”s on the reference transport line 
(W*= 0.002). Panel (b) shows Wi

* as a function of τ/τri. Although scatter remains 
in the plot, the general trend of Wi

* as a function of τ/τri is seen to be similar. 
More information on the similarity collapse used to develop transport models, 
including reference to earlier seminal work in Japan, can be found in Parker and 
others (1982) and Wilcock and Crowe (2003).

Figure 2.4. Illustration of the similarity collapse used to develop a transport model.
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Incipient Motion

The Difference Between τc and τr

So far, we have introduced the critical shear stress, τc, and the reference 
shear stress, τr. It can be easy to confuse them. The first, τc, is well defined as an 
abstract concept—it is the value of τ at which transport begins. But because it is a 
boundary, it is impossible to measure directly. If you observe grains moving, then 

τ > τc. If no grains are moving, τ < τc. You could narrow this down with enough 
observations, but more difficult questions confound the issue. If you are looking 
for a grain to move, how long should you watch the bed and how much of the bed 
should you watch in order to determine whether grains are moving or not? When 
the flow is turbulent (meaning that τ at any point is fluctuating in time) and the 
size and configuration of the grains varies, these questions are difficult to answer. 
Yet, both are important (they affect the observed τc) and detailed (Neill and Yalin 
1969; Wilcock 1988). If our goal is to predict transport rate, the practical alterna-
tive is to use the reference shear stress, τr, which is the value of τ associated with 
a very small, predetermined transport rate. This transport rate has been defined as 
W* = 0.002 (Parker and others 1982). With measured transport rates over a range 
of small τ, it is a straightforward thing to determine τr. By its definition, τr is as-
sociated with a small amount of transport, so τr is slightly larger than τc.

Different Applications of Critical Shear Stress

Applications of the general concept of incipient motion can be divided into 
two broad categories. The first is that τc (or τr) serves as an intercept, or thresh-
old, in a sediment transport relation (as we have shown in the Meyer-Peter and 
Muller relation and illustrated in fig. 2.4). The presence of τc (or τr) in transport 
relations introduces a characteristic concave-down trend to the transport function 
(fig. 2.4). For the purpose of estimating transport rates, we are not concerned with 
the entrainment of any grain in particular, but need to know the flow associated 
with some particular transport rate. The reference shear stress, τr, was developed 
for this purpose. In the second case, we are interested in the entrainment of in-
dividual grains. For example, we might be interested in flushing fines from the 
substrate of a gravel-bed river in order to improve spawning habitat. Or we might 
be interested in the stability of bed and bank material in cases where channel 
stability depends on the material not moving at all. In these cases, we are inter-
ested in the entrainment of individual grains or, more generally, the proportion of 
grains on the bed surface that are entrained. We might ask “At what discharge do 
90 percent of the surface grains become entrained, thereby providing access to 
the substrate and some flushing action?” On the other hand, “At what discharge 
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do 1 percent of the surface grains become entrained, thereby indicating that our 
rip-rap channel is beginning to fall apart?”

The difference between these two applications of incipient motion can be 
illustrated with their characteristic field methods. As an intercept in a transport 
relation, we would determine τr by measuring transport rate and determining the 
value of τ at which the transport rate is equal to a small reference value. In con-
trast, the simplest way to measure actual bed entrainment is to use tracer grains. 
These might be painted rocks that are placed on the bed surface (generally, we try 
to replace an in situ grain with a painted grain of the same size in order to provide 
a more realistic indication of the flow producing movement). If the streambed (or 
a portion of it) is dry, it is even easier to just spray paint the bed itself, although 
this may raise aesthetic or legal objections. After a flow has passed over the bed, 
the number of painted rocks remaining are counted. Tracers provide an excellent 
(and easy) way of measuring entrainment (Did the grains move at all?), but it is 
difficult to determine transport rates from tracers, which requires relocating a 
large fraction of the tracers and determining how far they moved. Entrainment of 
50 percent of the grains on the bed does not tell you what the transport rates were. 
And measurement of a non-zero transport rate does not tell you how many of the 
surface grains were entrained. A significant transport rate could be produced by 
a few hyperactive grains, while most of the grains on the bed surface don’t move 
at all.

A related concept is partial transport, which is defined as the condition in 
which only a portion of the grains on the bed surface ever move over the dura-
tion of a transport event. We could define partial transport in terms of all surface 
grains (for example, 50 percent of the surface grains move over the transport 
event) or on a size-by-size basis (for example, 90 percent of the 2- to 8-mm grains 
move, 50 percent of the 8- to 32-mm grains move, and only 5 percent of the  
>32-mm grains move over the transport event). The scope and nature of partial 
transport was defined in the laboratory (Wilcock and McArdell 1997) and has 
been shown to represent transport conditions in the field, even under large flow 
events (Haschenburger and Wilcock 2003; Hassan and Church 2000). Beyond its 
importance in terms of defining bed stability and substrate flushing, partial trans-
port appears to have important consequences for defining frequency and intensity 
of benthic disturbance in the aquatic ecosystem.

Incipient Motion of Uni-Size Sediment

The dimensional analysis for uni-size sediment transport rate led to the re-
sult that dimensionless transport rate depended on four dimensionless variables, 
the Shields Number, τ*, a dimensionless viscosity, S*, the relative density, s, and 
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the relative flow depth, D/h. If we argue that the variables that determine trans-
port rate are the same as those that determine whether grains are moving or not, 
then the same dimensional analysis also applies to incipient motion if we simply 
replace qs with a “motion/no motion” binary variable. Incipient grain motion 
should be described by some relation between xc

* , S*, s, and D/h. If, as we did 
before, we limit ourselves to typical values of s (2.65±5 percent) and flow depths 
more than a few times D, we end up with a relation between xc

*  and S*. For uni-
size sediments, this is represented by the widely known Shields diagram.

The trend marked Shields on the diagram is the function

 xc
* = 0.105(S *)-0.3 + 0.045 exp -35(S *)-0.59

8 B (2.32)

which approximates the original Shields curve (as amended by Miller and others 
1977) and allows xc

*  to be determined without having to look values up on the 
diagram. The curve marked “Surface” on figure 2.5 is the function:

 xc
* =

2
1

0.22(S *)-0.6 + 0.06 : 10[-7.7(S *)-0.6]
8 B (2.33)

Figure 2.5. Shields diagram for incipient motion of uni-size sediment.

This is a function fitted to the Shields Curve by Brownlie (1981), but mul-
tiplied by 0.5, which Parker and others (2008) proposed to match Neill’s (1968) 
observation that xc

*=0.03 at large S*. This suggests that this “surface” curve is 
more appropriate for estimating xc

*  when a pebble count is used to measure the 
grain size of the bed surface.

The variation of xc
*  with S* demonstrates the effect of fluid viscosity on 

grain entrainment. Grains smaller than a few mm are associated with S* of order 
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1000. At smaller S*, we see that xc
*  varies with S*, indicating that viscosity influ-

ences xc
*  for smaller grains. For coarser grains, xc

*  approaches a constant value 
of about 0.03. This is of particular interest, because we are interested in gravel-
bedded streams. Using the definition of xc

* , we see that xc
*  = 0.03 corresponds to:

 τc = 0.03(s-1)ρgD (2.34)

and using s = 2.65 and rg = 9810 kg m-2 s-2 we get:

 τc = 0.5D (2.35)

for τc in Pa and D in mm. This linear trend is clear when the Shields diagram is 
plotted for τc in Pa and D in mm (fig. 2.6).

Figure 2.6. Shields 
Curve in dimensional 
space.

Incipient Motion of Mixed-Size Sediment

What if the bed material contains a range of sizes? The tendency for larger 
grains to be harder to move (as reflected in Eq. 2.35 and the dimensional Shields 
curve above) is counterbalanced by the effect of mixing the different sizes togeth-
er in the same sediment. When placed in a mixture, smaller grains will be harder 
to move than when in a uni-size bed and larger grains will be easier to move. For 
sediments that are not too widely sorted with a unimodal size distribution (for ex-
ample, a mixture of medium sand to pea gravel with D50 around 2 mm, or a gravel 
in the range 8 mm to 64 mm with a prominent mode in the 21 mm to 32 mm frac-
tion and little sand), it turns out that all of the different sizes in the mixture have 
just about the same value of τc. This is a key element of the condition of “equal 
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mobility,” which was hotly debated 10 to 20 years ago (Komar 1987; Parker and 
others 1982). For equal mobility, the balance between the absolute size effect 
(as in the Shields Diagram) and the relative size effect is exact, meaning that all 
sizes begin moving at the same stress. This is the basis of the Parker-Klingeman-
McLean model included in BAGS. The transport rate of all sizes (relative to their 
proportion in the bed) is the same. The transport has the same grain size as the 
bed and can be predicted using the transport rate of a single size.

If all sizes have the same τc, what is it? If the grain size standard deviation 
is not too large, it turns out that the Shields curve provides a pretty good indica-
tion of τc if the median grain size D50 is used for D (Wilcock 1993). Thus, you 
can approximate τc for the entire mixture, as well as for individual size fractions, 
using the Shields Diagram and D = D50.

For mixtures with a wider range of sizes, the smaller sizes tend to move at 
smaller flows than the coarser sizes. This is particularly the case with bimodal 
mixtures, which typically have a primary mode in the gravels and a secondary 
mode in the sand sizes.

The models included in BAGS incorporate different functions to describe 
the variation of τri with relative grain size Di /D50 or Di /Dm (fig. 2.7). Collectively, 
these are termed “hiding functions,” a name suggesting that mixture effects re-
duce the mobility of only smaller grains, although the hiding functions are applied 
to all sizes and thus incorporate both hiding of fine grains and exposure of coarse 
grains. The hiding function of the Parker-Klingeman model gives τri as a pow-
er function of Di/Dsub50 , where Dsub50 is for the substrate size distribution. The 
Parker surface-based model gives τri as a power function of Di /Dsg, where Dsg 
is for the surface size distribution with the sand excluded. The Wilcock/Crowe 
surface-based model uses a hiding function that varies with relative grain size, 
Di/Dsg, in a more complex fashion. The difference between the hiding functions 
arises in large part because the Wilcock/Crowe model is based on an extensive 
set of coupled observations of transport and surface grain size. It indicates that 
the fractions finer than Dsg are nearly equally mobile whereas the coarser frac-
tions display considerable variation of τri with Di /Dsg. Further discussion of these 
transport models is given in Chapter 4.
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Figure 2.7. Hiding functions, reference shear stress as a function of relative grain 
size, used in the Parker-Klingeman, Parker, and Wilcock/Crowe transport 
models.

The Effect of Sand and a Two-Fraction Transport Model

Examination of the reference shear stress for a wide range of sediments 
indicates that the range of τri is relatively small for many sediments (as suggested 
by the PK and P90 hiding functions in fig. 2.7), but that some sediments show a 
much larger variation (as suggested by the WC hiding function in fig. 2.7). The 
sediments with little variation in τri have size distributions that are unimodel in 
shape and contain little sand. Those with a broader range of τri are bimodal, with 
one mode in the gravel size range and another mode in the sand size range. The 
reference shear stress, τri, for the sand fractions tends to be much smaller than 
for the gravel fractions (in others words, the sand begins moving at smaller flows 
than the gravel, violating the equal mobility condition) and τri for the gravel 
fractions tends to be smaller in sandy mixtures than in mixtures with little sand 
(Ikeda and Iseya 1988). The sand content affects τri for both the sand and gravel 
fractions.

The bimodal nature of the size distributions and previous observations that 
τri does not vary much within unimodal gravel mixtures suggests that differences 
between the mixtures might be resolved by considering the mixtures as being 
composed of two fractions—sand and gravel. This allows each fraction to have a 
different τri and provides a simple basis for representing the effect of sand content 
on τri. It turns out that such a two-fraction approach for describing the bed mate-
rial size distribution captures these points very well. This is shown by the plots 
of the reference Shields number of the gravel xri

*  and sand xrs
*  fractions for five 

different lab sediments and four different field cases as a function of the propor-
tion of sand in the bed fs (fig. 2.8; Wilcock 1998; Wilcock and Kenworthy 2002).
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Figure 2.8. Variation of reference Shields Number for (a) gravel and (b) sand fractions of five laboratory 
sediments and four field cases. The curves in (b) are for Dgr/Ds = 10, 20, 35, and 50.

The trends shown in figure 2.8 follow a pattern that fits nicely with our 
general understanding of transport. For the gravel, xrg

*  approaches a common 
uni-size value of 0.045 as the sand content goes to zero. As sand content becomes 
large, xrg

*  approaches a minimum of about 0.01, a value observed in different 
kinds of lab experiments. Most striking is the decrease in xrg

*  over a range in sand 
content between about 10 percent and 30 percent. Over this range, the bed under-
goes a transition from being framework supported (meaning that the bed consists 
of a framework of gravel clasts) to being matrix supported (meaning that the 
coarse grains are “floating” in a matrix of sand). This change in bed composition 
is clearly related to an associated change in transport behavior.

The trend in xrg
*  is also clear, but more complex. As sand content approaches 

1, xrs
*  approaches a standard uni-size value, just as for the gravel. As sand content 

approaches zero, we can expect this small amount of sand to settle down among 
the gravel grains and sand entrainment to occur only when the gravel moves—
thus, τrs = xrg

* . By the definitions of xrs
*  and xrg

* , xrs
*  = xrg

* (Dgr /Ds) (where Dgr is 
the median size of the gravel fractions and Dgr is the median size of the sand frac-
tions), so xrs

*  will depend not only on xrg
* , but on (Dgr /Ds). The multiple lines in 

the lower diagram are for different values of (Dgr /Ds).
Recalling that the relation between transport rate and τ is very steep and 

nonlinear over the typical range observed in gravel-bed rivers, the magnitude 
of the shift in critical Shields Number shown in figure 2.8 is striking. Very large 
differences in transport rate can occur with a shift in sand content (Curran and 
Wilcock 2005; Wilcock and others 2001).

A two-fraction approach to modeling sediment transport, as suggested by 
the difference in behavior between fine and coarse bed material load, provides an 
approach that has both conceptual and practical advantages. Its conceptual under-
pinnings derive from the essential simplification of equal mobility, revised to state 
that the sizes within two separate fractions—sand and gravel—are equally mobile 
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even though the fractions themselves differ in their mobility. A two-fraction esti-
mate allows sand and gravel to move at different rates, thereby permitting change 
in bed grain size due to changes in the relative proportion of sand and gravel (if 
not due to the changes in the representative grain size of either fraction). This 
provides a means of predicting the variation in the fines content of the bed, which 
may often be more variable than that of the coarse fraction, and whose passage, 
intrusion, or removal may be a specific environmental or engineering objective.

A two-fraction approach provides a ready means of representing the inter-
action between the fine and coarse components of the bed material. Laboratory 
studies (Curran and Wilcock 2005; Wilcock and others 2001) show that the 
addition of sand to a gravel bed or to the sediment supply can increase gravel 
transport rates by orders of magnitude (this is indicated by the four-fold decrease 
in xrg

*  in fig. 2.8a). Because there are a variety of situations in which the supply 
of fine bed material can be increased (for example, fire, reservoir flushing, dam 
removal, urbanization), an accurate and practical basis for addressing these situ-
ations is needed.

A two-fraction approach to modeling sediment transport has a practical ad-
vantage in that it facilitates developing an estimate of the grain-size of an entire 
river reach. Areas with similar fines content may be mapped and combined to 
give a weighted average proportion of sand for the reach giving an integral mea-
sure of grain size with reasonable effort. This provides a superior description of 
the bed compared to an unsupported extrapolation from detailed sampling at only 
a few locations. Discussion of concepts and methods for mapping bed texture 
can be found in Buffington and Montgomery (1999a) and Bunte and Abt (2001).

BAGS supports a two-fraction computation of transport using a transport 
formula (Wilcock and Kenworthy 2002) and a calibrated approach (Wilcock 
2001). Details are provided in Chapter 4.
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Chapter 3—Sources of Error in Transport 
Modeling

It’s the Transport Function

The form of a transport function reveals why transport rates are so difficult 
to estimate. We will use the Meyer-Peter and Müller formula (fig. 3.1) to illustrate 
(other transport formulas have a similar shape, so we use the simple and famil-
iar M-PM formula as an example). Although the power function approaches an 
exponent of 3/2 at large τ*, it also becomes arbitrarily steep as τ* approaches xc

*  
(fig. 3.1a). Small errors in τ* near xc

*  will produce order-of-magnitude errors in 
q*. Unfortunately, most transport in coarse-bedded rivers occurs at τ* not much 
larger than xc

*  (even during floods, τ*/xc
*  often does not exceed two; Parker and 

Klingeman 1982). Figure 3.1b shows the same relation using arithmetic axes. It 
is seen that the transport rates are zero and then increase rapidly as τ* exceeds 
xc

* . What this means is that small errors in τ* (or xc
*) can produce enormous errors 

in estimated transport rate. Recalling the definition of τ*

 x* =
(s - 1)tgD

x  (3.1)

reminds us that τ* contains τ in the numerator and D in the denominator. Thus, 
we can summarize the problem of accurately estimating transport rate in terms 
of uncertainty in estimating τ, which we will call the flow problem, and uncer-
tainty in estimating D, which we will call the sediment problem. A third problem 
concerns uncertainty in specifying the correct value of xc

* . In any of these cases, 
we see that an error of order, say, a factor of two, can produce large errors in q*.

To illustrate the error possible, the same calculations are plotted in more 
familiar units in figure 3.2, which gives transport rate in kg/hr as a function of 
discharge in m3/s using M-PM with xc

*= 0.045 and applied to a rectangular chan-
nel of width b = 15 m, slope S = 0.002, and roughness n = 0.025. The effect of 
uncertainty in the key variables (τ, D, xc

*) is evident not only in the steepness of 
the curves, but by using two grain sizes, D = 45 mm and D = 30 mm. The critical 
discharge for incipient motion differs by almost a factor of two between the two 
cases. At a discharge of 55 m3/s, M-PM predicts zero transport for 45-mm grains 
and a transport rate of 80,000 kg/hr for 32-mm grains. The identical two curves 
would be calculated for D = 45 mm and two values of critical Shields Number: 
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xc
*= 0.045 and xc

*= 0.030. The same discrepancy would also arise from an error 
in τ of the same magnitude. Considering the uncertainty involved in specifying 
values of τ, D, or xc

* , you see that it is very easy to be very far off with transport 
calculations.

In this chapter, we summarize the three sources of error: error in τ (the flow 
problem), error in D (the sediment problem), and error in xc

* . It is quite easy to 
have error of a factor of two or larger in any and all of these terms. In Chapter 7, 
we will examine how to estimate error in transport rates given the possible 
combined error in all of these variables. Here, we explore each source of error 
individually to understand not only the error, but possible means of reducing it.

Figure 3.2. Example calculation using the Meyer-Peter and Müller formula for a channel with slope S =0.002, 
roughness n = 0.025, and width b = 15 m. The solid curve uses τ*

c
 = 0.045 and D = 45 mm. The dashed 

curve can be generated using either τ*
c
 = 0.045 and D = 30 mm or τ*

c
 = 0.030 and D = 45 mm. Note that at 

discharge Q = 55 m3/s, one curve indicates zero transport and the other a transport rate of 80,000 kg/hr.

Figure 3.1. The Meyer-Peter and Müller formula, using τ*
c = 0.045. Formula shown with both 

log-log and arithmetic axes to demonstrate its nonlinearity. The log-log plot emphasizes small 
transport rates and demonstrates the zero limit at τ*

c = 0.045. The arithmetic plot shows how 
transport rate increases rapidly as τ* exceeds τ*

c = 0.045.

(a) (b)
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The Flow Problem

There are three basic reasons why it is difficult to estimate the τ driving the 
transport:

1. Unsteady and non-uniform flow: although often neglected, accelerations in 
the flow in space or time can have a substantial effect on the total stress τ0 
acting on the wetted perimeter of the channel. The components of τ0 were 
discussed in Chapter 2—Non-Uniform and Unsteady Flow.

2. Total stress versus grain stress, or skin friction: although we can estimate the 
total force per area acting on the channel boundary, only a portion of this to-
tal stress acts on movable grains to produce transport. The stress that acts on 
the movable grains τʹ is called the grain stress. Methods for estimating τʹ are 
approximate and were discussed in Chapter 2—The Drag Partition.

3. Spatial variability: τ tends to vary across and along the channel. The inter-
action between stress and grain motion is largely played out at a scale of 
perhaps 10 to 100 times the grain size. This dynamic is largely unaffected by 
what is happening elsewhere in the channel—it is a local phenomenon. In a 
channel with bed topography, the local shear stress τl can vary considerably 
across and along a stream reach (fig. 1.1). Combined with the fact that the 
transport function is steep and nonlinear (fig. 3.2), we face a difficult problem 
in determining the total transport rate through a reach. If the transport func-
tion was linear, we could calculate an average value of τʹ and then use that in 
our transport formula. Because the transport function is strongly nonlinear, 
this will produce errors that can be significant. Basically, the surplus in 
transport rate in areas where τ′ is greater than the mean will be much larger 
than the deficit in transport rate in areas where τʹ is smaller than the mean. A 
simple case would be one in which the mean τʹ is less than τc, indicating that 
no transport should occur. But even if the mean τʹ < τc, there can still be loca-
tions where τl > τc. Thus, the mean τʹ indicates no transport when, in fact, 
there will be transport going on.

There are ways to estimate local shear stress, but these require local mea-
surements or extensive detailed information about the channel topography and 
bed material (Wilcock 1996). In a research context, both τl and qs might be mea-
sured across a channel section. A practical interest in τl arises, for example, if 
one were interested in the spatial distribution of transport or the likelihood of 
entrainment over particular locations on the bed, such as over salmonid redds or 
dynamic gravel bars. These questions of detail are beyond the scope of our work 
here. There is some basis for estimating the increase in total transport through a 
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section relative to the mean as a function of cross-section topography (Paola and 
others 1999), but application requires detailed measurement of section topogra-
phy. Some transport formulas make a simple adjustment for transport in the field 
relative to that in flumes (where topographic relief is smaller; Brownlie 1981; 
Wilcock and Kenworthy 2002), although the adjustment can only be approximate 
because the true correction depends on the topography of any particular reach.

The Sediment Problem

Determining Grain Size

Grain size enters sediment transport calculations in two ways, via the criti-
cal stress τc or reference stress τr and via the proportion fi of each fraction in the 
bed if the transport of individual sizes is to be calculated. For coarse sediment, 
τr depends approximately linearly on grain size. Thus, error in specifying grain 
size produces a similar error in τr. Because the transport rate depends nonlinearly 
on the excess τʹ above τr, the corresponding error in transport rate is likely to be 
much larger. Fractional transport rates depend in a linear fashion on fi via Eq. 
2.31, although the proportion of sand in the bed also affects the reference shear 
stress in the Wilcock/Kenworthy two fraction model and the Wilcock/Crowe 
many-fraction model.

Which Grain Size: Supply or Bed?

When determining the grain size to use in estimating transport through a 
reach, the obvious location to measure the grain size would be in the reach itself. 
But, the grain size of sediment transported through a reach may be considerably 
different from that found in the bed of the reach. An extreme case would be trans-
port through an armored reach below a dam. If the reservoir traps all upstream 
sediment supply and flows capable of moving sediment are still released from 
the dam, the transportable sediment will be gradually removed from the reach 
downstream (Williams and Wolman 1984). If a tributary below the dam sup-
plies sediment to the mainstem, the transported material will be that supplied by 
the tributary, which could be very different from that remaining in the armored 
river bed. For example, if the armored bed is coarse gravel and cobble and the 
tributary contributes sand and fine gravel at a rate that can be readily transported 
by flows released from the dam, then the mainstem bed will contain little or no 
sand and fine gravel and the grain size of the transport will be entirely different 
from the grain size of the bed. A transport formula applied to the grain size of the 
bed would produce an estimate of negligible transport, when, in fact, substantial 
transport of tributary sediment may be occurring.
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Although transport in an armored reach below a dam may seem an extreme 
(but not uncommon) case, it is always possible that transport grain size is dif-
ferent from that of the bed (Lisle 1995) and different from that which would be 
predicted from the grain size of the bed. In coarse-bedded streams, it is simply not 
possible to reliably estimate transport rates by using the bed material grain size 
in a transport formula. Some indication of the grain size of the active portions of 
the streambed and/or the transported sediment is needed. Look for locations with 
fresh deposits to provide a check on the estimated transport grain sizes. The best 
approach is to use some samples of transport rate to calibrate the prediction from 
a transport formula, as developed in the Wilcock two-fraction and the Bakke and 
others many-fraction methods discussed in the next Chapter.

The Incipient Motion Problem

A wide variation has been reported in xc
*  (Buffington and Montgomery 

1997). Some of this variation is due to intrinsic variability in the stress needed to 
entrain grains of a given size, but some of the variation may also be attributed to 
the flow and sediment problems discussed above. If xc

*
 is determined for a river 

reach, uncertainties due to non-uniform flow, drag partitioning, and local flow 
variation will contribute to uncertainty in xc

* . There is certainly variation in xc
*  

intrinsic to the sediment. A factor of two variation in xc
*  is reported due to the 

arrangement of gravel clasts into clast jams, stone lines, and stone cells on the 
stream bed (Hassan and Church 2000). A factor of four variation in gravel xc

*  has 
been demonstrated as a function of sand content (fig. 2.8). Long periods without 
active transport can also increase xc

*
 from bed consolidation, chemical precipita-

tion, and deposition of muds and biofilms.

Use of Calibration to Increase Accuracy

Using a few transport measurements increases the accuracy of transport 
estimates by addressing each of the problems presented so far in this chapter. In 
both the Wilcock two-fraction method and the Bakke and others many-fraction 
method, the transport observations are used to determine the reference shear 
stress (for sand and gravel in the first case, and for each size fraction in the sec-
ond case). This can be visualized by placing the transport data and the transport 
function on the same plot. Figure 3.3a shows some sample transport data and 
the Wilcock two-fraction transport function as W* plotted against τʹ. The same 
data and function are plotted in figure 3.3b except that τʹ is now scaled by τr. The 
calibration consists only of choosing a value of τr such that the function passes 
through the data.
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Figure 3.3. Illustration of 
transport formula calibration 
via τr.

The calibration evidently accounts for uncertainty in the critical Shields 
Number (Chapter 3—The Sediment Problem) by finding τr from the data. But it 
accomplishes more than that because it can be used to, in effect, perform the drag 
partition. To see this, first recall the drag partition formula:

 lx = 17(SD65)
1/4U3/2 (2.15)

Now, we assume that the variation of U with Q is known from a calibrated 
stage-discharge or flow resistance relation. To illustrate, consider a velocity- 
discharge rating curve represented with a power function (as used in at-a-station 
hydraulic geometry):

 U = kQm (3.2)

where k and m are known from measurements. Putting Eq. 3.2 in Eq. 2.15, we 
have at the reference transport condition:

 lxr = 17k(SD65)
1/4Qri

3/2m (3.3)

If we write this equation a second time, for the general case of τʹ as a func-
tion of Q:

 lx = 17k SD65_ i
1/4

Qri
3/2m (3.4)

and then divide Eq. 3.4 by Eq. 3.3, we get:

 
lxr

lx
=

Qr

Q
c m

3/2m

 (3.5)
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if we can assume that S and D65 do not vary with Q. Now we see how calibra-
tion provides the drag partition. By providing, through calibration, an accurate 
estimate of τri (and Qri via Eq. 3.3), we now only need to predict the variation of 
τʹ with Q rather than the particular value of τʹ at any particular Q. This variation 
depends only on m, which standard field methods can provide with reasonable 
accuracy.

Because the grain size of the transport samples is measured, the calibration 
procedure can be performed for each grain size separately. Using calibration and 
Eq. 3.5, it is seen that the predicted transport rates do not depend explicitly on 
grain size. It is no longer necessary to put an estimate of the grain size into the 
transport formula.
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Chapter 4—Transport Models in BagS

This chapter describes the particular transport models implemented in 
BAGS, along with a few general comments on their application.

1. The substrate-based equation of Parker-Klingeman-McLean (PKM) (Parker 
and others 1982)

2. The substrate-based equation of Parker-Klingeman (PK) (Parker and 
Klingeman 1982)

3. The surface-based equation of Parker (P90) (1990a,b)

4. The procedure of Bakke and others (1999)

5. The two-fraction equation of Wilcock (W01) (2001)

6. The surface-based equation of Wilcock and Crowe (WC) (2003)

All of these relations are empirical—all were developed and tested using 
gravel or sandy gravel transport data. Four of the formulas are based directly 
or indirectly on the transport measurements of Milhous (1973) on Oak Creek, a 
gravel-bed stream in the Coast Range of Oregon. Three of the formulas (Parker 
1990a,b; Parker and others 1982; Parker and Klingeman 1982) were developed 
directly from these data and have subsequently been applied to a large number of 
different gravel-bed rivers. The Bakke and others (1999) method is a calibrated 
procedure based on the Parker-Klingeman formula. The two-fraction model of 
Wilcock (2001) was developed from a mix of laboratory and field observations, 
including the Oak Creek data. The Wilcock-Crowe model was developed from a 
new set of flume data, described in Wilcock and others (2001).

Although these relations are often referred to as bed-load equations, they 
are, with the exception of the Parker surface-based transport model, bed-material 
load equations because they are fitted to the entire load. Although at low flows 
most or all of the grains may move solely as bed load, at higher flows the smaller 
fractions may move via a complex and difficult-to-distinguish mix of bed load 
and suspended load.

general Comparison of the Transport Models

There is little substantial difference in the transport function forming the 
backbone of each of these transport models. Figure 4.1 presents all five transport 
functions (the Bakke procedure is a method of calibrating the Parker-Klingeman 
formula) contained in BAGS. The PKM, PK, and W01 formula for gravel are 
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seen to be nearly identical. The two surface-based transport functions (P90 and 
WC) and the W01 sand function have a somewhat gentler slope and smaller val-
ues, which reflect a difference between using surface and substrate grain sizes 
and, to some extent, the effect of surface sand content on gravel transport rates. 
The form of the P90 transport function depends on the standard deviation of the 
surface size distribution. The curve plotted in figure 4.1 uses σψ = 1.5, where σψ 
is the standard deviation of the grain size distribution in ψ units. The Meyer-Peter 
and Müller relation is shown on figure 4.1 for reference. It has a larger slope at 
small τ/τr and sharper inflexion than the newer relations.

Figure 4.1. Transport function for 
each model (W* v. τ / τr).

The similarity among the transport functions is to be expected because the 
transport models are developed from, or have been shown to be consistent with, 
the same transport data. The primary differences between the transport models 
falls in three areas: whether the surface or substrate grain size is used, the number 
of size fractions used, and whether the model uses calibration (table 4.1).

Table 4.1. Differences between transport models.

 Model Number of grain sizes Surface or substrate Calibration

 PK (1982) One Substrate No
 PKM (1982) Many Substrate No
 Parker (90) Many Surface No
 WC (2003) Many Surface No
 Bakke (1999) Many Substrate Yes
 Wilcock (2001) Two Surface Yes
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Whether using one, two, or many size fractions, or surface or substrate grain 
size, all of the models include a transport function giving transport rate as a func-
tion of excess stress τ/τr (fig. 4.1) and some basis for estimating the reference 
stress τr. In the Wilcock (2001) and Bakke and others. (1999) methods, the refer-
ence stress is estimated from transport observations. For the Parker-Klingeman 
(1982), Parker (1990a,b), and Wilcock/Crowe (2003) models, the reference stress 
for each grain size is given by a hiding function (fig. 2.7). Because each of the 
models represents the flow using shear stress τ, part of the transport calcula-
tion involves determining τ from the discharge and channel input specified by 
the user. As discussed in Chapter 3, uncertainty in specifying τ is an important 
source of error in calculating transport rates. The approach used to estimate τ is 
presented after the discussion of each model.

Models Incorporated in the Prediction Software

The complete formulas for each transport model are presented in the accom-
panying user’s manual (Pitlick and others 2009). The discussion here outlines the 
models to highlight their dominant features and the salient differences among 
them.

Substrate-Based Equations

The Parker-Klingeman-McLean equation (Parker and others 1982) is based 

on a single grain size, D50, of the substrate. W * is calculated as a function of x
50
* /xr

* 

where x
50
*  is formed using D50 of the substrate and xr

* is a reference Shields stress 
with a value of 0.0876. The transport equation of Parker and Klingeman (1982) 
predicts the transport of multiple size fractions. Dimensionless fractional trans-
port rate Wi

* is calculated as a function of:

 
xr*
x50

*

Di

D50
c m

0.018

 (4.1)

where, again, x
50
*  is formed using D50 of the substrate and xr

* is a reference 
Shields stress with a value of 0.0876. The transport functions are plotted in figure 
4.1 and the hiding function implied in Eq. 4.1 is shown in figure 2.7. Because 
these formulas are referenced to the substrate grain size, they are best applied to 
small gravel-bed streams with a modest sediment supply in a humid environment, 
similar to Oak Creek, Oregon, for which the formulas were originally derived.

Surface-Based Equations

The surface-based transport model of Parker (1990a,b) was developed us-
ing the surface grain-size distribution and transport rates for Oak Creek. Because 
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the surface grain-size distribution was available only for low flows, the relation 
was developed by inverting the PKM transport function, which is based on the 
bed substrate, and evaluating the result relative to the surface size distribution. A 
variation in surface grain size as a function of stage was inferred in the derivation 
of the relation. The Parker (1990a,b) transport model excludes grains smaller than 
2 mm. Dimensionless fractional transport rate Wi

* is calculated as a function of:

 ~
xrsg

*

xsg
*

Di

Dsg
c m

0.0951

 (4.2)

where xsg
*  is formed using Dsg, the mean size of the gravel portion of the bed sur-

face, the reference Shields stress xrsg
*  is given by Parker (1990a) as 0.0386, and 

ω is a straining function that depends on xsg
* /xrsg

* . Relations for ω are plotted in 
Parker (1990a) and can be found in tabulated form in Parker (1990b). The hiding 
function implied in Eq. 4.2 is nearly identical to that in the Parker-Klingeman 
relation (fig. 2.7).

The surface-based equation of Wilcock and Crowe (2003) was developed 
from coupled observations of flow, transport, and bed surface grain size using 
five sediments with varying sand content in a laboratory flume (Wilcock and 
others 2001). Unlike the Parker (1990a,b) surface-based model, sand is treated 
explicitly in the model. Dimensionless fractional transport rate, Wi

*, is calculated 
as a function of:

 
xrsg

x
Di

D sg
c m

|

 (4.3)

where the exponent χ varies with relative grain size Di / Dsg (fig. 2.7) and τrsg is 
the reference stress for the mean size of the bed surface. In the Wilcock-Crowe 
model, τrsg is not a constant but depends on Fs, the proportion of sand on the bed 
surface.

Calibrated Transport Functions

The procedure of Bakke and others (1999) uses transport observations to 

calibrate the value of xr
* and the exponent 0.018 in Eq. 4.1. In BAGS, the calibra-

tion is conducted with least square regression subject to the constraint that the 
average transport rate calculated with the fitted equation is equal to the average 
transport rate from the samples. The procedure included in BAGS uses substrate 
grain size, although Bakke and others (1999) indicate that the same approach can 
be used with surface grain size.

The two-fraction equation of Wilcock (2001) is intended to be used in a 
calibration procedure in which values of the reference shear stress are chosen to 
match the formula with transport rate observations. Transport is grouped in two 
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fractions, gravel and sand, the boundary of which is normally defined as 2 mm 
but can be defined at larger values in coarser beds (Wilcock and others 1997). 
Wilcock (2001) suggested that the choice of transport formula is of secondary 
importance when using transport observations to calibrate the formula. They sug-
gested a formula for consistency with previous formulas, including the PKM 
formula. The calibration parameters in the model are the reference shear stresses 
for gravel and sand, τrG and τrS, respectively. These are determined in BAGS us-
ing a least square regression on the gravel and sand transport data.

Calculating Transport as a Function of Discharge

The transport formulas give transport rate as a function of shear stress, τ. 
In order to calculate transport rates as a function of discharge, the software must 
determine τ as a function of user-specified values of discharge, channel geometry, 
and hydraulic roughness. This requires using a flow resistance equation (which 
relates τ to flow depth h, velocity U, and hydraulic roughness) and water mass 
conservation (which relates h and U to water discharge Q).

BAGS offers two different approaches for connecting τ and Q. In the 
first, the user specifies a value of Manning’s roughness, n, for in-channel flows. 
Manning’s equation and water mass conservation are then solved to find U, h, and 
the total boundary stress τ0. BAGS then performs a drag partition to estimate the 
grain stress τ’, the portion of τ0 acting on the sediment grains. Derivation of the 
drag partition formula follows from the development in Chapter 2. Recall that the 
Manning formula can be combined with the depth-slope product to give:

 τ0 = ρgS1/4(nU)3/2 (2.13)

where n is the value specified by the user. Recall, also, that we can estimate the 
portion of the total roughness n due only to the bed grains using the Manning-
Strickler formula (Eq. 2.11). We substituted this grain roughness nD in Eq. 2.13 
to estimate the grain stress τ′ in Chapter 2:

 τ′ = ρgS1/4(nDU)3/2 (4.4)

One can think of the relation between Eqs. 4.4 and 2.13 as follows. If the 
only roughness in a channel were due to the bed grains, then n = nD and τ0 = τ’. As 
other factors such as banks, in-channel obstructions, and bends add to the rough-
ness, n will exceed nD and τ0 will be larger than τ’ for the same U and S. Taking 
the ratio of Eqs. 4.4 and 2.13 gives:

 
x

0

lx
= n

nD
a k

3/2

 (4.5)
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which is our formula for estimating the grain stress in BAGS. Although the re-
lation between n, nD, τ0, and τ′ appears reasonable as we explain it, we cannot 
precisely show that the relation is exact for the same values of U and S, as re-
quired to combine Eqs. 4.4 and 2.13 in Eq. 4.5. This problem has long been 
recognized in sediment transport modeling. Meyer-Peter and Müller (1948) and 
Einstein (1950) developed similar drag partition approaches in their classic mod-
els of sediment transport.

To use Eq. 4.5, a user-specified value of n is needed. If such a value is not 
available, BAGS calculates the roughness from the bed material only and no 
drag partition is made. In general, this means that the transport rates estimated 
by BAGS are likely to be too large, with the amount of overestimate increasing 
for rougher channels. This is because an increase in hydraulic roughness (for a 
given U and S) causes the depth to increase and the velocity to decrease and, thus, 
reduces the grain stress (Eq. 4.4). In general, transport calculations made without 
a drag partition will be most accurate if reach is wide, shallow, and mostly void 
of roughness elements other than the movable bed material. If a value of total 
roughness n is not available but the Manning-Strickler nD for your bed material 
(calculated from Eq, 2.11) produces roughness values that seem much smaller 
than a reasonable value for the channel, some auxiliary BAGS calculations using 
trial values of n can give an indication of the possible importance of including a 
drag partition in the transport estimate. It is worth noting again that the calibrated 
transport methods in BAGS provide, in essence, a drag partition, because the 
value of τr results from the calibration and the transport rates are calculated as a 
function of τ/τr. Thus, the problem of overestimating transport rates is most acute 
for the uncalibrated formulas used in BAGS.

Whether using a drag partition or not, BAGS must estimate the grain rough-
ness from the bed material grain-size distribution. Although somewhat different 
relations have been proposed, all of the transport models correlate the rough-
ness grain size with a coarser portion of the bed material size distribution. The 
roughness size for the Parker (1990a) relation is defined as 2Ds90, where Ds90 is 
defined for the surface size distribution. Wilcock (2001) suggested estimating the 
roughness size as 2Ds65. For the PKM and PK substrate-based relations, rough-
ness height must be defined relative to the substrate size distribution. Based on 
limited field data in Parker and others (1982), a ratio of surface D90 to substrate 
D50 ranges between 4.3 and 6.4 with an average value of approximately 5.35. 
The roughness size recommended by Parker (1990a,b) is thus implemented for 
the substrate-based models as 10.7Dsub50. Although there is variation in the dif-
ferent estimates for roughness grain size, the effect on the calculated hydraulics is 
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generally small (recall from Eq. 2.11 than the grain roughness nD is proportional 
to grain size to the 1/6 power).

For a simple channel with a specified width of bed material, total trans-
port rates can be calculated directly from the transport relations. In a compound 
cross section, BAGS calculates flow separately in the main channel and over the 
floodplain regions. Transport is calculated only in the main channel portion—
the location of the bed material. Further detail on the hydraulic computations in 
BAGS is given in the user’s manual (Pitlick and others 2009).

Why a Menu of Models Can be Misused

Given a drop-down menu providing a choice of different transport formulas, 
it is tempting to select all the formulas in order to get some idea of the uncer-
tainty in the calculated transport rate. This will, indeed, give a range of estimated 
transport rates, although it is hard to know what to make of it. The main source 
of uncertainty in calculated transport rates arises from uncertainty in the input 
values of grain size, boundary stress, and hydraulic roughness. Considerable ef-
fort has been spent over the years in comparing the accuracy of different transport 
formulas. Such comparisons inevitably suffer from the fact that the true transport 
rate is rarely known, but also divert attention from the primary source of error in 
calculated transport rates: uncertainty in the boundary conditions. Too often, the 
transport formula is blamed for poor results when the real culprit is poor input. A 
basis for estimating the uncertainty in calculated transport rate from uncertainty 
in the input is provided in Chapter 7.
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Chapter 5—Field Data Requirements

Although it is beyond the scope of this manual to give a detailed discussion 
of the field data needed to make transport estimates, we do present several factors 
to consider for collecting information to support development of a good estimate. 
An excellent description of basic field techniques is provided by Harrelson and 
others (1994). A comprehensive review of streambed sampling techniques is pro-
vided by Bunte and Abt (2001).

Site Selection and Delineation

An essential factor in making an accurate transport estimate—probably the 
most important—is choosing an appropriate reach in which to work. Just as the 
USGS has developed guidelines for selecting reaches for stream gauging, there 
are attributes of a channel reach that will make it easier and more likely for you 
to develop a good sediment rating curve. The factors that contribute to error in 
transport estimates, summarized in Chapter 3, can be used to define the attributes.

The Flow Problem

When the flow velocity and depth vary through a reach (for example, due to 
channel bends or changes in slope, flow constrictions and expansions), the non-
uniform flow terms in the governing relation for open channel flow cause the total 
boundary stress τ0 to differ from that given by the depth-slope product (Eq. 2.7). 
BAGS calculates flow and transport at a cross-section and cannot account for 
non-uniform flow. If the non-uniform flow terms in Eq. 2.7 are significant, the 
calculated τ0 will be in error. A 1d hydraulic model (such as HEC-RAS) can 
account for the effect of non-uniform flow on reach hydraulics if the model is 
calibrated with observed stages at known discharges. Nonetheless, when τ0 var-
ies along the channel, it is difficult to determine the spatially averaged value of τ0 
that is best correlated with the total transport through the reach. Channel features 
that produce flow obstructions (vegetation, bridge abutments, boulders, and so 
forth) cause the grain stress τ’ driving the transport to differ from the total stress 
τ0 in the reach. Although an expression for grain stress (Eqs. 2.14, 2.15) provides 
a basis for estimating τ’, this method is an approximation and the accuracy of 
estimating τ’ is likely to improve when τ’ is a large fraction of the total stress.

Thus, an ideal reach for estimating transport rates is straight, with minimal 
variation in width, slope, bed material, or roughness and with nothing in the flow 
(other than the sediment) to take up the stress acting on the bed. This, of course, 
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is an ideal that will rarely be exactly available. The physical constraints provide 
guidelines as to what to avoid in locating a sampling reach:

• Reaches with bends, changes in channel width, slope, or roughness that pro-
duce rapid changes in flow velocity and depth;

• Reaches with obstructions, such as boulders, vegetation, and debris jams, that 
exert substantial form drag causing the grain stress to be a reduced proportion 
of the total boundary stress; and

• Reaches with highly variable topography or bed material, such that the spa-
tially averaged stress has an uncertain relation with the total transport through 
the reach.

Note that the attributes of a desirable reach for estimating transport with a 
formula are not necessarily the same as those for a reach well suited to the devel-
opment of an empirical sediment rating curve. For example, a section in which 
the flow is forced through a constriction, such as a bridge or flume, can allow for 
very accurate flow and transport measurements, particularly if the bed is bed-
rock or concrete, allowing for secure placement of samplers on the surface (for 
example, Kuhnle 1992). Such locations are not appropriate for prediction using 
a formula—with or without calibration—because these formulas are developed 
from conditions in which the transport field is in a steady state with the flow and 
the bed from which the sediment is entrained.

The Sediment Problem

Formula predictions are based on the grain size of sediment in the reach. If 
a reach is fully alluvial and at equilibrium such that the channel is formed entirely 
of material the stream is regularly transporting and the transport rates in and out 
of the reach are balanced over periods of a storm or longer, the sediment transport 
rates should be predictable as a function of the grain size in a reach. If the bed 
sediment is not in a steady state with the transport (for example, some coarser 
grains rarely, if ever are entrained), the predictions will be in error. Note that 
under steady state alluvial conditions, the grain size of the bed and transport will 
not generally be the same, because the transport formulas used in BAGS predict 
size selective transport. The important factors are that the transport regime be in 
a steady state with the current hydraulics and bed configuration and that all of the 
bed sediment be actively transported.

Of particular concern are cases in which coarser parts of the bed are effec-
tively immobile under the present flow regime. This may happen below a dam or 
other site of sediment storage or where local sediment sources (such as hillslopes) 
introduce sediment to the channel that cannot be transported. If these grains are 
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included in the bed material grain size, the rate of sediment transport is likely to 
be significantly underestimated.

Because adjustments in the stream bed can occur slowly, particularly in 
headwater streams with small transport rates, the best evidence of an adjusted 
alluvial reach is persistence in bed morphology and grain size over a period of 
years. Particular attention should be given to gravel bars. These are the loca-
tions where transported sediment is stored and are, therefore, more sensitive to 
changes in the sediment balance of a reach. If the channel experiences a range of 
floods that transport all of the bed material (indicating that there is not an inactive 
lag of immobile coarse grains) without substantial adjustments bar size or grain 
size (indicating that sediment inputs and outputs are balanced), application of a 
transport formula is appropriate.

The Incipient Motion Problem

A range of factors can cause the critical Shields Number for incipient mo-

tion, xc*, to vary. Periods of intermediate flow producing small transport rates of 
coarse grains can produce a variety of bed structures at a range of scales (im-

brication, clast jams, stone lines and cells). These structures can increase xc* by 
a factor of two or more (Church and others 1998). Extended periods with little 
or no transport can promote fines infiltration, grain settlement and interlocking, 
biofilm growth, and chemical precipitation, all of which can increase the stress 

needed to initiate transport. Formula predictions using standard values of xc* can 
be expected to work only with bed material that is entrained and transported on a 
regular basis. Nudging the bed with your toe should give an idea of whether the 
sediment is “loose,” meaning that the resistance to movement is due to grain mass 
and relative size and not increased due to other factors.

Channel geometry and Slope

A channel cross-section and slope are needed to estimate the boundary 
stress from the water discharge. Particular care must be used when estimating 
the channel slope, because the mean change in elevation along a channel can 
be relatively small and often less than the change in elevation associated with 
the bed configuration and structure of the reach. Channel slope should be calcu-
lated from the change in elevation between comparable channel features such as 
riffles or bar tops. The width of the channel bed containing actively transported 
bed material should be noted. Guidelines and instructions for measuring channel 
geometry can be found in Harrelson and others 1994. If a hydraulic model, such 
as HEC-RAS has been calibrated for the reach, the water-surface slope from the 
model will give a more consistent slope estimate than the bed slope.
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Hydraulic Roughness and Discharge

An estimate of hydraulic roughness is needed to link water discharge, Q, to 
flow depth, slope, and boundary shear stress. The flow resistance and drag parti-
tion method presented here is based on the Manning equation, which requires an 
estimate of the roughness parameter n. This is not a trivial thing and uncertainty 
in n introduces uncertainty in all subsequent calculations. The only reliable way 
to determine n is to observe the water surface elevation (WSEL) at a known dis-
charge. With a field survey of the cross-section geometry and channel slope, you 
can calculate the hydraulic radius, R, and the flow cross-sectional area, A, that 
are associated with the WSEL, as well as calculate S. These are used in Eq. 2.9 
to back-calculate n. Unless your reach is in the immediate vicinity of a gage, the 
requirement of a known discharge means you will have to measure it. If you do 
not have a known discharge to match your WSEL observation, your estimate of 
n is basically an educated guess. There are tables and picture books available 
to locate streams similar to yours to borrow n values (Barnes 1967; Hicks and 
Mason 1998). There are formulas from which n can be calculated as a function of 
sediment size, R, and sometimes other variables (Arcement and Schneider 1989). 
None of these methods are particularly accurate relative to directly measuring the 
discharge at a known stage. Guidelines and instructions for measuring discharge 
can be found in Harrelson and others 1994.

Bed Material

Use of the Parker (1990a,b) and Wilcock/Crowe (2003) models requires 
specification of the surface grain size. Use of the Parker, Klingeman, and McLean 
(1982) and Parker-Klingeman (1982) formulas requires specification of the sub-
strate grain size. Extensive guidelines for determining surface and substrate grain 
size are given by Bunte and Abt (2001). The surface grain size can be more vari-
able than the subsurface grain size (Mueller and Pitlick 2005) and may require 
a larger number of samples. For these conditions, particular attention must be 
paid to developing a representative sample. Regions of the bed with similar bed 
material and hydraulics should be delineated and sampled separately. The reach 
averaged grain size is then developed using a weighted average of the grain size 
of different regions. Examples of facies mapping and reach-averaging grain size 
are found in Buffington and Montgomery (1999a,b).

A two-fraction approach can facilitate development of a reach-averaged 
estimate of grain size. If a characteristic grain size can be established for the 
fine and coarse portions of the streambed, areas with similar fines content can 
be mapped and combined to give a weighted average proportion of sand for the 
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reach, giving an integral measure of grain size with reasonable effort. This pro-
vides a superior description of the bed compared to an unsupported extrapolation 
from detailed sampling at only a few locations.

Sediment Transport

Samples of bed-material transport rate in gravel-bed rivers are most com-
monly collected using hand-held samplers such as the Helley-Smith (Emmett 
1980). Although a number of criticisms of hand-held samplers have been raised 
(scooping non-moving bed material, perching on large grains, limited range of 
grain sizes), the most important limitation is simply that, short of an army of 
samplers simultaneously deployed for long periods of time, the samples collected 
by a hand-held sampler are very small relative to the large spatial and temporal 
variability associated with the bed-material transport. It is difficult (and unusual) 
for a hand-held sampler transect to collect as much as 1 percent of the transport 
passing the section over the sampling period. This amount is generally too small 
to provide a reliable estimate of bed material transport in gravel-bed streams. 
Even in the best of cases, scatter in transport observations is likely to exceed an 
order of magnitude and uncertainty in the predicted transport rate is difficult to 
reduce below ±50 percent (c.f. Hubbell 1987; McLean and Tassone 1987).

Superior sampling alternatives capable of collecting larger, more represen-
tative samples are in-bed pits (ranging from simple 5-gal buckets to sophisticated 
chambers with a load cell capable of tracking accumulated transport over time 
(for example, Church and others 1991; Reid and others 1980) or a net frame sam-
pler fixed to the bed (Bunte and others 2004). At small transport rates, pit or net 
traps can sample for long periods such that the proportion of transport sampled 
scales directly with the proportion of the channel width covered by installed sam-
plers. Pit or net samplers also offer the important advantage that, once installed, 
samples can be collected without the disturbance associated with placing and 
removing a hand-held sampler. These samplers have a number of drawbacks. An 
important problem is that these traps do not efficiently sample the transport of 
fine bed material. Sand and even fine pea gravel may not be efficiently trapped in 
a pit and the recommended mesh size for net samplers is 4 mm. Because fine bed-
material transport tends to be more active and somewhat better mixed than coarse 
bed-material transport, a hand-held sampler may provide adequate sampling of 
the fine component. This suggests a hybrid approach in which each transport 
component—wash load, fine bed material load, and coarse bed material load—is 
sampled with a method best suited to its properties. In streams with significant 
organic load, the nets may quickly become clogged with organic debris.
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The primary drawback of pit or net samplers is that they fill quickly at 
large transport rates, limiting their application to flows producing relatively small 
transport rates. As will be discussed in Chapter 6, if transport samples are to be 
used to calibrate a transport formula, the small-sample limitation is not a serious 
drawback.
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Chapter 6—application

Making a useful transport estimate involves more than choosing a transport 
formula and plugging in the necessary input. One is typically interested in deter-
mining transport rate as a function of discharge, so a method for estimating the 
bed shear stress—the flow variable used in the transport formulas—is needed. 
This requires some description of the geometry, slope, and hydraulic roughness 
of the stream channel. The choice of grain size used in the transport calculation 
also involves some careful thought. This is not just a matter of choosing between 
a single characteristic grain size, two grain sizes, or many grain sizes. One must 
also choose between surface and substrate distributions. Further, one must de-
velop an appropriate spatially averaged grain size for a reach and decide whether 
the reach is fully alluvial (such that the grain size can be determined from the bed 
material) or non-alluvial (such that the appropriate grain size is that of the load 
itself). This manual cannot provide all the answers for all situations. Our goal is 
to define the important problems and provide some perspective on how to address 
these problems.

The approach used when developing a transport estimate is also strong-
ly constrained by the data available. We organize this chapter accordingly. The 
chapter begins with an overview of the general approaches possible—empirical 
versus formula versus calibrated. We then briefly summarize how an empirical 
relation can be developed before discussing how to use transport formulas with 
and without transport observations for calibration.

Options for Developing a Transport Estimate

The typical choices for estimating bed-material transport in a gravel-bed 
river are to use a formula or directly measure the transport rate, typically with 
portable samplers. Broadly speaking, formula predictions require less effort, 
whereas field measurements offer the possibility of greater accuracy, but at great-
er effort. A third option, in which a few observations of transport rates are used to 
improve the accuracy of a formula prediction, may provide a superior combina-
tion of accuracy and effort.

An important advantage unique to the formula prediction is the ability to 
predict transport under conditions other than the present. If, for example, the 
rate and grain size of the sediment supply or channel geometry change in the 
future, the appropriate input to a formula prediction can be adjusted for the new 
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conditions. In addition to discharge, the information required includes the grain 
size of the river bed and the channel geometry of the reach. Because the effective-
ness of discharge in moving sediment varies with channel geometry, planform, 
and roughness, a suitably scaled flow variable (bed shear stress τ or stream pow-
er) is required for a formula prediction. Formulas based on τ are used in BAGS.

An empirical relation between transport rate and flow discharge may be 
developed directly from a large number of observations of the transport rate. 
Hand-held samplers can collect only a small proportion of the transport moving 
through the reach. Because the transport field can be highly variable in space and 
time, considerable scatter may be evident. The quality of the observations can 
be evaluated in terms of the coherence of the transport data collected at differ-
ent times and flows. Net or pit samplers can provide good estimates of smaller 
transport rates but fill at larger transport rates. An empirical relation has the ad-
vantage of directly providing the desired relation between water and sediment 
discharge. But an empirical relation cannot be used to predict transport under 
future or altered conditions. Sampling campaigns are time consuming, expensive, 
and involve some risk if higher transport rates are to be measured.

A compromise between using a transport formula and developing an empir-
ical sediment rating curve is to calibrate a transport formula using a small number 
of transport samples. If the number of samples used is small, thereby reducing 
effort, and the samples are accurate, thereby justifying the use of a small number 
of samples, a calibrated approach may provide substantially improved accuracy 
without the effort of a full sampling campaign. The calibration methods used in 
BAGS are used to determine the reference shear stress, τr, a surrogate for the 
critical shear stress at incipient motion, τc, used in the Parker-Klingeman (1982) 
and Wilcock (2001) transport models. Uncertainty in τr is a dominant source of 
error in transport predictions. As discussed in Chapter 3, calibration provides the 
necessary estimate τr and, in effect, performs the drag partition that connects the 
discharge to the appropriate level of grain stress producing the reference transport 
rate.

A brief consideration of the tradeoff between accuracy and effort suggests 
the possible advantages of a calibrated approach. A reasonable evaluation begins 
with two assumptions. First, the accuracy of the calibrated and formula approach-
es are the same when no transport samples are available because a formula is used 
to estimate the transport in both cases. Second, the accuracy of both the empiri-
cal and calibrated approaches increases with the square root of sample size, N 
(consistent with the definition of confidence intervals for a regression line). With 
these two assumptions, Wilcock (2001) demonstrated that both the accuracy and 
ratio of accuracy to cost (a measure of value) for the calibrated approach should 
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exceed those of either the formula or empirical methods and that a maximum 
value of the accuracy/cost ratio, should it exist, will occur at a smaller N for the 
calibrated approach. As long as one assumes that the formula approach has some 
accuracy and that calibration of the formula prediction improves its accuracy, 
it appears reasonable to conclude that a few transport samples will provide in-
creased accuracy at moderate cost and a favorable accuracy-cost ratio.

How Many Grain Sizes?

Gravel-bed rivers are almost invariably characterized by a very wide range 
of grain sizes. Work over the past two decades has produced transport models 
that can predict the transport of many finely divided size fractions. Transport 
models based on the grain size of the bed surface are now available and have been 
included in BAGS (Parker 1990a,b; Wilcock and Crowe 2003). These formulas 
allow prediction of transport rates under transient conditions and realistic mod-
eling of bed armoring. In practice, a transport model defined in terms of many 
size fractions requires a large amount of detailed input, to which the calculated 
result is sensitive. If these boundary conditions are poorly known, the transport 
prediction will be poor, no matter how good the model. Many-fraction models are 
appropriate for scenario evaluation and design testing and essential if changes in 
grain size are to be predicted (for example, in response to changes in sediment 
supply or bed armoring). But, because they are fragile—sensitive to uncertainties 
in boundary conditions—they are difficult to apply to the basic task of predict-
ing transport rates at a particular location at a particular time. For this task, the 
tool needed should be robust, giving reliable results even with uncertain input, 
because in practice the information available for prediction is rarely sufficient.

If one argues that a model using fewer size fractions will be more robust, 
the most robust transport model would use a single size fraction. A single fraction 
model based on the Parker and others (1982) analysis of the Oak Creek transport 
data (Milhous 1973) is provided in BAGS. Although transport predictions using 
a single characteristic grain size have long been used, this approach allows for 
no change in the grain size of the bed or transport. It does not account for the 
common observation that finer fractions (typically sand) are actively transported 
at flows unable to move the larger gravel fractions that make up the framework 
of the stream bed (Carling 1989; Emmett 1976; Jackson and Beschta 1982). This 
distinction between the transport of fine and coarse bed material load suggests 
that a model based on two size fractions—sand and gravel—might offer both 
conceptual and practical advantages. A two-fraction estimate allows sand and 
gravel to move at different rates, thereby permitting change in bed grain size 
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due to changes in the relative proportion of sand and gravel, but not due to the 
changes in the representative grain size of either fraction. This provides a means 
of predicting the variation in the fines content of the bed, which may often be 
more variable than that of the coarse fraction, and whose passage, intrusion, or re-
moval may be a specific environmental or engineering objective. A two-fraction 
approach also provides a ready means of representing the interaction between the 
fine and coarse components of the bed material. The two fraction transport model 
of Wilcock (2001) is included in BAGS.

Empirical Sediment Rating Curves

Most sediment transport problems require an estimate of the sediment trans-
port rate Qs as a function of water discharge Q. A relation giving Qs as a function 
of Q is called a sediment rating curve. A sediment rating curve typically takes 
the form of a power function:

 Qs = aQb (6.1)

where, in the United States, Qs is in units of tons per day and Q is in units of ft3/s, 
or cfs. Preferable units would be kg/hr or metric tons per day and m3/s.

As an illustration, consider the calculation of mean annual sediment yield. 
Using a sediment rating curve such as Eq. 6.1 and a record of discharge (for 
example, the daily mean Q for 25 years), the total sediment load (the sediment 
yield) is determined by using Eq. 6.1 to calculate the tons of sediment transported 
for each day and then adding up all 9,131 or so values to get a total sediment 
yield for 25 years. Dividing this value by 25 then gives the mean annual sedi-
ment yield. Two important issues should be kept in mind when making such a 
calculation. First, you can’t assume that a sediment rating curve will remain the 
same over time. Changes in sediment supply, channel configuration, or channel 
bed material can change the coefficients and perhaps even the form of the rating 
curve. Second, discharge may change rapidly on many streams (for example, 
small snowmelt-dominated streams; flashy arid and urban streams), such that dai-
ly mean discharge will not accurately represent the flow producing transport. In 
a small watershed, an afternoon thunderstorm might produce a flood that comes 
and goes in a few hours. In such cases, you will need a discharge record with a 
much finer time resolution (for example, 15 minutes). It is worth noting that this 
“flashiness” problem also applies to the development of a sediment rating curve 
from formulas.

If we directly and simultaneously measure both Qs and Q, we can, with 
enough observations, develop an empirical sediment rating curve, which usually 
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amounts to determining the slope b and intercept log(a) when fitting a straight 
line to:

 log Qs^ h = log a^ h+ b log Q^ h (6.2)

Exponentiating Eq. 6.2 gives Eq. 6.1. This is easy to do in a spreadsheet.
A common alternative sediment rating curve is:

 Qs = a Q - Qc^ h
b (6.3)

where Qc is the discharge at which substantial transport begins. The slope b and 
intercept log(a) are determined by fitting a straight line to:

 log Qs^ h = log a^ h+ b log Q - Qc^ h (6.4)

and then exponentiating. In a spreadsheet, this is done by exploring different val-
ues of Qc until a best fit is achieved, which could be judged by a minimum in the 
sum of squared errors about the fitted line.

When fitting a sediment rating curve, the data used should be reviewed very 
carefully. One or two outliers can have a strong effect on the fitted relation, par-
ticularly if the total number of data points is small. Exclusion of these points may 
be justified by examining the residuals (difference between fitted and observed). 
If the residual is more than two or three standard deviations from the mean resid-
ual, consider excluding that point. In some cases, expert advice may be neededz. 
Neglecting outliers is a debated topic and there are other issues involved in fitting 
a regression line to log-transformed data. In all cases, values not used in fitting 
the rating curve must be reported with the rest of the data. Common sense can 
help avoid egregious error. One can ask, for example, if the fitted value of Qc is 
plausible (it should correspond to a discharge at which some, but not too much 
sediment is moving). There is no substitute for examining a plot of the data with 
the fitted sediment rating curve.

Direct measurements provide “the real thing”—a relation between Qs 
and Q. Although the error in an empirical sediment rating curve can be large, 
it is generally better constrained than the error possible when using a formula. 
The tradeoffs are that the measurements needed require considerable effort and 
expense, introduce safety concerns, and, by their empirical nature, provide no 
certain ability to predict transport under conditions other than those measured. 
Because of the necessary effort, empirical sediment rating curves can only be 
developed for a small number of sites. To estimate transport at many sites, or 
throughout a watershed, or to predict transport under future or altered conditions, 
one needs a predictive model. Barry and others (2004, 2005) have proposed a 
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method for predicting sediment rating curves in which the coefficient and expo-
nent are functions of channel and watershed characteristics.

Formula Predictions

Prediction of transport rate for a specified water discharge requires an es-
timate of the stress τ acting on the stream bed, along with grain size and width 
of the river bed. As discussed in Chapter 2, the grain stress, τ′ (the portion of 
τ′ acting on the moveable grains), cannot be calculated precisely, but must be 
estimated using a drag partition formula. An estimate of grain stress τ′ requires 
an input slope and hydraulic radius. To get hydraulic radius from discharge, one 
must specify cross-section geometry, slope, and roughness. Stage and hydrau-
lic radius are found from flow resistance and mass conservation relations. For a 
non-calibrated transport formula, D is found from the bed surface or substrate, 
depending on the model. Using a calibrated approach, D is determined from the 
grain size of the transport. A summary of the necessary information is given in 
table 6.1.

Table 6.1. Information needs for different transport estimates.

Information required Substitute Uncalibrated formula Calibrated formula Empirical

Channel cross-section Top width ● ● ○
Energy slope, water slope Bed slope ● ● ○
Discharge  ● ● ●
Roughness  ● ● ○
Bed Material grain size  ● ± 
Transport rate & grain size‡  - some many

● Required data. ○ Data useful for auxiliary computations.
± Wilcock (2001) requires no bed material grain size data; Bakke and others (1999) requires a bed grain-size distribution.
‡ Development of the model also requires a discharge measurement or estimate for each transport measurement.

Which Formula?

One of the more confusing issues for those using software to calculate 
transport rates is deciding which formula to use. A common recommendation 
concerning choice of transport model is to use a formula that was developed for 
conditions similar to those that you will model. Although correct in principle, this 
advice is not often helpful because many transport models are developed from 
much the same data, or have been shown to fit the same data sets. This is the case 
for the transport models in BAGS: the models due to Parker are based largely on 
the transport data from Oak Creek, Oregon (Milhous 1973). The surface-based 
model of Wilock/Crowe is based on a flume data set and was subsequently shown 
to fit the Oak Creek data (Wilcock and Crowe 2003; Wilcock and DeTemple 
2005). All of these data are for the transport of mixed-size sediment, ranging in 
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size from sand to medium to coarse gravel, transported over a bed with negligible 
to modest topography.

Not surprisingly, the transport functions at the heart of each model are quite 
similar, which is evident if all of the transport functions are placed on the same 
plot (fig. 4.1). The fundamental differences between the transport models con-
cerns the data used to make the calculation. The key issues are whether:

1. transport observations are available to calibrate the estimate;

2. surface or substrate grain size is used; and

3. one, two, or many size fractions are used.

If reliable transport observations are available, the Wilcock (2001) model 
can be used to model two fraction (sand and gravel) transport rates and the Bakke 
(1999) procedure can be used to model the transport of many size fractions. 
Calibration is likely to provide a superior estimate over using a formula alone 
for two reasons. First, using the grain size of the sediment in transport eliminates 
the need to determine whether the bed grain size in the reach is well correlated 
with the transport. Second, by fitting the transport function at one flow (the flow 
producing the reference transport rate), the calibration performs the drag partition 
(it determines the grain stress) at that flow. The model then needs to predict the 
variation with discharge of the grain stress relative to the calibrated value. It is 
far easier to accurately estimate the change in grain stress than its actual value at 
any particular flow.

Transport estimates using a formula without calibration require specifica-
tion of the grain size in the channel bed. The transport entrained by the flow at 
any moment depends on the grains available for transport—the grains on the 
bed surface. Hence, a surface-based transport model provides a more represen-
tative estimate of transport rate. It is also desirable because the bed grain size 
often available is from a pebble count—a measure of the surface size distribution. 
Substrate-based transport models were initially developed because information 
on the bed surface during transport measurements was not available. Transport 
observations in flumes were scaled by the sediment placed in the bed or fed into 
the flume. Transport observations in the field used the bed substrate because 
observations of the bed surface during active transport were not (and are still 
not) available. The conceptual problem with a substrate transport model is that 
it must implicitly account for the surface sorting (on which the actual transport 
rate depends). Because a variety of factors—most importantly flow history and 
sediment supply—may influence the degree to which the surface grain size dif-
fers from the substrate, the same substrate size distribution could be associated 
with different surface size distributions and, therefore, different transport rates 
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even though a substrate-based transport formula will predict the same transport 
rates in each case.

Although a surface-based transport relation is physically correct, an impor-
tant question concerns its variation over a hydrograph. If the bed surface grain 
size can only be measured at low flows and the surface changes (for example, 
becomes finer grained) over a flood, then a constant surface grain size will not 
accurately predict the transport over the flood. Although we do not have surface 
grain size observations during substantial transport rates (the closest is due to 
Andrews and Erman [1986] during a snow-melt flood of low frequency but not 
exceptionally large τ*), two recent computational studies suggest that an armor 
layer observed at low flows may actually persist throughout a flood hydrograph 
(Parker and others 2006; Wilcock and DeTemple 2005). Although these results 
do not prove that armor layers persist throughout floods in all streams, they do 
indicate that a change in surface grain size is not necessarily driven by properties 
inherent in the transport processes.

It is known that the degree of armoring varies widely from stream to stream. 
Hence, application of a substrate-based transport model can be expected to be in 
error to the extent that armoring in your stream differs from that in Oak Creek, on 
which the PK and PKM substrate-based models are based. Substrate-based trans-
port models should be applied only for gross, overall predictions (Parker 2008).

The choice of a transport model should be consistent with the data available. 
If surface grain size data are available, the P90 or WC relations are appropriate. 
If substantial sand (more than 5 to 10 percent on the bed surface) is present, the 
WC model, which explicitly accounts for the effect of sand on gravel transport 
rates, is advantageous. If substrate data are available, then the PKM or PK models 
should be used. If you must decide which data to collect, surface grain size data 
are easier to collect and the application of a surface-based model has a stronger 
foundation.

The final choice concerns the number of size fractions to use. The PKM 
model predicts the transport rate of one size—the median size of the substrate—
and thus cannot provide any indication of size-selective transport rates. It is best 
applied to gravel beds containing a small amount of sand (<10 percent) in order 
to correspond to the conditions for which the model was developed and because 
it does not allow for an explicit calculation of the effect of sand content on the 
transport rate. The PK, P90, Bakke, and WC models predict transport rates for 
many size fractions. In most cases, specifying grain size in 1ψ increments is suf-
ficient to capture most of the variation of transport rate with grain size. With the 
exception of the Bakke method (because it uses transport samples to calibrate 
the prediction), the accuracy of these models is sensitive to the accuracy of the 
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surface size distribution. If the surface grain size is poorly known, or if there is 
considerable topography and spatial variability in surface grain size, it is diffi-
cult to determine the correct input size distribution for accurate estimates of the 
transport rate.

A two fraction model provides a useful alternative because it more readily 
supports a spatially integrative measure of surface grain size (Chapter 5). Use of 
a calibrated transport model is an advantage with respect to questions regarding 
the choice of grain size: surface v. substrate, one v. two v. many size fractions. 
A calibrated model uses the grain size of the transport, which is sampled, rather 
than the grain size of either surface or substrate and it can be divided into as many 
fractions as desired.



USDA Forest Service RMRS-GTR-226.  2009. 67

Chapter 7—Working With Error in Transport 
Estimates

Assessing Error in Estimated Transport Rates

When using formulas to estimate transport rates, uncertainty arises primar-
ily from error in the input. If uncertainty in the input variables can be described, 
this error can be “propagated” through the transport calculations. In some cases, 
it is possible to evaluate this error analytically. We present here a simpler and 
flexible approach: a Monte Carlo error analysis of error propagation. A spread-
sheet using Monte Carlo analysis to calculate uncertainty in transport estimates, 
“MonteCarloTransport.xls,” is available from the National Center for Earth-
surface Dynamics (http://www.nced.umn.edu/Stream_Restoration.html). The 
program calculates uncertainty in the critical discharge, Qc, at which sediment 
transport begins and the cumulative bed material transport rate over a hydrograph.

The idea underlying a Monte Carlo error analysis is straightforward. First, 
you specify a distribution representing the range of possible values for each input 
variable with uncertainty. Then, you choose a set of input values drawn from 
those distributions and make your calculation. This step is repeated many times, 
each time drawing a new set of input values from their distribution. The number 
of calculations made is typically very large (for example, 1,000 or more), such 
that the distribution of calculated values is sufficiently stable. The final step is to 
use the distribution of calculated values to represent the variability that is pos-
sible due to uncertainty in the input.

The first task is specifying uncertainty in the input parameters. Suppose that 
your best guess of Manning’s n for your section is 0.028 and that you are 95 per-
cent certain that the true value lies somewhere between 0.024 and 0.032. Your 
goal is a distribution of n values that represents your estimate of the real value. 
Reasonably, the real value is more likely to be closer to 0.028 (your best guess) 
than 0.024 or 0.032. If you represent the distribution of n values with a normal 
distribution with mean 0.028 and standard deviation 0.002, about 95 percent of 
the area under the probability distribution falls between 0.024 and 0.032. This 
distribution is shown in figure 7.1.a.

In figure 7.1.b, we express the same distribution in a cumulative form—we 
are cumulating the area under the curve in figure 7.1.a from left to right. The cu-
mulative distribution in figure 7.1.b illustrates how the Monte Carlo input works. 
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We randomly choose a number from a uniform distribution between 0 and 1 (such 
a function is routine in most numerical computer programs, including Microsoft 
Excel) and then use figure 7.1.b to find the value of n associated with that random 
number. Because the cumulative curve is steeper in the vicinity of 0.028 (cor-
responding to the center of the distribution in fig. 7.1.a), the number of n values 
close to 0.028 will be much greater than from the “tails” of the distribution.

This process is repeated for all other input variables with uncertainty. Once 
a set of input values is selected, the transport calculation is made. The same 
process—determining values for each input variable and calculate transport—
is repeated many times (1,000 times in the spreadsheet model). So, if you can 
specify a distribution for each input variable with uncertainty, the result is a dis-
tribution of calculated transport rates that will reflect the likely distribution—the 
uncertainty—in the input.

Figure 7.1. Illustration 
of input selection 
in Monte Carlo 
estimate of error 
propagation.

The two calculations in MonteCarloTransport.xls (critical discharge for in-
cipient motion and cumulative transport over a hydrograph) use relations defined 
in terms of the grain stress, τ′. To connect τ′ to the discharge, the program uses 
simple hydraulic relations for water mass conservation, channel geometry, flow 
resistance, and shear stress in a wide, steady uniform flow:

 Q BhU=  (7.1)

 B Qβα=  (7.2)
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 2 / 3SU h
n

=  (7.3)

 ghSτ ρ=  (7.4)

where B is channel top width, h is mean channel depth, U is mean channel veloc-
ity, α and β are parameters representing channel cross-section shape, S is channel 
slope, ρ is water density, and g is the acceleration of gravity. Because our goal 
is to develop an idea of the uncertainty in the estimate, for these calculations, 
we choose to use a very simple definition of channel geometry. This makes the 
estimate easier to understand and interpret. You should be able to come up with 
a better estimate of Qc or transport rate, but as long as the range of input values 
used in the Monte Carlo analysis are similar (similar grain size, slope, channel 
width, discharge) to your problem, the range in the calculated values relative to 
the mean or median value should be similar.

To calculate uncertainty in the critical discharge for incipient motion Qc, 
Eqs. 7.1 through 7.4 are solved for τ = τc where τc is given using a specified value 
of the critical Shields Number xc

* in:

 xc
* =

s - 1^ htgD
xc  (7.5)

In developing this estimate, the primary sources of uncertainty are taken to 
be the value of xc

* (which may vary as the result of a number of factors such as 
the development of armor and surface structures; see Chapter 3—The Incipient 
Motion Problem), the representative grain size D (due to sampling uncertainty 
and the choice of D from the bed material size distribution; see Chapter 3—The 
Sediment Problem), and the appropriate value of Manning’s n (see Chapter 2—
The Drag Partition and Chapter 3—The Incipient Motion Problem). A Monte 
Carlo simulation incorporating uncertainty in xc

*, D, and n demonstrates the un-
certainty in the calculated value of Qc. An example is illustrated in figure 7.2, 
which uses typical values of the input parameters with modest estimates of 
their uncertainty. Parts a, b, and c of figure 7.2 show the 1,000 values of xc

*, D, 
and n used in the calculations. Part d shows the 1000 calculated values of Qc. 
Approximately 90 percent of the calculated values of Qc fall within a factor of 
four: roughly between 4 and 16 m3/s. This discouraging result is made worse by 
the fact that the example does not include other important problems in determin-
ing Qc, including the fact that variable channel topography and bed material grain 
size will cause some grain sizes in some locations to begin moving at flows for 
which the mean values of τ and U (as used above) indicate that Q < Qc.
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The intent of this example is not to discourage calculation of Qc so much as it 
is to discourage belief in the calculated values. What can be done? Uncertainty in 
Manning’s n can be nearly eliminated with accurate measurements of discharge, 
although uncertainty in xc

* and D is harder to reduce. Is there an alternative? If 
actual values of Qc are needed, the certain (and relatively simple) approach is to 
observe the displacement of tracer gravels, provided that it is possible to visit the 
site following a range of different discharges. Also, in some cases it may be pos-
sible to pose the problem in relative rather than absolute terms (for example, the 
change in Qc due to a change in grain size can be estimated more reliably than Qc 
itself). This is discussed further in the next section.

Uncertainty in calculated transport rates is calculated using the Meyer-Peter 
and Müller equation:

 
s - 1^ hgD3

qs = 8
s - 1^ htgD
x

-
s - 1^ htgD
xc

c m

3/2

 (7.6)

Although a more recent transport formula could be used, M-PM offers 
the advantages of familiarity and simplicity. Because the overall form of most 
transport formulas are not strikingly different, the range of uncertainty may be 
expected to be similar regardless of the formula used in making the uncertainty 
estimate. As for the calculation of Qc, the estimate of transport rate accommo-
dates uncertainty in n, xc

*, and D. The reasons for the uncertainty are the same, 
with the additional uncertainty that the grain size of the transported sediment 
may be underrepresented in the study reach. The transport rate at a given Q is 
calculated using Eq. 7.6 with Eqs. 7.1 through 7.4 to solve for τ. Transport rates 
are calculated as the total over a hydrograph. For the hydrograph shown in figure 
7.2.e, the 95 percent prediction interval is 43 percent of the cumulative transport 
calculated using the mean values of n, xc

*, and D, indicating considerable uncer-
tainty in the calculated result.

It is argued that the effect of uncertainty in predicted transport rates is re-
duced in sediment balance calculations (for example, Soar and Thorne 2001) 
because the balance is defined as the difference in transport rates between ad-
jacent reaches and it is assumed that some of the error in the calculations in 
each reach will cancel. A stochastic estimate of transport (as in fig. 7.2f) applied 
to each reach can provide an estimate of the uncertainty in the calculated sedi-
ment balance. The calculations shown in figure 7.2 are quite simple to make in a 
spreadsheet, such that it is not difficult, and should be common practice, to report 
the uncertainty and, where possible, incorporate it in channel design.
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Figure 7.2. Monte Carlo estimate of uncertainty in calculated critical discharge Qc and transport 
rate based on 1,000 trials drawn from specified uncertainty in (a) Manning’s n, (b) critical Shields 
Number, and (c) characteristic grain size D. (d) Calculated Qc. (f) Calculated cumulative transport, 
using the hydrograph in (e) and active transport width of 5 m. Calculations use channel slope  
S = 0.003, channel width B (m) = 5Q0.1. Grain size D (mm) = 2^ψ.

Strategies

Although there is no simple solution to dealing with uncertainty in transport 
calculations, some strategies for working with that uncertainty can be offered.

1. Calibration. Using a few transport samples to calibrate your transport esti-
mate is the single most effective thing you can do to increase accuracy. The 
same problem applies to the prediction of Qc and transport rate: under typi-
cal conditions, uncertainty in boundary conditions is sufficiently large that 
the calculated results of a formula have very large uncertainties. If a good 
estimate is required, it must be determined from field observations. This is 
no different from the requirements for accurately determining the hydraulic 
roughness. If a reliable value of Manning’s n is needed, discharge measure-
ments are required.
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Field measurements require effort, although the payoff in improved accura-
cy can be large. Calibration solves the sediment problem (Chapter 3) because you 
do not need to specify grain size—it comes in the transport samples. Calibration 
solves the flow problem (Chapter 3) because it provides an accurate value of 
grain stress τ′ at one discharge (the Q producing τr). This value of τ′ accounts 
for spatial averaging, flow non-uniformity, and drag partitioning, all of the messy 
parts of determining the appropriate grain stress for a transport problem. One 
still needs to predict the variation of τ′ with Q, but this is a much easier task than 
determining the appropriate grain stress at any particular value of Q (see Chapter 
3—Use of Calibration to Increase Accuracy).

It is, of course, essential that the transport samples be quite accurate. 
Accurate samples are likely to be collected using pit or net frame samplers at 
small transport rates because these methods allow for collection of a larger frac-
tion of the transport than possible with hand-held samplers. It is also safer to 
sample smaller flows that produce small transport rates with larger frequency, 
which increases the opportunity for sampling.
2. Common sense. There are no rules for common sense, although there are a 

number of techniques that can help it flourish.

(a) Plot the input to the formulas—this is the most effective way to catch 
error.

(b) Plot the prediction as transport rate versus discharge. Does it pass the 
laugh test? Is there sediment moving at implausibly small flows? Is there 
no sediment moving at floods?

(c) Make field observations following higher flows. Is there evidence of fresh 
entrainment and deposition of bed material? Indications of recent transport 
include the number and location of clasts with clean surfaces relative to 
those with established biofilms or staining, loose streambed, fresh deposi-
tion on the top of vegetation or upstream of debris jams, and changes in 
bar geometry. If most of the bed appears to have been actively transported, 
was the magnitude of that flood consistent with the discharge at which 
predicted transport begins?

(d) Order of magnitude evaluation. For example, is a calculated transport rate 
so large that it would fill a large reservoir in a year or two? Or so small 
that a local deposit observed behind a debris jam would have required a 
century to form?

3. Extrapolation. For an empirical or calibrated approach, the further the dis-
charge from the range of discharges with observations, the more uncertain 
your estimate. Of particular importance is when flows go out of bank, in 
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which case the relation between discharge and τ can change. Extrapolation 
for in-channel flows should be more reliable than for out-of-channel flows.

4. Reframe the question. In many practical problems, the obvious thing to do is 
to calculate the transport rate. That’s what BAGS is for, right? Yes and no. As 
we have discussed at length, an estimate of transport rate includes consider-
able error. In contrast, the difference between two calculated transport rates, 
or the ratio of two calculated transport rates, may have far less error. The 
reason is that accuracy in estimating differences or ratios depends only on be-
ing “in the ballpark” such that rates of change in transport rate are reasonably 
well captured. Because the underlying transport functions are nonlinear, you 
still have to be close, but the sensitivity of the answer to the accuracy in the 
input will be lower.

As an illustration, if one were designing a channel that was to have negli-
gible transport at a design flow Qd, the design criteria could be defined as having 
a small probability of Qd > Qc. Thus, one would perform calculations such as 
in figure 7.2d with the goal that Qd would fall toward the few smallest values 
of the calculated Qc. Evaluation of different channel designs (different channel 
geometry, different grain size) would be based on the shift of the calculated Qc 
distribution relative to Qd.

As another example, if one is concerned with adjustments in a stream reach 
due to changes in the watershed that affect sediment supply, one might reason-
ably calculate transport rates for both the “before” and “after” conditions. The 
confidence that can be placed in their difference, or ratio, will be larger than can 
be placed in either value individually. Similarly, if one wished to evaluate trans-
port through a reconstructed stream reach, the confidence that can be placed in an 
estimate of transport rate in the new reach at any particular flow will be smaller 
than the confidence one could place on the difference in transport rate between 
the upstream (supply) reach and the reconstructed reach. Because it is the dif-
ference in transport rates, rather than their actual values, that determine whether 
the new reach will store or evacuate sediment, the relative and easier to answer 
question is actually the quantity of primary interest.

When asking questions about changes in transport relative to changes in the 
controlling variables (for example, how much would transport rate change if the 
grain size were half the size?), ratios of calculated transport rates are often the 
most useful. When asking questions that depend on actual amounts of transport 
(for example, whether a reach will fill or empty of sediment and how fast), differ-
ence of calculated transport rates are most relevant.
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Dimensioned Variables

Symbol Definition Units Key location
(Eq. or chapter)

a coefficient in sediment rating curve variable 2.4, 6.1-6.4
b exponent in sediment rating curve none 2.4, 6.1-6.4
B channel top width L 7.2
c coefficient in generic transport formula none 2.20
d exponent in generic transport formula none 2.20
D, Di grain size, subscript i for size fraction i L

Ds, Dgr
mean grain size of the sand and gravel 
fractions in a two-fraction approach L Chapter 2

Dxx
grain size for which xx percent of the bed is 
finer L

Fi proportion of size fraction i on the bed surface none

fi
proportion of size fraction I in the bed 
subsurface none

g acceleration of gravity LT-2

h flow depth L
k coefficient in velocity rating curve variable 3.2
m exponent in velocity rating curve none 3.2
n Manning’s roughness coefficient TL-1/3 2.9, 7.3

nD
Manning’s roughness due to bed material only 
(Manning-Strickler) TL-1/3 2.11, 4.4

pi proportion of size fraction i in transport none

Q water discharge L3T-1

Qc 
critical water discharge for incipient sediment 
transport L3T-1 Chapter 7

Qr 
water discharge at reference transport 
conditions L3T-1

Qs sediment transport rate various 2.6, 6.1-6.4

q water discharge per unit width L2T-1

qs,  qsi
sediment transport rate per unit width, where 
subscript i refers to an individual size fraction i L2T-1 2.16

R hydraulic radius L 2.5
S channel slope none
Sf friction slope (slope of the energy grade) line) none 2.7

t time T 2.6
U mean velocity LT-1

w sediment fall velocity LT-1 Chapter 2—Dimensional 
analysis

x distance in streamwise direction L 2.6
zb streambed elevation L 2.8

ϕ grain size scale, for D in mm
ϕ = –log

2
(D) and D = 2-ϕ

Chapter 2—Grain size

μ water viscosity ML-1T-1 2.16
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Symbol Definition Units Key location
(Eq. or chapter)

ρ water density ML-3

ρs sediment density ML-3

σg
geometric standard deviation of grain-size 
distribution 

2.3

σψ
arithmetic standard deviation of grain-size 
distribution on the ψ scale

2.3

τ shear stress ML-1T-2

τʹ grain stress ML-1T-2 2.15, 4.4

τ0 boundary shear stress ML-1T-2 2.5

τc, τci

critical shear stress for incipient grain motion 
where subscript i refers to an individual size 
fraction i

ML-1T-2
2.21, 2.30

τl local shear stress ML-1T-2 Chapter 3—The Flow 
Problem

τr, τri reference shear stress, surrogate for τc ML-1T-2 2.25

ω straining function in Parker (1990) transport 
function

4.2

ψ grain size scale, for D in mm
ψ = –log2(D) and D = 2-ψ

Chapter 2—Grain size

Dimensionless Variables

Dimensionless group Definition Location

q*
s - 1^ hgD3

qs 2.18

s ρs /ρ 2.18

S* S* = n/t

s - 1^ hgD3

2.18

τ* s - 1^ htgD
x

2.18

W*
x/t^ h

3/2

s - 1^ hgqs

2.23

   
Subscripts on τ*, q*, and W*:
 c: critical conditions for incipient sediment motion
 i: applies to individual grain size fraction
 r: conditions at reference sediment transport rate (W* = 0.002)
 g, s: applies to gravel or sand fraction in two-fraction approach
 50: median grain size

Dimensioned Variables (cont.)
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